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PREFACE. 


A  KNOWLEDGE  of  this  branch  of  the  Pure  Mathematics 
is  absolutely  necessary,  before  any  one  can  successfully 
undertake  the  perusal  of  works  on  Natural  Philosophy,  in 
which  the  effects  of  the  observed  laws  that  govern  the 
material  world  are  reduced  to  calculation. 

For  Students  deficient  in  this  knowledge,  yet  anxious 
to  obtain  as  much  as  may  enable  them  to  master  the  chief 
analytical  difficulties  incident  to  the  study  of  Elementary 
Treatises  on  the  Mixed  Mathematics,  this  book  has  been 
written:  and  with  the  hope  that  by  its  means,  a  subject 
of  high  interest  may  be  rendered  accessible  to  an  increased 
number  of  readers. 

The  Table  of  Contents  which  accompanies  the  work 
will  sufficiently  exhibit  its  plan,  as  well  as  the  subjects 
treated  of  in  it. 

A  few  words  may  be  here  added,  in  explanation  of  the 
principles  adopted  in  laying  down  the  definititifjsr 

By  a  method,  similar  to  that  of  M/  Potssoh'^  it  is  shewn 
that  M!  =f(x  +  h)  can  always  be  expanded  in  a  series  of 
ascending  integral  powers  of  h ;  which  may  be  written 
under  the  convenient  forni  of  the  equation 

u1  =  u  +  A/I  +  Uh\ 

The  term  Ak,  the  first  term  of  thd  difference  between  u^  —  u, 
is  defined  to  be  the  differential  of  u :  and  A  the  coefficient 
of  h  is  called  the  differential  coefficient:  and  from  these 
definitions,  the  rules  for  Differentiation  are  in  general 
derived. 
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But  since  when  the  general  form  off(x  +  k)  has  been 
demonstrated,  we  see  that  —, —  is  equal  to  A,  when  h  =  0 : 

we  may  therefore  find  the  differential  coefficient,  by  divid- 
ing both  sides  of  the  equation  u1  —  u  =  (J)(x,  k)  (not  ex- 
panded), by  A,  and  then  make  h  =  0.  This  method,  which 
sometimes  diminishes  the  algebraical  labour  of  finding  A , 
is  in  few  instances  made  use  of.  It  is  in  fact  the  method 
of  Limits,  often  useful  in  the  application  of  the  Calculus, 
and  to  which  the  idea  of  series  is  so  necessary  an  auxiliary. 

In  truth  the  notion  of  a  series  seems  inseparably  con- 
nected with  the  method  of  Limits — to  which  in  the  Dif- 
ferential Calculus  it  gives  a  clearness  and  precision,  of 
which  that  method  stands  much  in  need.  For  to  say  if 
u  =f  (x),  and  «j  be  its  value  when  x  becomes  xlt  that  the 

differential  Coefficient  is  the  value  to  which  — tends 

tfj  —  X 

while  xl  continually  approaches  x ;  without  first  exhibiting 
the  relation  which  exists  between  u^  and  MJ  is  to  use  a 
mysterious  obscurity  which  must  heavily  tax  the  faith  or 
the  credulousness  of  the  reader.  But  put  for  ul  its  ex- 
pansion and  the  difficulty  vanishes. 

It  has  been  said  that  f(x  +  h)  produces  diverging  series 
— if  by  this  it  is  meant,  that  A  h  is  improperly  determined, 
the  objection  lies  equally  against  the  method  of  Limits; 
and  although  a  preface  is  not  the  place  to  enter  into  such 
discussions,  it  may  be  remarked  that  it  is  one  thing  to  have 
a  diverging  series,  arising  from  a  known  function,  and 
another  to  determine  by  a  limited  number  of  terms  the 
value  of  such  a  series. 

If  however  it  be  granted  that  the  method  of  Limits,  and 
that  used  in  our  definitions,  will  when  u  is  a  function  of 
one  variable  only,  lead  with  equal  facility  to  the  same  re- 
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suits ;  this  is  not  the  case,  with  the  former  method  when  u 
is  a  function  of  two  or  a  greater  number  of  variables — 
either  some  new  definition,  or  some  new  hypothesis  is  neces- 
sary, in  order  to  arrive  at  the  equation  du  =  ( -j-  J  dx  -f  f  -7-  J  dy, 

u  being  a  function  of  x  and  y ;  yet  how  readily  is  the  same 
result  obtained  from  the  expansion  off(y  +  k,  x  +  h).  To 
these  remarks  I  may  add,  that  a  long  experience  has  con- 
vinced me  that  the  method  of  series,  often  combined  with 
and  not  rejecting  that  of  Limits,  is  best  suited  to  the  in- 
struction of  a  class. 

The  symbol  -7-  for  the  differential  coefficient  of  u  =f(x), 

invented  by  Leibnitz,  and  used  almost  without  exception 
by  the  continental  writers,  is  here  retained — I  mention  the 
fact,  since  the  notation  dxu  for  the  same  term  has  been  re- 
vived by  some  Cambridge  Mathematicians. — I  do  not  pre- 
tend to  decide  the  question  which  of  the  two,  —  or  dxu, 

estimated  by  its  power  of  best  representing  the  differential 
coefficient  ought  to  be  preferred,  but  I  see  that  the  latter  is, 
to  say  the  least,  an  imperfect  notation ;  and  is  liable  to  the 
objection  that  the  suffix  x,  in  the  calculus  of  finite  differ- 
ences has  a  meaning  entirely  different  from  that  indicated 
by  the  x  in  dx.  But  the  most  important  objection  is  that 
already  alluded  to,  namely,  that  when  a  student  has  become 
acquainted  with  the  proposed  notation  from  his  elementary 
books,  his  eye  must  be  familiarized  with  that  of  Leibnitz, 
before  the  works  of  Lacroix  and  Laplace  can  be  read  with 
advantage. 

Lastly,  if  it  be  considered  necessary  to  offer  an  induce- 
ment to  any  one  to  enter  upon  the  study  of  a  science — 
which  is  the  result  of  one  of  Newton's  most  brilliant  dis- 
coveries, let  him  know  "  that  it  is  a  high  privilege,  not  a 
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duty,  to  study  this  language  of  pure  unmixed  truth.  The 
laws  by  which  God  has  thought  good  to  govern  the  universe 
are  surely  subjects  of  lofty  contemplation,  and  the  study  of 
that  symbolical  language  by  which  alone  these  laws  can  be 
fully  decyphered,  is  well  deserving  of  his  noblest  efforts*." 

*  Professor  Sedgwick  on  the  Studies  of  the  University. 
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DIFFERENTIAL    CALCULUS. 


CHAPTER  I. 

1.  ONE  quantity  u  is  said  to  be  a  function  of  another  f 
x  when  the  value  of  the  magnitude  of  u  depends  upon  the 
variation  of  x.     Thus  the  area  of  a  triangle  is  a  function  of 
the  base,  when  the  altitude  remains  unaltered,  since  the 
area  will  increase  or  decrease  with  the  increase  or  decrease 
of  the  base. 

And  if  u  =  ax*±bx,  where  a  and  b  are  constant  quan- 
tities, and  x  a  variable  one,  u  is  said  to  be  a  function  of  x, 
since  if  x  changes,  the  value  of  u  will  be  altered:  this 
relation  between  u  and  x  is  usually  expressed  by  writing 
u  =f(x)  or  (p  (x),  the  symbols  f  and  <p  expressing  the  word 
function. 

The  quantities  expressed  by  the  letters  a  and  b  are 
omitted  in  the  equation  u  =f(x).  Since,  although  they 
determine  the  particular  kind  of  function,  they  remain 
unchanged,  while  x  passes  through  every  degree  of  mag- 
nitude. . 

The  quantity  x  is  called  the  independent  variable,  and 
u  the  dependent  variable. 

2.  Functions  are  called  explicit  and  implicit :  u  is  an 
explicit  function  of  #,    when  u  is  known  in  terms  of  x, 
as  in  the  equation  u'=ax2+bx.     An  implicit  function  is 
when  u  and  x  are  involved  together,  as  in  the  equation 
uzx  —  aux  +  bx2  =  0.     An  implicit  function  is  written /(w,  x) 
or  <p  (u,  x)  =  0. 

3.  Functions  are  also  divided  into  algebraical  and  tran- 
scendental. 

Algebraical  functions  are  those  where  u  may  be  expressed 
in  terms  of  x,  by  means  of  an  equation  consisting  of  a  finite 
number  of  terms. 

Thus  u  =  axm  +  bxm~l  +  &c.  +  qx2  +  rx  -f  s  where  (rri)  is 
finite,  is  an  algebraical  function  of  x. 

A  Transcendental  function  is  one  where  u  is  equal  to 
an  infinite  series,  the  sum  of  which  cannot  be  expressed  by 
a  limited  number  of  terms. 

B 
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Thus  u  =  log  (1  +  x\  which 

1     [  r2        r3        r4 

-if-f+T-?**1 

T^  ^*^ 

and  ?f  =  sin  ,r  =  a;  -    —„+—      — -  -  &c.  to  infinity. 


are  transcendental  functions  of  a;*. 

4.  Functions   are    also   called    continuous   or   discon- 
tinuous.    A  function  is  continuous,   when  it  undergoes  a 
gradual  change;  it  is  discontinuous,  when  the  change  is  not 
gradual,  or  when  the  function  changes  suddenly  from  one 
value  to  another  very  different  value.     Thus  when  the  dif- 
ference between  f(x)  and  f(x  +  h)  may,  by  the  continued 
diminution  of  h,  be  made  as  small  as  we  please,  f(x)  is  a 
continuous  function  ;    but  when  under  the  same  circum- 
stancesy(,r  +  h)  differs  widely  from  ,f(x),  the  latter  is  a  dis- 
continuous function.     We  may  familiarly  liken  a  continuous 
quantity,  to  a  stream  of  water  flowing  equably  and  steadily 
through  a  tube,  and  a  discontinuous  one,  to  water  falling 
interruptedly,  or  in  drops,  from  a  height. 

5.  The  equation  u  =f(x)  expresses  the  relation  between 
the  function  u  and  the  single  variable  x,  and  the  values  of 
u  solely  depend  upon  the  change  that  may  take  place  in  xi 
but  if  we  have  an  equation  between  three  unknown  quan- 
tities, such  as  u  =  ax2y  —  bxy2,  where  x  and  y  are  independent 
of  each  other,  i.e.  not  connected  together  by  any  other 
equation  ;    then  the  value  of  u  depends  upon  the  change, 
both  of  x  and  y,  and  u  is  said  to  be  a  function  of  two  varia- 
bles ;  this  is  expressed  by  writing  u  =f(x,  y}- 

As  an  instance,  we  may  again  take  the  area  of  a  triangle, 
the  magnitude  of  which  depends  upon  the  rectangle  of  the 
base  and  the  altitude,  which  lines  are  totally  independent  of 
each  other. 

It  is  obvious  that  there  may  be  functions  of  three,  four, 
or  of  n  variables. 

6.  But  to   return    to   functions  of  one   variable  ;    let 
u—f(x)  express  the  relation  between  the  function  and  its 
independent  variable  x. 

Let  x  increase  and  become  x  +  h,  then  the  value  of  u 


.  to  infinity  is  an  algebraical  function  of  x, 
since  the  sum  of  the  series  is  expressed  by  ^  -  . 
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will  most  probably  be  altered.     Let  the  new  value  be  repre- 
sented by  w1?  then   wt  =f(x  +  h\ 

and     u  =f(x),  by  hypothesis; 

Now  MI  —  w,  or  the  difference  between  the  functions  of 
x  +  h  and  x,  must  depend  upon  h,  and  we  shall  first  shew 
that  it  may  be  expressed  by  a  series  of  the  form 

Ah  +  Bk2  +  Ch3  +  &c.; 
and  .-.  that  u,  =  u  +  Ah  +  Bh*  +  Ch3  +  &c., 
or  that  itl  is  equal  to  u  +  a  series  of  terms  involving  positive 
and  integral  powers  of  h,  which  ascend  from  the  simple 
power:  the  primary  object  of  the  Differential  Calculus  is  to 
find  the  coefficients  A,  B,  C,  &c. 

7.  We  will  first  shew  that  ti,  may  be  expressed  by  a 
series  of  the  above  form  by  a  few  particular  examples : 

(1)  Letw  =  ,r3; 

.•.  ul  =  (x  +  h)3  =  x3  +  3x*k  +  Sxk*  +  h3 

=  u  +  3x*h  +  3xk*  +  h\ 
which  is  of  the  required  form. 

(2)  Next,  let  u=xn; 

i-\         )  -  2 

by  the  Binomial  Theorem, 

Or,  putting  u  for  xn, 

n  —  l 
ul  =  u  +  nx"-lh  +  n  ——  x^'h*  +  &c., 

a  series  of  ascending  powers  of  h. 

(3)  Let  u  =  Axm  +  Bxn  +  Cxp  +  &c.  ; 

.-.  w,  =  A(x  +  h)m  +  B(x  +  h)n  +C(x  +  lif  +  &c. 


+  m  -  ^h2  +  &c.} 

B  (xn  +  nxn~lh  +  n  (^-Llxn-2k*  +  &c.) 
h  +  p  P        x^hz  +  &c.) 


-f  &c. 

=  Axm  +  Bx*  +  Cxp  +  &c. 

+  &c.)  h 
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+  &C.  4-  &C. 

=  M  +  ph  +  qk*  +  &c. 

by  writing  u  for  its  value,  Axm  +  Bxn  +  &c.,    and  putting 
p,  <7,  £c.  for  the  coefficients  of  h,  h*,  &c. 

(4)    It  may  also  be  shewn  that  ax+h,  log  (x  +  A),  sin  (x+h\ 
can  be  expanded  into  series  of  the  form 

u  +  Ah  +  Bh2  +  Ch3,  &c. 

but  we  proceed  to  demonstrate  the  following  general  Pro- 
position. 

8.     PROP.     If  u  =f(x\  and  ul  be  the  value  of  u  when  x 
becomes  x  +  h,  then  shall 

M,  =  u  +  Ah  +  Uh*, 

where  u  is  the  original  function,  and  Uk2,  represents  all  the 
terms  that  follow  Ah.     It  is  however  necessary  to  prove, 

(1)  That  M,  or/(x  +  k)  can  only  contain  powers  of  h 
with  positive  indices.     For  if 

u1  =  M+Aha  +  Bh~P  +&c.  =  M  +  Aka  +  ^+  &c. 

when  h  =  0,  ul  instead  of  becoming  =  u,  would  be  infinite. 

(2)  That  none  of  the  indices  of  h  can  be  fractional  ; 
for  if  possible  let 


then  v  h»   or  JH^  has  n  different  values,  let  h}  and  hz  be 
two  of  them  ; 

.-.  u,  =  M  +  Phl  +  R;   and  u^M  +  Ph^  +  R; 
.-.  subtracting,  P  (kl  —  A2)  =  0  ;    .'.  P  =  0  ;    or   there  is  no 

m 

term  of  the  form  PA»  . 

(3)     That  the  first  term  of  the  expansion  =  u. 
For  let  M,  or  f(x  +  h)  =  M+  Ah*  +  &c.  then  let  h  =  0; 
/.  f(x)  =  u  =  M,  or  M=u;    and  ul  =  u  +  Aha  +  &c. 

Let  .-.  M,  or  f(x  +  h)  =  u  +  Aha  +  Bh?  +  Chy  +  &c., 
where  a  is  the  least  of  the  indices  of  h,  and  /5  the  next  in 
magnitude,  and  A,  JB,  £c.  are  functions  of  x. 

Now  whether  x  become  x  +  h,  or  h  become  h  +  h  or  2#, 
«t  will  become^-r  +  2A),  and  the  expansions  on  either  sup- 
position must  be  identical. 
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(1)     Let  h  become  2/z,  and  let  w2  be  the  value  of  uv ; 


B  (2^)0  +  &c. 

(1). 

(2)  Let  #  become  ,r  +  h,  then  wx  is  as  before  f(x  4-  2/j) 
or  M2  ;  also  let  (w),  (A),  (B),  &c.  represent  the  values  of  u, 
A,  B,  &c.,  for  these  under  go  change,  v  they  are  functions  of  x\ 

/.  «2  =  (w)  +  (A)  A«  +  (B)  ^  +  &c. 
But  («)  is  the  same  as  ul}  for  it  is  f(x  +  h\ 

.:  (u)  =  M  +  Ah*  +  BW  +  &c. 

Also  (j4),  (J5),  &c.  being  what  A,  B,  &c.  become  by  putting 
x  +  h  for  xt  must  be  of  a  similar  form  ; 

+  &c. 


then  multiplying  (A)  by  ka  and  (B)  by  h&,  and  substituting, 
u2  =  u  +  Ah*   +  BhP        +  C^v       +  &c. 
+  Ah*  +  ^1A«+«i  +  A^+Pi  +  &c. 


+  &c..  .  .(2). 
Equating  the  coefficients  of  A*  in  series  (1)  and  (2), 


and  w,  =/(*  +  A)  =  u  +  Ah  +  Bh&  +  &c. 
whence  it  appears  that  the  second  term  of  the  expansion  of 
f(x  +  h)  contains  thejtrst  power  of  h  only. 

Hence  also  01  =  1  for  Afoi  is  the  second  term  of  the 
expression  for  a  when  x  becomes  x  +  h  • 

-.:  u2  =  u  +  2Ak  +  Aft  +  2Bh?  +  &c.  from  (2) 
=  u  +  2Ah  +  2P.BkP  +  &c  ..........  (1). 

Now,  since  in  series  (2)  a  term  is  found  involving  A2,  some 
corresponding  term  must  be  found  in  series  (1)  ;  and  as  /5  is 
less  than  any  index  that  follows  it,  (3  must  =  2  ; 

...  Ul  =f(x  +  k)s=u  +  Ak  +  Bh2  +  Chy  +  &c. 

=  u  +  Ah  +  (B  +  Chy-2  +  &c.)h* 


COR.  From  this  it  follows  that  A  =  2;  and  therefore 
«  +  /?!  =  3  ;  and  therefore  A.iha-+Pi  =  A2h3;  which  being  a  term 
in  series  (2),  there  must  be  a  corresponding  term  in  series 
(1);  whence  7=3,  and  similarly  the  next  index  =4,  and  so  on; 
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Cha  +  Dh4  +  &c. 


it  will  afterwards  be  shewn,  by  a  Theorem,  called  Taylor's 
Theorem,  that  the  coefficients.,  A,  B,  C,  &c.  have  a  depend- 
ence on  each  other. 

9.  The  second  term  of  the  expansion,  or  Ah,  is  called 
the  differential  of  u  :   differential  being  the  diminutive  of 
difference;  for  Ah  is  the  first  term  of  the  difference  between 
MJ  and  w,  and  is  consequently  a  part  only  of  the  difference  : 
but  the  difference  and  differential  differ  the  less,  the  less  h 
is,  and  in  cases  of  approximation,  the  latter  is  sometimes 
taken  for  the  former. 

Instead  of  writing  differential  at  full  length,  the  letter  d 
is  used,  thus  du  is  put  for  differential  of  u,  and  thus  du—Ah: 
but  as  then  h  is  called  the  differential  of  x,  therefore  for 
symmetry  of  notation  dx  is  put  for  A,  and  thus  du  =  Adx. 

A  is  called  \hejirst  differential  coefficient,  and  is  expressed 

by  the  symbol  -7-  ,  when  u  =/*(#). 

Hence  we  define  a  differential  to  be  the  second  term  of  the 
expansion  of  f(x  +  h\  and  the  differential  coefficient  to  be 
the  coefficient  ofthejirst  power  of  h. 

The  process  by  which  A,  or  -j-  is  found  is  called  dif- 

ferentiation. 

From  these  definitions  we  see  that  the  differential  of  u,  is 
the  product  of  A  into  the  differential  of  x  ;  or  calling  the 
first  quantity  su,  and  the  second  B.r,  we  have 

s         ^  %u  du 

du  -  Acx  ;  .-.  5-  =  A  =  -j-  , 

ex  ax 

or  the  ratio  of  the  differentials  of  u  and  x  is  equal  to  the 
ratio  of  the  differential  coefficient  to  unity. 

The  letter  3  is  here  used  only  to  avoid  confounding  the 
differentials  with  the  differential  coefficient,  but  in  general 
we  make  use  of  the  letter  d. 

10.  Again,  since  MJ  =  u  +  Ah  +  Ul?t 

u,  —  u 

.'.  -LT  —  =A  +  Uh; 
n 

but  W,-M  is  the  increment  of  w,  and  h  is  the  increment  of  x  ; 
therefore  the  ratio  of  the  increment  of  the  function,  to  the 
increment  of  x,  =A  +  Uh;  and  as  h  decreases,  this  ratio 
tends  to  A  as  its  limit,  and  when  h  vanishes  actually  =  A. 
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That  is,  A  or  -y-  is  the  limit  of  Ike  ratio  of  the  increment 

of  the  function  to  that  of  the  variable  upon  which  it  depends. 

COR.     Hence,  the  ratio  of  the  differentials  of  u  and  x, 
equals  the  limit  of  the  ratio  of  the  increments  of  u  and  x. 

11.  Hence  we  have  a  method  of  finding  the  differential 
coefficient  which  is  frequently  very  convenient.     Expand 
f(x  +  h),  subtract  /(.r),  divide  both  sides  by  h,  make  h  =  0; 
and  the  term  or  terms  remaining  of  the  expansion  will  be 
the  coefficient  required. 

12.  We  have  seen  that  if  u  be  any  function  of  ,r,  and  x 
become  x  +  A, 


Similarly,   if  z,  v,  &c.   be  functions  of  x,   then  they  will 
respectively  become  when  x  is  made  x  +  A, 

s  +  ljLh  +  Zh9,  and  v  +  ^h+Fh*, 

where  Zh*  and  Vh*  represent  all  the  terms  after  the  first  two. 

13.  Thus  it  appears,  that  in  order  to  find  the  differential 
or  differential  coefficient,  we  have  merely  to  put  x  +  h  for  x, 
and  expand/(,r  +  h)  according  to  the  powers  of  A,  and  the 
term  corresponding  to  Ah  will  give  us  at  once  both  of  the 
objects  of  our  enquiry.  But  such  a  direct  process  would 
always  be  tedious,  and  often  almost  impracticable.  We 
therefore  proceed  to  investigate  rules  which  will  not  only 
greatly  diminish  the  labour  of  differentiation,  but  render  it 
a  simple  algebraical  operation  ;  but  we  will  first  apply  the 
general  process  to  the  function 

a  +  x 


a  +  x 
a+x+h     b+x 


u,  = 


b+x+h~ 


b  +  x 


fa  +  x        h    \          1 
—  I 


(a  +  x        n    \ 
b  +  x     b  +  x/' 

fa  +  x        h    \    .          h  ¥  , 

(    r +  ~. )  .   {1  — - ; +  77 TJ  -  &C. 

\b  +  x      b  +  xJ  b  +  x      (b  +  x)* 


1  +  j 
b  +  x 
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a  +  x 


du         1  a  +  x          b- 


Again,  since  u  = ,  we  shall  have  by  the  same  process 


,  n,  —  u       b  —  a 
and  — 7 —  =  yy —  +ph  +  qh*  +  &c. ; 

and  by  making  h  =  0,  as  in  Art.  11, 
du  _    b  —  a 
dx~V~ 


Rules  for  finding  the  Differential  Coefficient. 

14.  We  repeat  the  definition  of  Art.  9,  that  if  u  =f(x)  ; 
y-  is  the  coefficient  of  the  first  power  of  h  in  the  expansion 

of  w,  ,  or  of/(.r  +  h). 

Let  u  =  ax,  a  being  a  constant  quantity  ; 

.•.  UL  =  a  (x  +  Ji)  =  ax  +  ah  =  u  +  ah  ; 

du  d  (ax) 

.:  ~r  =  a  or     ^      =a. 
ax  ax 

COR.     If  u=x;   .-.  ^=1*    '••  a  =  l. 

15.  Let  u  =  ax±b,  where  a  and  6  are  constant; 

4  ak 


du  .     d  (ax  ±  J) 

.-.  -j-  =  a,   that  is,  —  ^r    -  =  a. 
</j:  dx 

But  by  the  preceding  Article,  —  ~^  =  a; 

d(ax±b)  _d(ax) 
~~dx~       ~dx~  ' 

that  is,  constant  quantities  connected  with  a  variable  one  by 
the  signs  ±  disappear  in  differentiation. 
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16.     Let  u  =  axm.     Then, 

w,  =  a  (x  +  h)m  =  a  .  (xn  +  mxm~l  h  +  &c.) 
=  axm  +  maxm~*  .  h  +  &c.  ; 


or  to  find  the  differential  coefficient  of  axm,  multiply  by  the 
index  and  then  diminish  the  index  by  unity. 

Ex.     u  =  5x*;    /.  ^  =  35x6. 

1  7-     Let  u  =  az  where  z  is  a  function  of  x  ; 
therefore  if  x  become  x  +  h, 

z  becomes,  z  +  -j-  h  +  Zh3  ; 

.'.  ul  =  az+a-f-k  +  aZh*  ; 

du        d(az)         dz 
•"•  j~  or     \      =a.-j-. 
ax          ax  ax 


18.     If  u  =  as  + 1,  a  and  b  being  constant  quantities, 

,        du          dz 
then  -r-  =  a.  -j-, 
dx          dx 

d(az  +  b)     ads     d(az) 


dx  dx         dx 

19.  Let   u  =  z  +  v  +  w  +  &c.,   z,  v,  w,  being  functions 
of  a:; 

du  ,      0  dz ,  dv  .  dw  . 

.:  u  +  -j-h  +  &c.  =  z  +  —  h  +  v  +  -rh  +  w  +  -T- h  +  &c. ; 
dx  dx  dx  dx 

du     dz      dv      dw 

•"•  w~  =  T-  +  j~  +  -j- 
ao:     da?      ao1      aor 

d .  (z  +  v  +  w  +  &c.)      f/z      dv      dm      0 

or  — i -j—     — £=-_  +  _-+ -j- +  &c. 

aj:  rfar      au:      aa? 

Or  the  differential  coefficient  of  the  sum  of  any  functions 
equals  the  sum  of  the  differential  coefficients  of  each  func- 
tion. 

20.  To  find  the  differential  coefficient  of  the  product  of 
two  functions.     Let  u  =  zv ; 
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<V  +  dx 
(z  —  +  v   — 


„      „       rr       dz    dv 
where  B  =  Zv  +  Vz  +  -=-  .  -,-  : 
dx    dx 

du        dv  dz 

•'•  -j-  =  Zj-  +  v--j-> 
dx        dx          dx  ' 

or  the  differential  coefficient  of  the  product  of  two  functions 
equals  the  sum  of  the  products  of  each  function  into  the  dif- 
ferential coefficient  of  the  other. 

21.     To  find  the  differential  coefficient  of  the  quotient 
of  two  functions. 

z  du        dv      dz 

Let  11  =  -;    .-.  vu  =  z;    fl-7--fwT-=  —  . 
v3  dx        dx      dx 

du  _  1    dz  u   dv 

dx      v'  dx  v'  dx 

_I    dz  z    dv 

v'  dx  v2'  dx 

dz  du 

v  .-  --  z  .  -j- 
dx  dx 


A  simple  expression,  the  form  of  which  is  more  easily  re- 
membered than  the  enunciation. 

22.     Let  u  =  zvrv,  writing  vw  for  v  in  Art.  20  ; 

du          d(vrv}  dz 

•'•  -T-  =  Z.      . 


-T-        .      .  -J-. 

ax  dx  dx 

_       d  .  (vm)         dw          dv 

But  —  V—  =^.-7-  +  ^.^-; 

dx  dx          dx  ' 

du  dw  dv  dz 

.'.  -j-  =  zv  .  —  +  zw  .  -j-  +  vw  .  -j-  . 
dx  dx  dx  dx 

Similarly  may  the  differential  coefficient  be  found  for 
the  product  of  n  functions,  and  it  will  be  equal  to  the  sum 
of  the  n  products  of  the  differential  coefficient  of  each  of  the 
functions  multiplied  by  the  remaining  n-l  functions.  Thus, 

d.{z.v.rv.s...(n)}  .dz  .    dv 

-j  —      -^-=  v.  w.  $...(«-!)  —  +  zn>s...(n-l).  -r- 

dx  '  dx  J  dx 

.  dw 

+  zvs...(n  —  l)-r-  +&c. 
v          '  dx 
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23.     LEMMA.     If  u  be  a  function  of  z,  and  z  be  a  func- 
tion of  a-,  then 

du     du  dz 
dx     dz  dx  ' 

For  if  lu,  $2,  So:  be  the  corresponding  differentials  of 
uy  0,  and  X-, 

a     a     b  %u     lu   Sz 

then  v  —  =  T  x  -  :     .*.  —  =  —  .  —  . 

c      b     c  ex     bz  bx 

%u     du      Bw      du     $z      dz 
But  lx=dx;   Tz  =  Tz>   Jx=dx'> 
du      du  dz 


an  important  theorem,  of  which  we  shall  hereafter  give 
another  demonstration. 

24.     Let  u  =  z*3  z  being  =/(*)  ;    find  ^  . 

du  du     du  dz  .  dz 

-1-  =  nz*1;     .•.  -7-=  -_..__  =  HZ*"*.  _-  ? 
dz  dx     dz   dx  dx' 

or,  to  find  the  differential  coefficient  of  zn>  multiply  by  the 
index,  diminish  the  index  by  unity,  and  then  multiply  by  the 
differential  coefficient  of  z, 

Ex.     If  u  =  (a2  +  x*)n  then  z  =  a9  +  x3  and  ~  =  2x  ; 


25.  The  rule  for  finding  the  differential  coefficient  of  zn 
is  perfectly  general,  but  when  n  =  ^  it  has  a  value  which  it 
is  useful  to  remember.  Thus, 

dz 


dx  dx     2  v;2  ' 

whence  this  rule.  To  find  the  differential  coefficient  of  the 
square  root  of  any  quantity,  divide  the  differential  coefficient 
of  the  quantity  under  the  square  root,  by  twice  the  square 
root  of  the  quantity  itself. 

Ex.     Let  u  =  Ja  +  bx  +  ex2  ; 


du  _ 

dx     2  Ja~+lx  +  ex9  ' 
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Examples. 


(2)     «  =  , 

=  3*'+  2*  +  I. 


=  a:  +  a  +  x  +  1  =  Qx  +  (a  -f 


A       ,     v 
.  Art.  (20) 


(1  +  x*)(l  +  if)  +  x(l  +  a?)  .Zx  +  x(l  +  x' 


(6) 


,     —  . 

x'    dx        x' 
j  See  (Art.  13). 


7 
du 

'''dx 


dx 


x  +  b  —  (JT  +  a)  _    b  —  a 
(*  +  !>)*       =  (x  +  b)*' 


_ 

du  _  (x  +  l)m.  mx™-1  -xm.m.x  +  l^1 
"''  dx~  (x  +  l)2"1^ 

(x  +  1)  . 


-  mxm 


a  +  l)' 


tf  +  ll"*1' 


(8)  *=JT+a?i 

du_        2x  x 

d*  ~  2JTT^~  JT+Hf 


.     Art.  (25). 
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(9)  K  =  V; 


+  «r2; 


du  _  .    v  a:  +  Jl  +  xa 
'''  dx~*'~ 


\  +  x*         J\ 

2S 

l  +  ,r3 


(10)         « 


'a'+x'' 


a*+x* 


%    ^      2i:(a2- 
.-.  2M-j-  =  — ^~ 
rfa;  < 

du          2a2x 


(a*-x*f 


'  dx~  (aa-xj 
(11)         «-^ 


—  ^ 


'  </x 


^r2+  Jl-^  +  l-*1 


-  x* 


i  +  JT^x~2 


(12)         tt 


(13)  w  =  (2j 

(14)  «  =  (!- 

(15)  W  =  (a:4. 


'    £/a? 
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du 


(16)  u  =  (°ax  +  x2)m',  ~  = 

//« 

(17)  u  = 

(18)  u  = 

(19)  u  = 

14  U/ 

(20)  u  =  (1  +  x)*  (1  +  xz 

^-*0 


rf« 

;  ^ 


,r2)  {1+  x  + 


(21)  u 

-—  =  Sx2  +  2(a  +  b  +  c)  x  +  ab  +  ac  +  be. 

(22)  u  =  (1  -  2.r)  (1  - 


(23)     M  = 


(24)     tt 


(25)     w  = 


(26)  M  =  ^|; 

(27)  "  =  -7^= 


du 


'    £/j; 


(28)    -^-Vi-2;g^^3 


(29)  u  = 

(30)  w  = 


rl  +  1 


(31)     u-X 
* 


1* 


(32)     u  = 
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x3  du          3x* 


'Jl+x«'   dx      ( 

du 


(34)  u 

(35)  .« 

(36)  u 


flfo 


If      (38)     Let  u*x-u  +  a?~aa  =  0;  find  -.— ,  this  is  an  im- 

dx 

plicit  function  ;  put  v  =  u*x,  and  differentiate ; 


dx  dx 


du 


(39)     u3- 


u  +  x2  +  a2 


du 
•'*  dx 


*  (40) 
(41)     «,' 


dx  dx 

du  _2ua;-x*  _u 

**•    T"1"  """  ""      9  9~  —         * 

dor       ?r  —  x       x 


du      u 
-0J  ^  =  i 

^:      =- 


(43)     M  =  V 


+  x  &c.  m  infin.  ; 


16  EXAMPLES. 

du  1 


26.  In  the  preceding  examples,  differential  coefficients 
have  only  been  obtained  ;  but  by  the  definitions,  the  differ- 
entials may  be  found  by  multiplying  the  differential  co- 
efficients by  the  increment  of  the  independent  variable. 

Thus  to  find  the  differential  of  the  product  of  two  func- 
tions 2  and  v,  if  u  =  zv,  then 

du        dv        dz     ,  A  ., 

-r=z-r  +  v-T-\  let  tx  =  increment  of  x  ; 

dx        dx        dx 

.'.    d(zv)  =  Z  -r-  &B  +  V  -j-  §X. 

But  -s-  &P  =  differential  of  v  —  dv, 
dx 

dz 

and  -j-  &c  =  differential  of  z  =  dz  : 
dx 

.:  d(zv)  =  zdv  +  vdz  ; 
and  in  the  same  manner, 

vdz  —  zdv 


and  d.  (zn)  =  nzn~ldz. 

27.  It  will  now  be  natural  for  the  student  to  enquire 
what  is  the  object  to  be  attained,  by  finding  the  differential 
coefficient,  but  it  will  be  difficult  at  present  to  give  a  com- 
pletely satisfactory  answer  to  the  enquiry,  without  introduc- 
ing subjects  with  which  he  can  have  no  acquaintance. 
Lacroix  says  :  "  II  serait  fort  difficile  d'expliquer  clairement 
la  nature  du  Calcul  differential  a  ceux  qui  n'en  ont  pas  les 
premieres  notions."  Yet  perhaps  he  may  be  told,  that  if  y 

be  the  ordinate  and  x  the  abscissa  of  a  curve,  -^-  is  the  tri- 

gonometrical tangent  of  the  angle,  which  the  tangent  makes 
with  the  axis  of  x  ;  that  if  u  be  the  area  of  the  same  curve, 

-—=y,  an  equation  by  which  hereafter  the  area  of  the 
dx 

curve  may  be  found.  Again,  if  s  represent  the  space  de- 
scribed by  a  point  in  a  time  t,  that  -^  represents  the  velocity 
(v)  with  which  at  the  end  of  that  time  the  point  is  moving, 

and   —  ,  the  force  which  either  accelerates  or  retards  the 
at 
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point's  motion.  And  again,  if  u  =f(x)  be  an  equation  ad- 
mitting of  maximum  or  minimum  values,  that  -y-  will  fur- 

nish an  equation,  by  which  the  values  of  x  that  make  u  a 
maximum  or  minimum  may  be  found.  And  lastly,  if 
u  =/(#)  =  0  be  an  algebraic  equation  of  which  the  roots  are 

du 
a,  b,  c,  &c.,  then  -=-  =  0  will  give  the  limiting  equation,  the 

knowledge  of  the  roots  of  which  is  so  useful  in  determining 
the  roots  of  the  original  equation. 

28.     We  shall  conclude  this  Chapter  by  a  few  simple 
applications. 

(1)  The  radius  of  a  circular  plate  of  metal  is  12  inches  ; 
find  the  increase   of  area   when  the  radius  is  increased 
.001  inch. 

If  u  =  area  of  a  circle,  radius  =  x  ; 

.*.  u  =  TTj;2;  and  du  —  Zirxdx. 

Make  x  =  12  ;  dx  =  .001  ;  then  du  =  increase  of  area  ; 
.'.  du  =  3.14,16  x  24  x  .001  =  .0753984  of  a  square  inch. 

(2)  A  cube  of  metal  of  the  same  thickness  is  similarly 
increased  ;  find  the  cubical  expansion. 

u  =  x3  ;  .•.  du  =  3x*dx  =  3  x  144  x  .001  =  .432  cubic  inch. 

r^.  .  ,     ,  du     3dx       XT        du  .     .      , 

COB.    Divide  by  u  ;  .*.  —  =  -  .     Now  —  is  in  che- 
u        x  u 

mistry  called  the  cubical,  and  —  the  linear  expansion; 
hence  the  cubical  is  three  times  the  linear  expansion. 

(3)  As  an  instance  of  finding  the  ratio  of  infinitely  small 
quantities.  Upon  AB  describe  a  semicircle,  draw  a  chord  A  P; 
draw  PN  perpendicular  to  AB;  then  prove  that  AP  =  PN 
ultimately  ;  i.e.  at  the  moment  when  the  arc  AP  vanishes. 

Make  AN=  or, 


=  1  •  or  AP  =  PN  ultimately. 


(4)     The  limit  of  the  ratio  of  sin  x  :  sin  |  is  2  :  1. 


CHAPTER   II. 

Differentiation  of  Angular,  Exponential,  and  Lo- 
garithmic Functions. 


29.     To  find  the  differential  coefficient  of  u,  when 

u  =  sin  x,     cos  x,     tan  x^     sec  x,     &c. 
The  following  Proposition  must  first  be  proved. 

.     sin  h          tan  h 
If  h  be  an  angle,  —  7  —  ,  or  —  -  —  =  unity,  when  h  =  0. 

It  is  known,  that  h  >  sin  h,  <  tan  h  (Trig.  Art.  57) 

or  h  lies  between  sin  h  and  tan  h, 

or  sin  A,  h,  and  tan  h  are  in  order  of  magnitude  ; 

.•.  tan  h  —  sin  ^,  is  >  h  —  sin  h,  or  >  tan  h  —  h. 

If  therefore  tan  h  —  sin  A  ever  =  0,  or  -;  —  j-=  1  ;  a  fortiori 

sin  7z      tan  A 

will  h  -  sm  A  =  0,  and  tan  h  -  h  =  0  ;  or  —7  —  =  —7  —  =  1. 

h  n 

sin  h     cos  h      1 


.-.  —  7  —  and  —  -j  —  also  respectively  =  1,  if  k  =  0. 
30.  Let  u  =  smx;  find  -. 


For  x,  put  x  +  h,   /.  u  becomes  w  +  :rr  ^  + 
and    u  +  -^h+  Uh2  =  sin  (x  +  A), 
and    u  =  sin  x  ; 


CM   7          rr/p  /  f\ 

.•.  -y-  /<  +  C7rt  =  sm  (,r  +  «)  —  sin  x 
=  2  cos  (x  +  £#)  .  sin  J  7z*. 


du 

.-.  — 


A  _L  I?  >f  —  7? 

*  Since  sin ^4 -sin 5=  2 cos.  —-—.sin  — 
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j        i  •        7  sin  ±h 

and  making  h  =  0  ;    .*.  —  ~j*—  =  1  ; 

dn  d  .  sin  x 

.*.  -7-  =  cos  x,    or  —  -,  -  =  cos  x. 
dx  dx 

31.  u  —  cosx;    find  —  ; 

ax 

...  M  +  ~/,+  ro5  =  cos(,r  +  A); 

.•.  -7-  h  +  Uh2  =  cos  (x  +  Ji}  —  cos  ,r 
eta 

=  -  2  sin  (a:  4-  ^h)  sin  ^  ; 

rfw      TTT  .    ,        ,  7  x  sin  *A 

.*.  -j-+Uh  =  -  sin  (<r  +  ±h)  —  Tjft  > 

%     </M        rf  .  COS  # 

.-.  making  h  =  0,  -7-  =  —  -i  -  =  -  sin  ^. 

32.  w  =  tan  x;   find  -=-  ; 

dx 


_  tan  h  (1  +  tan2  x) 
1  -  tan  x  .  tan  A  ' 

du     _,     tan  A        (1+tan2^) 
•*«  ~j  —  1-  c//{  =  —  j  —  •  ,  r 

dx  h       1  -  tan  x  .  tan  h 

make  A  =  0  ;    .*.  tan  h  —  0,   and  —  -  —  =  1  ; 


r»o 
33. 


du     d 

.  tana; 

2 

2                   l 

**  dx 
usecx  = 

dx 

•    fim 

du. 
lJx* 

sin* 

cos2  x 
sin  *       1 

COS  X 

-  d  .  cos  x 

du 
•'•dx  = 

( 

dx 
(cos*)2 

d  .  sec  x 
>r         .        : 

(cos  x)2 
=.  tan  x  . 

cos  x  '  cos  *  ' 
SPP  .r. 

T 
dx 
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34.     u  =  V  .  sin  x  =  I  —  cos  x  ; 
du        d  .  cos  x 


..  -j-  = 
dx 

or  cos  x 

65.     u  =  cotan  x  =  —  - 

sm  x 


, 
dx 


=  sm,r. 


du  ___  (sin  x)2  +  (cos  x)2 
dx  (sin  x)2 


.  1    v,  =  -  (cosec  xf  =  -  (1  +  cot2  a?). 
m  xf 


_  _ 

dx  ~  (sin  #)2  ~  (sin  xf 


=  —  cot  x .  cosec  x. 


37.     Hence  collecting  the  results, 

du 
It  u  =  sin  x,  ~-  =  cos  or, 


u  =  cos  a:, 


=  ~  sin  ^^ 


sec  .r 


du 
dx 
du 


=  sec  x  .  tan  #, 


=  sm  x, 


sin"* 


M  =  cosec  xy        -;-  =  -  cosec  #  .  cot  x. 
ax 

38.     Next  let  u  =  sin  2,  where  2  =/(#)• 


1  hen  -=-  =  -j-  .  -7-  . 
rfj;     dz   dx 


du 


du  dz 


39.     Let  M  =  COSS;    find^-. 

du          .  du  dz 
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^    Ex.     (1)     Let  u  -  sin  3x ;     .-.  -3-  =  3  cos  3x. 
\\  (2)    Let  u  =  cos  (ax  +  b) ;     .•.  -7-  =  —  a.  sin  (ax +  b). 

\(      40.     Let  u  =  tan  * ;     .-.  -r-  =  1  -f  tan2  s ; 

dz 

du     ,^  2   .  dz 

•'•  j-  =  (l  + tan  *)  -J-  • 
dx     v  '  dx 

,  .«  */M  dz 

if      41.     And  if  «  =  sees;       -7-  =  sees  .tans.  -7-, 

C?Zf  C/2 

«  =  v  sin  2r :     -7-  =  sin  z  .  -r- , 
rfar  rfj;' 

rfw         .  .   .dz 

u  =  cot  2 ;        -j-  =  -  (1  +  cot2  2)  -r- , 
a,r  aj? 

C?M  rf£T 

M  =  cosec  2 :    -,—  =  —  cosec  z  .  cot  z  .  -7-  . 
dx  dx 

42.  To  find  the  differential  coefficients  of  the  angle  in 
terms  of  the  sine,  cosine,  tangent,  &c. 

Before  we  do  this  it  will  be  necessary  to  shew  that  if  u 
be  a  function  of  x,  or  if  u  =f(x\  and  consequently  x  a 
function  of  u  (since  it  is  a  matter  of  convention  which  of 
the  two  is  the  independent  variable),  or  as  it  is  written 
/-1  (")>  where  f~l  is  called  the  inverse  function, 

—  -  JL 

dx     dx' 

d* 

Let  lu,  &r,  be  the  differentials  of  u  and  x. 

„,,  a     I  8w      1 

Then  since  T=?;     .-.5  =  5. 

a  cu 

But  since  the  ratio  of  the  differentials  is  equal  to  the 
ratio  of  the  differential  coefficient  to  unity  ; 

lu     du       Zx     dx  du       I 

.%  ^-=-j-;     -^- =  — -.     And  /.  ^-=-7-. 
ox     dx       cu     du  ax     dx 

du 

43.  Hence*,  if  u  =  sin"1  x,  cos"1  a:,  tan"1  or,  &c.  find  -r-. 

*  By  u  —  sin-1  x  is  meant,  u  is  an  angle  whose  sine  is  x.    Similarly , 
w  =  tan~l  a?  is  an  angle  u  of  which  the,  tangent  is  x ;   these  are  called  in- 
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V    )  ~  oiii     if  f       ..a.        o        u  j 

dx 


.•.  -T-  =  cos  u  =  ^1  -  sin2w  =  Jl  -x2; 
du 


"  dx 


__ 
du 


u  =  cos    xy  or  x  =  cos  u  ;     .•.  -7-  =  —  sin  u ; 

du_        1  1 

dx~     sinw~  "/i  -a?' 


(3)  w^tan-1,*;    .-.  x-tanw;    /.  -    =  (1  +  tan'w)  ; 

<fo_         1  1 

dx  "~  1  +  tan2w  ~~  1  +  a;2  " 

(4)  w  =  secr1,r;    .*.  x  =  secu;    .-.  -7-  =  sec  w  tan  «  ; 


du 


1 


sec  u  ta» 


(5)     M  =  cot~l  x ;  /.  a;  =  cot  u ;  .-.  -j-  =  -  (1  +  cot*  w) ; 
^=  1  1 

dx  1  4-  COt8  M  1  +  #S  " 


(6)     M  = 


du 


-1 


dx     cosec  w  cot  M         a?  ^a?2  -  1 " 
(7)    u  =  v.sm~lx;  .•.  x  =  vsmu; 

.*.  -r-  =  sin  u  =  ,Jl  —  cos2  u  =  ,J(l  —  cos  M)  (1  +  cos  u). 

But  1  -  cos  u  =  x ;   1  +  cos  u  -  2  -  x, 
dx 


—        ,  A* 

-  xa  and  -r-  = 


verse  functions.    Thus,  if  u  -  log  *,  then  u  =  log-1  a?  expresses  that  u  is  a 
number  of  which  the  logarithm  is  x. 


Hence 


DIFFERENTIATION  OF  ANGULAR  FUNCTIONS. 

d .  sin-1  x  1 
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d .  cos-1  x         -1 


d .  tan-1  x  _     1 

dx 
d .  sec"1  x 


dx  xjlf^~i' 

d .  cor1  x       -  1 

~dx~    -I772' 
d  .  cosec'1  x  _      -1 
~dx~     -xjx*~l> 

d .  v  sin"1  x  1 


dx 


fei^x* 


44.     Again,  if  u  =  sin"1  - ;  .•.  -  =  sin  u  ; 
a          a 


dx 


(1) 
(2) 


d^L  -  L  l 

•~dx~  dx_~  Jtf—x*' 

du 

.xdu 

lfM=COS~1-,    -j-  = 

a    'dx 


dx 
(4)     Similarly, 


a 
x  Jxt-a* 


45.    Also,  if  u  =  sin"1  z,  where  *  =/(#),  to  find  — . 
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dz 
du  I  du  _  du    dz         ~dx 

dz  ~        -  z*  '       '  dx~  dz  '  dx~~' 


_dz_ 

T  du         -  1  du  dx 

Let  w  =  cos    z\   .*.  -r  =    ,  —      ;   •'•  -7-  =    . 


<?M  1 

Let  w  =  tan"1  s;     .-. 


..  , 

dz      1  +  ^  rfj;     l  +  s2 

and  in  the  same  manner  for  the  other  circular  functions. 

46.     To  find  the  differentials  from  the  differential  co- 
efficients : 

d  .  (sin  x)  =  cos  x  .  dx, 

d  .  (cos  x)  =  -  sin  x  .  dx, 


and  d  .  (sin-1  x)  =    ,  —  8 
1  -* 


Ex.     Find  that  angle  (.r)  which  increases  twice  as  fast 
as  its  sine. 

Let  u  =  sin  x  ;    du  =  cos  x .  dx. 
But  du  =    «?*;    .-.  cos  x  =     ;    .-.  #  =  60°. 


Exponential  and  Logarithmic  Functions. 

47.     Let  M  =  a%  which  in  general  expresses  the  relation 

between  a  number  u  and  its  logarithm  x,  find  —  . 

dx 

Since  u  =  ax  •   .'.  ul  =  a***  =  ax.  ah. 

But  ah  =  1  +  Ah  +  lA2hs  +  &c.  where  A  =  loge  a :  (Alg.  269) ; 
/.  «!  =  «•  (1  +  Ah  +  ±A2h2  +  &c.)  ; 

.'.  -r  =  Aax  and  du  =  Aax.dx. 
dx 
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COR.     If  o  =  e  =  2.71828,  A  =  log,*  =  l ; 

/.  — f—  =  e?;  and  d.e"=etdx. 
dx 

48.  Next  let  u  =  \ogx;    .'.x=a»',    .'.  ^=  Aa»  =  A . x ; 

dx  ~  dx  ~  A '  x ' 
If  the  base  be  (e),  A  *  1  and^=-,  or  d.  logx  =  ~, 

49.  Again,  if  u  =  «*,  find  -7- . 

du  du     du  dz  ,    dz 

-r-  =  Acf,    .'•   -7-  =  -T-.  -r-  =  A  .  fl   .  -7- . 
rfs  aa;     a^  ax  dx 

COR.     Ifa  =  e,  or  A  =  1,  .-.  — l— =6*.--. 

dx  ax 


50.     If  M  = 

du      1    1  _       t   du  _du  dz  _  I    I   dz 
dz~  A'z'       '  dx~  dz'  dx~  A'  z'  dx' 
dz_ 

TO   ^      ,    ^'Ooff^)     «?•»         i  T  /i       \     dz 
If  ^4  =  1,  —  v   5    y  =  —  ;  and  d  .  (log  z)  =  —  . 


From  the  former  of  which  equations,  we  obtain  this  rule  : 
The  differential  coefficient  of  the  logarithm  of  a  function 
als  the  different 
function  itself. 

Ex.     u  =  log  >J 


1  ne  aitterential  coefficient  or  tne  logantnm  or  a  lunction 
equals  the  differential  coefficient  of  the  function,  divided  by 
the  function  itself. 


dx     x4  +  x9  +  I ' 
Observe  in  future,  whenever  log  is  used,  the  Napierian 
logarithm  is  meant. 

Examples. 

^   (1)       tt  =  (sino?)B;    ^  =  w(sinor)n-1cosj:. 

du 
(2)       M  =  sm^;      ^  =  n 
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du 


(3)       w  =  (tan;r)3;    ^-  =  3  tan2  x  sec2  x. 
/;      (4)       u  =  sin  3x .  cos  2#, 

-T-  =  3  cos  3or  cos  2or  —  2  sin  3,r .  sin  2,r 

=  cos3o:  cos  2x  +  2  (cos  3or  cos  2,r  -  sin  3*  sin  2,r) 
=  cos  3,r  cos  2x  +  2  cos  5x. 

(5)       w  =  sin  (cos  x)  =  sin  z,  if  z  =  cos  # ; 

du     du  dz  f      .  .  ,         . 

.•.  ~J~  —  ~J~'~J~—  cos 2 •  (~  sin *)  —  —  sm or  cos  (cos .r). 


(6)       u  =  sin' 


. 

SUl~12,     if  2  =  -i . 

' 


rfM 
dx 


dz 
dx 


/I  -  z* 

dz_     J^-jf^ 
dx 


rl-22=A/l- 

du 1^ 

•*'  dx 


(7)       u  =  log  (*  +  JT+x*)  =  log  ar. 


dx         , 
=  — ,  and  z  =  , 

z 


+  x'  +  x 


1 


du 

•"•  rfx 

(8)        tt  =  log(log#)  =  logz; 

du_du^  ^£_i  1_       1 
c£r      dz'  dx~  z'  x~  x  log  a; 
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(9)       u~x',  where  JB  =/(*)• 

<fa   1      rfz 


(10)     M 


+, 

a?     dx 
°,  2  and  v  being  functions  of  x. 

du   1      dv.  dz    1 

^^=^1°g25  +  v-^*s 
dv  ,  v   dz 


(11)     «  =  ee'  =  e',  if 


(12)      u  —  z^y  where  z,  v,  and^  are  functions  of  or. 
Let  vy  =  vl;    .:  u  =  z"i, 

du       „   f  .          dv,     v,    dz 


dz 


dv      1    dz 


But  •,„,  =  ,»;     .•• 

^M 
,.-  = 


„  ^ 
(14) 

(15)  «  =  log 

(16)  =^102 

* 

(17)    « 


dy 


=  10   Jtf+l-x.  du^_ 
x  du     1 


+  1  +  J?'  dx     x     ^ 
x  du  1 


(18)     u  =  x*;      -^  =  ^{l  +  loga:}  =  j;xlog(^). 
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(19)     «  =  (sin*)6"; 

du     —  -  irnsar  I       .       ,  coss.r  ) 

.*.  T-  =  sin  x  co  *  ^  —  sin  ,r  log  sm  x  +  —.  -  > 

smx  ) 


dx 
(20)     u  =  log  tan  #  ;     —  =  - 


dx     sin  2x 
1  +  sin  x     du         1 


(21)  «  = 

(22)  u  = 

(23)  «  = 

fidC 

(24)  M  =  sin3o?  cos  x ;    -=-  =  sina,r  (3  —  4  sin2 a:). 

a.r 

/o/5\        _  cos  *  .   ^  _  sin  a?(2  +  cos  2,r) 

^          '  ~~  r*na  &**       fty.   ~  f nna  O -«\2 


v      (26)     M  =  e*.  cos  a:  ;    —  =  e1  (cos  a:  -  sin  a;). 
(M? 

(27)     «  =  sin-'(3x- 


(28)     «  =  cos-(4.r>-3*); 


(30)     »  = 


1 


dx     a  +  b  .  cos  ,r " 

(31)     u  —  e*inx.  cos  a:;   -j—  =  esin'r(l  —  sina:  — 
-  cos  x     du        1 


(32)  «  =  lo 

(33)  w  =  sii 


+  cos  x '    dx     smx' 
du  1 


(34) 
(35) 
(36) 
(37) 
(38) 
(39) 
(40) 

(41) 

(42) 
(43) 
(44) 
(45) 
(46) 

(47) 
(48) 

(49) 
(50) 
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(sin  x)1 ;    —  =  (sin  x)1  {log  sin  x  +  x  cot  x}. 


u  = 


log  A/sin  x  +  log  Jcosx  •     —  =  cot  2x. 


dx 


u  = 


1  —  x*  +  sin"1* ;  -j-  = 
I  ,    xj2      du      1- 


2           .   /2*-M\      <fo            1 
-ptan"1.! — =^.-1:    —= 

log 


2*2 
*6-l* 


11  == 


=  log 


du         1 


M  = 


W  = 


(a  sin*  -cos  or).   ^^.sin^ 
a2+l  '    ^ 


du 


a  (sin  x  -  cos  x)  ;    ^  =  ^/2aa  -  u*. 
du 


+  o; 


<?W  1  ,1  N 

ti  =  sm  (log  *)  ;    -r  =  ~  cos  (log  *). 
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(51)     u  =  a(z  +  sinz);    *  =  a  (1  -  coss); 
du         /Zax  — 


(52)     u 


—-e*  2  -a* 

dx~     'l-x% 


,    sec  x      Q  du  1 

(53)     M=_l_ -3-|.cot2,r;  -T  =  T-- — vTT ^i 

3(sm*)3     3  dx     (sin*)4  (cos*)2 

\  /  V  V  /    '  fl if  /^  ~0   * 


(55)  tt  =  2e(* 

(56)  u  =  x*n;     ^  = 

(57)  «  =  *»•;          = 


(58)     u  =  w  — ==  —  w  sin-1 .  xn ; 


du 


(59)     IfujT^  +  JT^ 


/)       (60)     If 


dx 


CHAPTER   III. 
Successive  Differentiation.  Maclaurin's  Theorem. 


51.     IF  «=/(#);  -T-,  or  as  it  is  frequently  called,  its 

derivative  may  also  be  a  function  of  x,  /'(#),  and  is  capable 
of  being  differentiated. 

For  suppose  that  —  =pt  and  for  x  put  x  +  h, 
du 

I 

-£-h  +  &c.  (by  writing 


So  also  -J-  may  be  a  function  of  x,  equal  <jr, 


and  so  on  for  other  differential  coefficients. 

This  process  is  called  successive  differentiation,  and  —  ,' 

dx 

-^,  -p-,  &c.  are  called  the  first,  second,  third,  &c.  differ- 
dx    dx 

ential  coefficients,  or  the  first,  second,  third,  &c.  derivatives 
of  u. 

A  more  convenient  notation  than  that  above  is  used,  the 
reason  for  which  may  be  derived  from  the  consideration  of 
differentials  ;  and  here  we  may  remark  that  dx  as  well  as  h, 
is  always  considered  to  be  invariable,  when  u  =/(#). 

Now  since  -j-  =  P'>     •"•  du=pdx; 

.:  d(du)  =  dpdx:   but  dp  =  qdx; 
.-.  d(du)  =  qdx2. 
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But  because  d(du)  is  the  symbol  for  shewing  that  u  has 
been  twice  differentiated,  and  since  d  is  the  symbol  of  dif- 
ferentiation;  therefore  dau  will  fitly  express  the  fact  of  u 
being  thus  twice  operated  upon ; 

.•.  d2u  =  qdx*. 

Similarly  d  (d*u)  =  d3u  =  dqdx2  =  rdx\ 
d(dau)  =  d*u  =  drdx3  =  sdx*, 
&c.; 

dp  d?u 

•''   Tx  =  q  =  dx-*> 
da  d3u 

dx  =  r==dx~*> 
dr  d*u 

dx=S==dx~*> 

dnu 

and  the  %tb  differential  coefficient  is  -= — . 

dxn 

Observe  -,—2 ,  -7-3 ,  &c.  are  most  commonly  read,  second 

du  by  dx  squared,  third  du  by  dx  cubed;  but  sometimes, 
d  two  M,  by  dx  squared,  d  three  u,  by  dx  cubed,  &c. 

Ex.1.     Let  u  =  x4  +  a?  +  x2  +  x  +  1, 

-j-  =  4or3  +  3x*  +  2^+1, 
dx 


Ex.  2.     Let  u  =  -  = 

x 

du__ 
d*u 
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^_2    3 

" 


Ex.  3.     Let  u  ==  sin  (ax  +  1}  ;     find  -^-7 . 

fi Y 

.'.  -r-  =  a  cos  (ax  +  £), 

~  =  -a2sin(a.r  +  &), 

<P» 

-f-fi  =  —  a  cos  (ao;  +  o), 


w'    **  A      •        y  7  N, 

^i  =  fl  4sm(fllr  +  6) 
\     Ex.  4.     Let  «  =  £**;     find  -^ 


Ex.  5.     Let  u  =  zv;  to  find  ^2w,  <f«,  &c. 

•/  du  =  zdv  +  vdz (1)  ; 

.•.  <f u  =  d(zdv)  +  d(ydz). 
But  from  (1),  d(zdv)  =  zd?v  +  dzdv, 
d(ydz)  =  vdzz  +  dvdz  • 
.*.  d*u  •=  zd2v  +  Zdzdv  +  vdzz ; 
.:  d*u  =  d(zd'v)  +  2  .  d(dzdv)  +  d(vd*z). 
But  d(z .  d*v)  =  zd3v  +  dzd*v, 
Zd(dzdv)  =  2d*zdv  +  2dzd2v, 
d .  (vd*z)  =  vd?z  +  dvd2z ; 

.*.  <f u  =  ztf v  +  Sdzcfv  +  Sdvtfz  +  vd*z, 
and  d4u  =  zd*v  +  4dzd3v  +  6d2zd2v  +  4d3zdv  +  vd*z. 

D 
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Since  the  law  of  the  numerical  coefficients  is  apparently 
that  of  the  coefficients  of  (a  +  b)n; 

.•.  dnu  =  zdnv  +  n  .  dzd"~lv  +  n  .  ^—  —  '  d?zd^zv  +  &c.  ; 
tfu         cTv        dz 


a  theorem  due  to  Leibnitz,  and  which  may  be  used  to  find 
the  differential  coefficient  of  the  product  of  two  functions. 
To  prove  the  law  of  the  coefficients.     Let 

d?u  =  zd"v  +  ndzd?~lv  +  n  —  —  .  d*zd^*v  +  &c.  ; 


n.(dzcFv  +  d?zd"~lv) 
+  n       1  .   fzdrlv  +  d*z  .  #~*v   +  &c. 


+  (n  +  1)  .  dztfv  +  W     "  -  -•  d?z  .  d"~}v  +  &c., 

which  shews  that  if  the  theorem  be  true  for  n,  it  is  true  for 
n  +  1,  and  it  has  been  shewn  to  be  true  for  n  =  2,  and  n  =  3  ; 
it  is  .•.  true  when  n  =  4>;  and  .-.  when  n  is  any  integer. 


Expansion  of  Functions. 

52.     If  u  =f(x)  can  be  expanded  into  a  series  of  the 
form 

u  =  A  +  Bx  +  Ctf  +  Dx3  +  Ex*  &c. 

where  A,  B,  C,  &c.  are  constant,  to  find  these  coefficients. 
This  is  Maclaurin's  or  Stirling's  Theorem. 

Since  u  =  A  +  Bx  +  Cx*  +  Dx3  +  Ex*  +  &c. 
By  successive  differentiation 


dx 

^  =  2  C  +  2  .  3  Dx  +  3  .  4E  .  x*  +  &c. 
dxr 


~  =     . 

^4=2.3 
dx* 

&c.  =  &c. 
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Make  x  =  0,  and  let  Z70,   Uu  Ua,  U3,  &c.  represent  the 

.  .          ,          ,.       du     d*u 
resulting  values  or  u,  -=-  ,   -7-5  ,  &c. 


COB.     The  general  term  is  obviously  ^7,,  —  - 

1.2.  3... 


Examples  of  the  Expansion  of  Functions. 

(1)     LetM  =  (^  +  «)4;  .-.  U0  =  a4;  if^c  =  0; 


=  4.3(o:+«)2;       .-.  CT2  =  3  .  4a2, 

<PM 

^  =  2.3.4(o;  +  a);   /.  ^  =2  .  3  .  4z, 

^  =  2.3.4;  .-.  C7-4  =  2.3.4, 

^=0;  .-.  U5  =  0,  and  ^   Z77,  &c.  each=0; 

f          \4  >iq       3-422     2.3.4      ,     2.3.4 

«  =  (a?  +  a)4  =  a4  +  4,a3x  +    -     aV  +  -        ^  + 


(2)     Expand  (a  +  bx  +  ca?)n. 


d*u 

•      =  n(n-l)(a  +  lx  +  ex*)"-2  (b  +  2c,r)2  +  2cn  . 
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.-.   U2  =  n.(n-l)  an-2b2  +  n.2c.  a"-1, 

J3 

^  =  n  .  (n  -  1)  .  (n  -  2)  (a  +  bx  +  cxj-3^  +  2c,r)3 

+  2w  .  (n  -  1)  (a  +  bx  +  ca^)f|-*2c  .  (b  +  2cx) 
+  2c.n(n-l).(a  +  bx  +  cx2)"-*  (b  +  2cx)  ; 
.-.   U3  =  n  (n  -  1)  (n  -  2)  .  an-*b3  +  2.3n.(n-l)  an~2bc, 
&c.  =  &c. 

.-.  (a 


+  &c. 

(3)     Expand  sin  x  and  cos  x  in  terras  of  x. 
If   u  =  sin  x,  If   u  =  cos  x, 


du  du 

-j-  =  COS  X,  -j- 

dx  dx 

dau          .  d?u 

<e* 


— ,  =  -smx, 


dx^=-COSX' 


—r  =  +  sm  x,  -r  =  cos  x. 

dx*  dx* 

&c.  =  &c.  &c.  =  &c. 

After  the  4th  differentiation  the  values  recur. 

Make  x  =  0,  then  in  the  series  for  sin  xy 
U0  =  0,    tf,  =  l,    U2=0,    U3=-l,    C74  =  0,    U5 
and  in  the  series  for  cos  #, 


COR.     The  series  for  cos  x  may  be  derived  from  that  of 
sin  x  by  differentiating  the  latter. 
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(4)     Similarly,  if  u  =  tan  x,  we  may  find  tan  x  in  terms 
of  x  ;  but  more  readily  in  the  following  manner  *. 

Let  u  =  tan  x  =  a^  +  a3x*  +  a&x6  +  a^x1  +  &c.  ; 

du 
.-.  -—  =  1  +  tan2*  =  «!  +  SagX*  +  5a5x4  +  7a7x6  +  &c. 


But  1+  tan3*  =  1  +  (avx  +  a3x3  +  a&xb  +  &c.)* 

=  1  +  a\x*  +  Za^x4  +  (al+  20105)  x*  +  &c.; 
therefore  equating  coefficients  of  the  like  powers  of  x, 


2        .        2_ 

3'          °6~  3.5 ' 

2         -1   _i_  -JLL.    .          17 

-«3  +      »*•    p+3.5     5.9'      "ar~5.7. 


(5)     In  a  similar  manner  may  sin  a:  be  found. 
Let  sin  x  =  a^x  +  a3x3  +  a6x*  +  &c. ; 
.*.  cos  x  =  al  +  3a3x*  +  5a5x4  +  &c. ; 
/.  -  sin  x  =  2  .  3a3x  +  4 .  5a5x3  +  &c.  ; 

ai  _         as  a\ 

"  a*~~lz73'     fl5~~4^  =  2.3.4.5' 


sn  a: 


.„  sin  a; 

j     ~~ 


.•.  sin  x  =  x  --  +  --  &c 
2.3      2.3.4.5 

That  tan  x  can  only  involve  odd  powers  of  (x}  may  be  thus  shewn 
Let  tan  x  =  avx  +  b^x2  +  a^x3  +  b^  +  a5x*  +  &c.  ; 
.-.  tan  (-  x)  =  -  a^x  +  b.2xz  -  a^x3  +  b4x*  -  a5x5  +  &c.  ; 
.-.  tan  x  -  tan  (-  j?)  =  2alx  +  2a3x3+  2a5x*+&c. 
But  tan  (-#)  =  -  tan  O);  .-.  tanj?-tan(-«r) 
.'.  tan  x  =  atx  +  a3x3  +  a*>x!>  +  &c. 
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(6)     u  =  sin"1^,  whence  if  x  =  0,   U0  =  sm~lO  =  0, 
u  1  i          1    „    1.3    .     1.3.5 


but  from  Maclaurin's  Theorem, 


5175          1.3 

Q     * 

7Y  —  i 2   52    £2  • 

*     .  .     t/7—  1    .4    .O    , 


2.3.4.5      2.4' 
7U7  1.3.5 


2.3.4.5.6.7     2.4.6 

*3  1.3V  12.32.52.*7 


1       ,r3      1.3    a6      1.3.5 


the  general  term  of  this  series  (Newton's)  is  obviously 

1.3.5  ......  (27*  -3)      a:2-1 

2.4.6  ......  (2»-2)"2n-i" 

By  this  series,  the  length  of  a  circular  arc  may  be  found; 

thus,  let  siirt:  =  30;     .-.  x-~^\  and  the  length  of  30°, 

=  I  +  JL  _L_4.^i     1     ,  &c 

21.2'3x8      2.4*32x5 
(7)     The  same  series  may  be  also  obtained,  thus, 
let  u  =  sin~lx  =  a^x  +  a3x3  +  ag?  +  a^7  +  &c.  ; 
for  sin"1^  cannot  contain  even  powers  of  x  ; 


But 


1  11 

.-.  «1=1,    3a*=2'>      •'•  ^  =  2-3 

1.3  1.3    1 


_1.3.5    1 

•'•  ^-27476-7^ 
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x      1    a?      1.3    x5      1.3.5    x1 


(8)     u  =  terrlx;    x  =  0,     UQ  =  tair'O  =  0  ; 

•••s-rb-i-^---^  . 

5l75x4 


1.273 


2.3.4 

2z3        2.3. 


x3     xs 
or  tan"1^  =  x  —  —  +  —  —  &c. 

Gregory's  series  for  the  arc  in  terms  of  the  tangent. 

53.     Hence  may  be  found  approximate  expressions  for 
the  length  of  the  arc  of  a  circle. 

(1°)     Let  tan-1  x  =  £;     .-.  ,r  =  tan-  =  l, 
1111 


-&c.; 


(2°)          Since         tan- 

,1111         1 


,1111 

fan     --- 


\    i 


(3°)     A  very  convergent  series  is  given  by  Machines 
formula, 

that  -A  =  4  tan-1 .  -  -  tan-1. . 

4  5  239 

To  prove  this,  let  A  =  4  tan-1-  =  4a. 

5 
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4         4 


Then  tan  A  -  5      125 


1-6  tan2a  +  tan'a  6         1 

~25  +  625 

4(125-5)     _  4x120      120 
"625-150  +  1"     47ti     ~H9;     •"'  >lj 
120 

tan  ^4  —  1      nq  1 

and  tan^-45o=-_T  =  T|_  =  _; 


I      1111 


__  _ 

239      3  '  (239)3     5  '  (239)6 


°' 


54.     Log  a?  cannot  be  found  by  Maclaurin's  Theorem, 
since  U0,  Ult  U2,  &c.  are  infinite  :  but  log  (1  +  x)  may  be. 

Suppose  the  logarithms  to  be  Napierian,  where  A  =  1. 


du_ 

~dx~ 

du 


-.   Z7i«l,      ^=-1,      £7;  =  2,      £74  =  -2.3,      ^  =  2.3.4; 

a:a      2JC3       2.3J4       2.3.4a^ 

.'.  M  =  log(l  +ar)=^r  --  +  —  -  +—  —  +  &c. 

2      2.3      2.3.4      2.3.4.5 


COB,     Had  a  been  the  base,  then  (Art.  48), 
T-  =  -7  -  -  -  ,  and  if  loga  be  a  log  in  that  system, 
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loga(l  +*)  =  -£  (*-|-+--&C.) 

=  7  log.  (!+*)> 

where  A  =  log,  a,  the  factor  -^  is  called  the  modulus. 

The  series  just  obtained   does  not  converge,  but  from 
it  converging  series  may  be  derived.     See  Algebra,  p.  270. 

55.     Expand  ax  in  ascending  powers  of  x. 
u  =  ar,         #  =  0;         .'.   £7-0=1; 


. 

.-.  «*  =  1  +  Ax  +  -  +  -  +  --  +  &c. 
1.2      2.3      2.3.4 

COB.  1.     If  a  =  e  ;  A  =  loge  e  =  1  ;  and 


56.     In  the  expansion  for  e*, 

put  successively  for  or,  #  J  —  1,  and  -  a:  x/-  1  ; 


2.3        2.3.4      2.3.4.5 

&c. 


2         2.3        2.3.4      2.3.4.5 
Therefore  first  by  addition  and  then  by  subtraction, 

a  (l). 


---  +  &c.}  =  2Ismx.     (2). 


Again,  adding  and  dividing  by  2, 

-  1  sin  #. 
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Also  by  subtraction  and  dividing  by  2, 
e~  x  v'-i  =  cos  x  -  J  -I  sin  x. 

COR.  1.     Hence  cosx= 

and  sin  x  = 


COR.  2.     These  equations  have  been  proved  independ- 
ently of  the  value  of  x,  we  may  therefore  put  mx  for  x  ; 


cos  mx  +         i  sn  mx  = 


=  (cos  x  +  ,J  —  1  sin  jr)m, 
the  formula  of  De  Moivre. 

57. 


/  /i±y)  1  = 


For  M  write 

.'•  xj~^\  =  (e*  V~i  _  e-  V~i)  _  l(e**^  -  e"111^  +  &c. 
=  2  ^/—  1  {sin  a:  —  i  sin  2,r  +  J  sin  3x  —  &c.}  ; 

.*.  -  =  sin  x  —  i  sin  Zx  +  J  sin  3x  —  &c.  ; 
.*.  ^  =  cos  a:  —  cos  2x  +  cos  3x  —  &c.,  differentiating. 

to      -D     j-   •  • 
58.     By  division, 


—  .      — 

cos  a:  -  ^  -  1  sin  a: 

-!  tan  ^ 


-l  tanj:). 
But  log(l  +w)  J5 
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^l  =  2  {^^T  tan*  +  i  (J~^l  tan  a:)3 

+  (7^1  tan.r)5  +  &c.} 

=  2  ^/^T  {tan  a;  -  1  tan3,r  +  J  tan5*  -  &c.}  ; 

.-.  a:  =  tan  x  -  J  tan3a:  +  £  tan5*  -  &c.,  (Ex.  8.) 

59.     Let  w2  —  ux  -  a*  =  0  ;  find  w  in  terms  of  x. 

If  x  =  0;     u  becomes  U0;     .-.  (U0)*-a2  =  Q;     U0=±a. 

Differentiating,  2Mj--^F--w  =  0; 


make  x  =  0;     ,:u  =  ±a;     .-.  SaC/i  -  a  =  0; 
Differentiating  a  second  time, 

rf2M         du*        du 


if  a:=0;     v  2^-1=0;     /.   U3  = 
*±_L_ 


Samples. 

m   if«--L_     ^-24  /iz!5£ 
~i  +  ^'    ^*~     't      i  + 

(2)     Vn  =  -JL=;  =  ML 


(3)     Ifw  =  sina:;     j^.« 

rfw  ,    /v       \  /       TT\ 

For  -7-  =  cos  a:  =  sin  f  -  —  x  j  =  sin  I  x  +  -  1  ; 
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(4)  If  U  =  COS  X  ;      -j~n-  cos  ( x  +  n  -  )  • 

/  ^\     T/»  d*u 

(5)  If  M  =  of .  e? ;     -j-4  =  e*  {a^  +  4wo:n~1  - 

»(»-!)(«-  2)(w-3).^~4}. 


(6)     If  w  =  (?  sin  a:,    -7-5  =  2e*  cos  or, 
^4w  d*u  dl*u 


x  a 

(8)     sin  (a+^)=sin  «+6cT  cos  a  --  .  sin  a  --  cos  a-f  &c. 

£  A  •  *J 


(9)     cos(a+&r)  =  cosa—  bxsma  --  .cos«+  —  ^ 

>w 


fit*     i       /        *  ^      i 

(10)     log(a  +  ^)  =  loga  +  —-^-?  +  —  -&c. 


(11) 
r-    (12) 


(13)  (tan  ar)4»*4  +         +     ^+  &c. 

o  5 

(14)  ^'=1+^  +  ---?^  ---  ?^  --  &c. 

2      2.3.4      2.3.4.5 

2^ 

(15)  e*sec.r  =  1  +x  +  xs  +  ---  -+&c. 

3 


(1  7)     Sin  (a  +  bx  +  ex*}  =  sin  a  +  bx  cos  a 
+  —  (2c  cos  a  —  b*  sin  a)  —  -  —  (6bc  sin  a  +  b3  cos  a)  —  &c. 

(1  8)     If  cos  (m)  —  cos  (m  +  y)  =  j:, 

\2 
+&c. 


sin  m  \sm 


CHAPTER  IV. 
Taylor's  Theorem. 


60.     IF  u=f(x),   and  «!=/(«  +  A),   then  by   Taylor's 
Theorem,  so  called  from  its  inventor, 
du  ,     dtu    h*       d3u 


, 

U  1  =  U+-T-  n+-Ta  *.  —  ~  +  -7~<?  ;T  -;;  +  &£.+-;—.  -  -  -  4-&C. 

dx        dofl.2      d^Z.S  do?  2.3...W 

The  proof  of  this  theorem  may  be  made  to  depend  upon  the 

proposition,  that  if  u,  =f(x  +  h)  ;    -~  —  -^  , 

or  the  coefficient  of  h  is  the  same  in  the  expansion  f(x  +  2A), 
whether  in/(,r  +  A),  x  become  x  +  A,  or  h  become  h  +  h. 

J  .          *  ft    ^        i  diit      d.f(x^) 

Let  x  +  h  =  xl-,    .-.  «!=/(*!)  and-^=     ^  l'  . 

^      du,     du,    dx  du,    dh 

But  j-L  =  -j-L.-7—  =  also  -jr.-r-  . 
dxl     dx    dxl  dh   dx^ 

But  h  constant,  -y-  =  1  ;     x  constant,    ,-  =  1  ; 


, 

„       •y^y     U 
Hence  —    —  -  or 


61.     Let  /.  Ul  =  u  +      k  +  P 

Since  we  have  proved  in  Art.  8,  that  the  indices  of  h  in 
the  expansion  off(x  +  h)  are  the  natural  numbers, 

du,     du     d?u  ,     dP 

' 


&c. 
dh      dx 

whence  equating  the  coefficients  of  the  same  powers  of  h, 
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dP     1    <Pu^  l     d*u 

3Q  =  ^=**^'         Q  =  273'dJ> 

A7?-^-JL—  pi        d4u 

~  dx  ~2.3'dx*''  ~2.3.4'^4 

du  ,      tfu    h2       d?u    h 


COR.     From  the  theorem  of  Taylor  we  may  deduce  that 
of  Maclaurin. 

„,,.        ,       du    d?u    d?u 
For  making  x=Q,ul  becomes/(A)  and  «,  -j-  ,  -j^,  ^-3, 

&c.  become  Z70,   U19   172,   U3,  &c.; 


or  putting  a:  for  h,  in  which  case  u  may  be  put  for/(.r), 

u=lT0+  U, 


Examples. 

62.     To  expand  sin  (x  +  h\   co$(x  +  h},  log(o:  +  ^)  and 
(x  +  h)n,  by  Taylor's  Theorem, 

du  ,     dsu    h3       tfu    h3 


(1)     tt  =  sm#; 

du  d*u          .         d?u  d*u 


after  which  the  values  recur  ; 

rx       •  7       •         &  h3 

.:  ul  =  sin  (x  +  h)  =  sin  x  +  cos  x  .  h  —  sin  a;  --  cos  x  - 

A4  h5 


(2)     u  =  cos  x  ; 
du  d?u  d?u       .         d*u 


f       n  •        *  ^ 

.*.  -M!  =  cos  (x  +  h)  =  cos  x  —  sm  ^  .  -  —  cos  x  - 

h3  h* 


. 
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COR.     If  in  the  two  expansions  we  make  x  =  0,  we  have 

,        h*  h5 

___  +  _____&c. 


(3)     «  = 


h      ,    tf  h3          k* 

--l.^  +  ±.-3-±.-i 

Let  a?  =  l;    /.  loga?  =  0; 


(4)     w 


63.     The  following  Proposition  is  used  in  some  demon- 
strations of  the  parallelogram  of  forces.     Given  that 

/(*)  •/(*)  -/(-  +  *)  +/(•  -  *)  i   ^  f(x). 
Let  «  be  put  foi/(x)  ; 


Now  since  h  is  independent  of  x,  the  coefficients  -  .  -^ 

—  T-!  ,  &c.,  which  cannot  contain  h.  must  be  constant. 
u  ax* 

cPu  <Pu  d*u          -d?u 


Hence  /(*).  8{1  -         +         -^  -  &c.}  =  2  cos  a*, 
and  .*.  /(*)  =  2  cos  a,r  ;   and  f(x  ±  A)  =  2  cos  ( 
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which  may  be  verified  by  the  formula 

2  cos  A  .  2  cos  B  =  2  cos  (A  +  B)  +  2  cos  (A  -  B). 

64.  Taylor's  Theorem  may  be  used  to  approximate  to 
the  roots  of  equations. 

Let  X  =  0  be  an  equation,  of  which  x  is  one  of  the  roots, 
and  a  an  approximate  value  of  ,r,  so  that  x  =  a  +  h,  h  being 
a  very  small  quantity,  hence  since  X=  0  is  a  function  of  x; 

JL 

but  since  k  is  assumed  very  small,  we  may  neglect  the 
terms  after  the  second,  and  so  obtain  an  approximate 
value  of  h  ; 


and  * 

P 

If  this  value  of  x  be  not  sufficiently  near  the  true  one, 
let  it  be  put  =  al9  and  the  process  repeated  :  we  shall  at 
length  arrive  at  results  more  and  more  near  the  true  one. 

Ex.  1.  x3  -  3x  +  1  =  0.  By  trial  1.5  is  found  to  be  near 
one  of  the  roots. 

f(a)  =  a3  -  30  +  1  =  (1.5)3-  S  x  (1.5)  +  1  =  -  .125, 
^^  =  3«2-3  =  6.75-3  =  3.75; 

125 
.'.  h  =  '——  =  .OS3;   •"•  x=  l-5  +  -033=  1.533. 

o.75 

Ex.  2.  of  =100.  Since  33  =  27  and  44=256;  x  lies 
between  3  and  4  ;  let  a  =  3.5. 


Now  x  log  x  -  log  100  =  0  =  u  •    .-.  l 
.'.  f(a)  =  3.5  log  (3.5)  -  log  100  ;   ^^  =  1  +  log  (3.5). 
But  loge  100  =  4.60517  ;    log,  3.5  =  1.25276  ; 

•*./(a)  =  3.5xl.25276-4.60517=-.22051;  ^^=2.25276; 

22051 
•'•  *  =  2.25276  =  -09832;  and  x  =  a  +  h  =  3.59832  ; 
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a  more  exact  value  may  be  obtained  by  putting  3.59832 
for  a. 

The  Napierian  logarithms  are  obtained  from  the  com- 
mon logarithms  by  dividing  each  logarithm  by  the  number 
.43429. 

Thus  log,  100  =  =4.60517. 


65.  Transform  the  equation  j?  -  pjf~l  +  qjf-2  -  &c.  =  0, 
into  one  whose  roots  shall  be  diminished  by  a  constant 
quantity  z. 

;  X=f(z+y),  and  let  Z  =f(z)  ; 


Or  if  Zlt  Z2,  Z3,  &c....Zn,  be  put  for  the  differential  co- 
efficients, the  transformed  equation  becomes 


where  Z  is  the  value  of  X,  when  z  is  put  for  x  ; 

.-.  Z      =  zn-pz"-l 
and  Zl    =  nzn-l-(n- 


and  ZB    =n(w-l)(w-2)...3.2; 
therefore,  after  writing  the  terms  in  an  inverse  order, 
y  +  (nz  -p)y"-1  +  &c.  +  Z  =  0. 

COB.  This  equation  is  used  to  take  away  any  par- 
ticular term  of  an  equation,  by  putting  any  of  the  coefficients 
Z0  Z2,  &c.  =  0,  and  substituting  in  the  others  the  value  of 
2  derived  from  it. 

Ex.  Transform  3-r3  +  15J?  +  25,r  -3=0  into  an  equa- 
tion wanting  the  second  term. 

Here  Z  +Z#  +|£  +|£=0,    (forZ4  =  0), 

Z  =    3s3  +  15£2  +  25s-3, 
Z1=    9^  +  302  +25, 
Z2=18^  +30, 
Z3=18,  andZ4  =  0. 
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But  /=  (>      .-..-- 


125      125      225      0_-152 
"~"~  ~"         ~~~ 


152 


Examples. 

(1  )  Tan  (,r  +  A)  =  tan  x  +  h  .  sec2  x  +  h2  .  tan  x  .  sec2  .r  +  &c. 
(2)   Sin->(*  +  A)  =  sm->*  +     —  +  | 


&c. 


2  .  3  (1  - 
(3) 


(1+a^)3     2.3 
(4)     Prove  that  if  u=f(x), 

x\  _        du  x     d*u      a?        tfu        x3 
--  +'~'  + 


f__  _  __          .  _ 

*  y+jfjp  |"  dx  '  l+x  +  dj?  '  2(I+o;)2  "  5?  '  2  .  3  (1+^c)3  +< 

(5)  Approximate  to  a  root  of  the  equations 

(1)  #3-  12*-  28  =  0.  Ans.  x  =  4.302. 

(2)  x*  +  x-   3  =  0.  Ans.  #  =  1.165. 

(6)  If  u  =f(x\  and  if  when  x  =  a;  u  =  b  •  then 

,     du  ,         N     cPu    (x  -  a)2     d?u    (x  -  a}8 

't=b+te(x-3-ds—TL+-<tf-^nr-&":- 

In  f(x  +  A),  for  ^r  +  k,  put  a  and  the  theorem  (Euler's) 
is  found. 


CHAPTER  V. 

Failure  of  Taylor's  Theorem :  Limits  of  the  same 
Theorem. 


66.  BY  Taylor's  Theorem  we  can  expand  f(x  +  h)  into 
the  series 

f(x)  +  ph  +  qh*  +  rh3  +  &c. 

where  the  powers  of  h  are  integral  and  ascend. 

Indeed  we  have  proved,  (Art.'  8),  that  so  long  as  x 
retains  its  general  value,  the  expansion  off(x  +  ti)  cannot 
contain  fractional  powers  of  h.  As  this  proposition  is  an 
important  one,  we  here  give  the  reasoning  commonly  made 
use  of  to  establish  its  truth. 

Assume  f(x  +  k)  =  u  +  PA*  +  R, 
where  R  represents  the  sum  of  all  the  other  terms. 

Then  since  x  +  h  enters  f  (x  +  h)  in  the  same  manner  as 
jc  enters  f(x),  it  is  plain  that  both  functions  (undeveloped) 
have  the  same  number  of  values,  and  that  the  developement 
off(x  +  k)  ought  to  contain  no  more  than  f(x)  or  f(x  +  k) 
does.  But  if  particular  values  be  given  to  x>  which  will 
make  P  neither  infinite  nor  evanescent  ;  then  to  each  value 

m  m 

of  x  there  will  correspond  n  values  of  PA",  since  A"  has  n 
different  values;  and  consequently  the  expanded  function 
will  contain  n  times  as  many  values  as  the  unexpanded  one  ; 
and  therefore  n  tunes  as  many  as  f  (x),  which  is  manifestly 
contradictory. 

67-  If  then  such  a  value  as  a  given  to  x  in  f  (x  +  h) 
makes  the  unexpanded  function  /(«  +  h)  contain  fractional 
powers  of  A,  we  cannot  expect  that  Taylor's  Theorem  will 
give  the  required  developement.  Now  the  hypothesis  that 
x  =  a  introduces  a  fractional  index  of  h  into  j(x  +  A),  sup- 
poses that  in  the  original  function  there  must  have  been 

m  m 

some  such  term  as  (x  -  a)  ",  which  becomes  (x  -  a  +  A)"  in 

«j  ,  or  hn  when  x  =  a.  In  such  a  case  it  is  clear  that  some 
of  the  differential  coefficients  will  become  infinite,  when 


Thus  if,   u=b+(x-a 
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du      m  ."-i 

"  dx  =  n  '  *  ~  a'      ' 
d2u      m 


.«.  u  .  =  6  +  (x  —  aY  +  —  .  (x  —  a)n    h 
n    v 


where  if  —  <p  and  >  p  -  1,  the  (p  +  l)th  term  and  all  that 

follow  it  will  become  infinite  when  x  =  a. 

This  circumstance  of  the  differential  coefficients  be- 
coming infinite  when  x  =  a  is  called  the  Failure  of  Taylor's 
Theorem,  an  improper  phrase,  since  it  is  rather  an  index 
that  the  function  cannot  be  expanded  in  integral  powers 
of  h. 

68.  Again,  as  the  general  expansion  off(x  +  h)  never 
contains  negative  powers  of  h,  for  if/"  (a?  +  h)  could 


if  h  =  0,  f(x  +  h)  instead  of  becoming  f  [x^  would  be  infi- 
nite, we  may  be  led  to  expect  that  if  x  =  a  introduces  into 
the  unexpanded  function  f(x  +  h)  a  term  involving  h~n,  the 
expansion  by  Taylor's  Theorem  will  indicate  some  absurdity. 
Now  it  is  clear  that  to  have  such  a  term  dependent  on  A~", 

M 
we  must  originally  have  had  such  a  term  as  -  -  —;  for 

M  M         X  M 

putting  x  +  h  for  x,  .  becomes  -  -  =  -  —  =  —  ,  when 

x-a\  (x  +  h-a}n      hn' 

x  =  a.    M  not  being  supposed  to  vanish  when  x  =  a. 

Here  all  the  derivatives  of  -  -  -  are  infinite  when 

(x-a)n 

x-a. 

69.  The  theorem  therefore  fails  whenever  x  —  a  makes 
some  surd  disappear  from  u  =/(#),  and  therefore  introduces 
into  ?/!  =f(x  +  k),  a  term  involving  a  fractional  power  of  h- 
or  when  x  =  a  renders  the  original  function  infinite. 

As  an  example  of  the  first  case,  let  u  =  b  +  J'x-a\ 
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.•.  MJ  =  b  +  Jx  +  h  —  a 

1  1       k2 


-    i  -     ~ 
,Jx-a  _ 

Make   x  =  a  ;     .*.  u  =  5,    u^  =  b  +  Jh, 
and  the  expanded  function  contains  infinite  terms 

As  an  example  of  the  second  case,  let  u  = 


c 

+     C' 


x  —  a 
I  1  h 


x-a  +  h      x—a      (x—af 
where  u  =  co ,  ul  =  j ,  and  the  terms  of  the  expanded  func- 
tion are  infinite,  when  x  =  a. 

70.  Should  however  f(a  +  k)  contain,  when  expanded, 
integral  powers  of  h  as  far  as  the  (n  —  l)tb,  and  afterwards 
fractional  powers,  the  first  (re)  coefficients  may  be  found  by 
means  of  Taylor's  Theorem. 

Let  f(a  +  k)  =  A  +  Bh  +  Ch2  +  &c.  +  Nh"~l  +  Pha  +  &c. 
where  a  is  a  fraction  between  n  —  1  and  n. 

Now  since  the  coefficients  A,  B,  C,  N,  do  not  contain  h 
we  may  obtain  their  values  by  Maclaurin's  Theorem,  by 
finding  the  differential  coefficients  of  f  (a+h)  with  respect 
to  h,  and  then  making  h  =  0 ;  thus 


(n  ~ 


Now  if  h  =  0,  since  a  >  n  —  1,  but  <  n,  the  terms  involv- 
ing P  will  vanish  from  the  first  (n  —  1)  equations,  and  the 
(re  -  t)  differential  coefficients  will  be  found. 

But  since  a  —  n  is  negative,  then  when  h  =  0 


1S 


71.     Again,  should  the  substitution  of  x  =  a  introduce 
negative  powers  of  A,  all  the  differential  coefficients  will  be 


54  FAILURE   OF  TAYLOR^S  THEOREM. 

infinite.     This,  as  it  has  been  observed,  is  the  case,  when 
u  =f(x)  contains  a  term  — _   .    ,  for  then,  if  x  become  x  +  h, 

A  A  A 

—  T^  when  x  =  a. 


(x  -a)m     (x  +  h-  a)m     h 
Let  then  f(a  +  h)  =  AJrm  +  &c.  ; 
d  .  f(a  +  h)     —  mA 


dn  .  f(a  +  fi)  _  -m(m+  l)(m  +  2)  ...(m  +  n  -  1)  .  A 

—M-  —fc*- 

which  it  is  manifest  becomes  infinite  if  h  =  0. 

72.  Hence  if  the  wtb  derivative  become  infinite  when 
x  —  a,  the  true  expansion  contains  a  fractional  power  of  h 
lying  between  (n  —  1)  and  (n);  and  if  x  =  a  makest/(ar)  =  co, 
the  true  expansion  contains  negative  powers  of  h. 

Ex.     If  u  =  bxm+c(x-  ay  . 
du 


d"u 


q 

and  let  ^  <  n  but  >  n-  1.    Then  -  -  is  the  first  differential 
q  dx* 

coefficient  which  becomes  infinite,  and  there  ought  in  the 

P_ 

true  expansion  to  be  a  term  involving  hq  ,  which  there  is; 
for  by  putting  x  +  h  for  or,  and  afterwards  writing  a  for  x, 

we  have  f(a  +  h)  =  b.(a  +  h)m  +  ch*  . 

If  m  <  n,  the  values  of  the  differential  coefficients  until 
we  come  to  the  ntb,  will  disappear  when  x  =  a. 

73.     In  functions  of  this  kind  recourse  must  be  had  to 
the  common  algebraical  methods. 

Thus,  suppose  u  =  %ax  +  a  Jx*  —  a3  ; 

.*.  f(a  +  h}  =  20  (a  +  h}  +  a  Jzah  +  h* 

-  Za(a  +  h)  +  a 
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f  1  +  —V  is  to  be  expanded  by  the  Binomial  Theorem. 

74.  The  Limits  of  Taylor's  Theorem. 

If  f(x  +  h)  be  expanded  by  Taylor's  Theorem,  and  we 
stop  at  the  rcth  term,  the  sum  of  the  first  n  terms  may  differ 
widely  from  the  true  value  of/(x  +  7i)  ;  it  is  therefore  neces- 
sary to  calculate  the  amount  or  limit  of  the  error  which 
arises  from  neglecting  the  remaining  terms  of  the  series. 

To  do  this  we  must  premise  the  following  articles. 

75.  If  u  =/(#)  =  0  when  x  =  0,  then  u  and  --  will  have 
the  same  sign  while  x  increases  from  0  to  a,  if  a  be  positive  ; 
but  contrary  signs,  if  a  be  negative;   -j-  being  supposed 

neither  to  change  its  sign,  nor  to  become  infinite,  while  x 
increases  from  0  to  a. 

Let  a  be  divided  into  n  equal  parts,  each  =  h,  or  a  =  nh. 

Then  since  f(x  +  h)  =f(x)  +  ^h  +  Ph*    (1)  ; 

if  C/i  and  Pt  be  the  values  of  -y-  and  P,  when  x  =  0, 

clx 


Now  if  ?72,  £7,,  U<*..Un)  ,  „  du 

X,  pi;  *;...?:  }bethevjue3°f  ;5 

2£,  3h...(n-l)k  are  put  for  x;  .-.  from  (1), 


h)  -f(h  +  h)=  UJi  +  P3k*> 

f{(n  -  l)h  +  h}  -/{(»  -  2)*  +  k}  =  UJi  + 
whence,  by  addition, 
f(nh)  or/(a)=(C71+  172+  V3+&c.+  Un}k  +  (Pl+P 

and  by  diminishing  7z,  the  first  term  (Cr,+  £72+Cr3+&c.+    „ 
may  be  rendered  greater  than  the  second,  and  therefore  the 
algebraical  sign  off  (a)  will  depend  only  on  the  first  term. 

Also  f(h)  will  have  the  same  sign  as  U13  which  is  — 

dx 

when  x  =  0;  or,  since  -7-  does  not  change  its  sign,  f(h) 
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will  have  the  same  sign  as  -7-  .     Also  /(2A)  -/(/*)  will 

dx 

have  the  same  sign  as  IT2,  which  is  the  value  of  -j-  when 

dx 

or  =  //  =  —  :  and  therefore  the  same  sign  as  -7-. 
n'  dx 

And  therefore  f(a)  which  has  the  same  sign  as  the  sum 
of  the  products  (£/i+  U2+  Z73  +  &c.+  Un)  -  will  have  the 

same  sign  as  -y-  ,  if  a  be  positive,  but  the  contrary  sign  if 
a  be  negative. 

76.     ~Letf(x)  and  <j>(x)  be  two  functions  of  x,  x{  and 
x}  +  h  two  given  values  of  #,  to  find  the  value  of  the  ratio 


it  being  supposed  that  the  functions  f(x)  and  <f>(x),  con- 
stantly increase  or  constantly  decrease,  for  every  value  of  x 
from  x  =  xl  to  x  =  xl  +  h,  or  in  other  words  that  their  deri- 
vatives have  constantly  the  same  algebraic  sign. 

Suppose  therefore  that  the  derivative  of/(#)  or  f  (x)  is 
always  positive  between  those  limits :    and  let   A   and  B 

be  the  greatest  and  least  value  of  the  ratio  ,  between 
Xi  and  #1  +  h  ;  hence 

f^  -A  and  >£: 


.-.  f(x)  -  A  .  <t>(x)  <  0,  and  f  (x)  -B.$(x)>  0. 

But  f  (x}  -  A$'(x)  is  the  derivative  of  f(x)  -  A<f>  (x)  :    and 
therefore  this  function  constantly  decreases  from  x^  tox^h: 

x,)  ; 


Similarly: 


Then  since  the  ratio  of  ^-{  is  continuous  between  the  given 
<p(x) 

values  of  xt  there  must  be  some  value  of  xl  lying  between 

xl  and  x1  +  h,  which  will  make  it  equal  to  -^r1  —  rr~  Q—  < 

- 
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which  lies  between  the  greatest  and  least  values  of  rr 
Let  this  value  of  x  be  a?j  +  6h  where  0  is  <  1.     Then 
/(*,  +  A)  - 


</>(*,+  A)  -000   ffa  +  ehy 

lff(ai)  had  been  constantly  negative,  the  inequalities 
will  exchange  their  values,  but  the  result  will  be  the  same. 

77-     If  there  be  some  value  of  x  as  a?,,  which  makes 
/(«?,)  =  0,  and  also  0  (#1)  =  0,  the  formula  becomes 

/(*,  +  A)  _/(j,  +  0A)  _/(*  +  *.)     ,,, 
0(*t  +  A)  ~  0'  (*,  +  0A)      <£'(*  +  A,)  ' 
If  also  /*(#!)  =  0  and  0'(jTi)  =  0,  then  similarly, 

/  (j?  +  A,)     /2  .  (xi  +  A2)     .     ,    .  , 

y-T7  -  r^  =     «   /  —  7^5  ^2  being  <  A!  ; 
'  2  ' 


and  then  finally,  if  also/2  (x)  =  0,  03  (a:,)  =  0  ; 
and  /"-1  (*,)  =  0,  and  0"-1  (arj  =  0, 


78.     If  as  an  example  we  make  q>  (or)  =  (x  -  xtf  ; 
and  .-.  0(0?!  +  ^)  =  ^;  but  ^'(^i)  =  °--  •^"~1(^i)  =  0; 
0".(j?,  +  A)  =  ii(»-l)(n-2)...S.2.1.  =  .-.  0B.(ar,  +  aA). 
And  if  at  the  same  time  /  (^)  =  0  .  .  ./>~1  (.r,)  =  0, 

then  fa  +  A)  -/(*0  =  1>8*"8>>>>>  ,  /•  •  (*i  +  M). 

Hence,  if  A  be  a  small  quantity  tending  to  zero,  or  as  it 
is  called  an  infinitesimal,  and  if  at  the  same  time  f*  .  (x^ 
is  finite:  the  increment  of  f(x^  will  be  an  infinitesimal  of 
the  wth  order. 

If  also  y  (*i)  =  0  the  formula  becomes 


and  if  now  we  have  at  the  same  time  xl  =  0, 
o    S  "     n  '- 

/w    •     O  •    •    •  /v 
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in  such  a  case  as  this,  in  which  x  is  an  infinitesimal,  f(x) 
will  be  one  of  the  wth  order,  if/"  (0.r)  be  finite. 

Ex.     Let  u  =  x  —  sin  x,  x  tending  to  zero. 
Here  x  =  0,  f(x)  =  0,  f(x)  =  1  -  cos  x  =  0  ;  /'(or)  =  sin  x  =  0, 


and  is  an  infinitesimal  of  the  third  order. 

79.     We  now  proceed  to  determine  the  value  of  R  in 
Taylor's  Theorem,  R  being  the  remainder  after  n  terms. 
For  R  put 

.-./(*+  A)  =A*) 


Now  the  differential  coefficients  of  both  members  of  this 
equation  with  regard  to  h  are  identical  ;  and  since  it  is  ob- 
vious that  f(h)  (being  a  term  multiplied  by  hn)  vanishes 
when  h  =  0,  as  do  also  its  (n  —  1)  derivatives; 


which  is  the  complete  form  of  Taylor's  Theorem. 

COR.  If  x  =  0,  and  if  we  write  x  for  h,  we  may  deduce 
the  theorem  of  Maclaurin,  and  exhibit  the  value  of  the 
remainder:  for 

x2  x3  xn 

/(*)  =  tic  +  u,x  +  u,  --  +  u3  —  -f  &c.  +  g-y-^  ./"  (Ox). 

Neither  in  this  nor  in  Taylor's  Theorem  is  it  necessary  to 
know  the  exact  value  of  6,  only  that  it  must  be  between 
0  and  1. 

Ex.     Let  u  =  a*  ;  find  R  after  n  terms,  when  itl  =  ax+h  ; 


if  the  same  be  required  in  the  expansion  of  a", 


CHAPTER  VI. 
Vanishing  Fractions. 


80.  WHEN  the  substitution  of  a  particular  value  for  the 
unknown  quantity,  makes  both  the  numerator  and  denomi- 
tor  of  a  fraction  vanish,  the  fraction  is  called  a  vanishing- 
fraction. 

yf  J  Q 

Thus   becomes  -  when  o?  =  l,  but  since  by  divi- 

x*  —  1 
sion, =  x  +  1 ;    the  true  value  of  the  fraction  when 

*=I,  is  1  +  1=2. 

Here  both  the  numerator  and  denominator  vanish  if 
,r=l,  because  they  both  contain  the  factor  x  —  1,  which 
vanishes  on  the  same  supposition. 

a?  —  1 

81.  That  the  value  of  the  fraction  — — —  tends  to  2  as 

its  limit  as  x  tends  to  1,  may  be  shewn  by  actual  substitu- 
tion ;  put  for  x  successively  the  numbers 

SOI!  I     1  11  1        1  Arft 

-)     »>      1S»      1IS>     J  155'      1IU55>     Ott" 

then  the  values  of  the  fraction  become 

A  Q         O  1  01  01  0     I  <?,p 

*»     9)    *&     ^I5,     <&iw,     ^nxfi}     «C« 

which  sufficiently  shew  that   as  x  approaches  unity,   the 
value  of  the  fraction  approaches  2. 

82.  We  proceed  to  shew  that  the  values  of  these  frac- 
tions may  be  finite,  nothing,  or  infinite ;  and  thus  the  term 
vanishing  fraction,  is  used  with  great  impropriety. 

p 

(1°)     Let  w  =  ^j  be  a  fraction  involving  integral  powers 

of  ,r,  and  no  surds;  and  let  x  =  a  make  P=0,  and  Q  =  0; 
then  P  and  Q  are  both  divisible  by  x  -  a,  or  its  powers* ; 

.'.  let  P=p.x-a\m,   and  Q  =  q.x  —  a\n ; 


*  For  divide  P  by  x-a,  and  let  m  be  the  quotient  and  n  the  re- 
mainder, if  any;  .•.  P=  (x -a)m  +  n;  make  o?=a;  .*.  P  =  0  by  hypo- 
thesis; .•.  0  =  m(a-o)+n;  .-.  ra  =  0;  or  P  is  divisible  by  x  -  a. 
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(1)  Let  ?n  =  n,    .*.  u  =  -;    and  =  —  ,-  when  x  =  a, 
which  is  finite,  since  neither  p  nor  q  contain  x—  a. 

(2)  Let?n>w;    .*.  u  =  -  .  x  —  a]m~n  =  0;   if  x  =  a. 

(3)  Letm<n;    .'.  u  =  -.  -  __       =  -  =  co  ,  if  x  -  a. 

q    x-a\          0 

83.  Hence  it  appears  the  true  value  of  such  a  fraction 
is  found  by  getting  rid  of  that  power  of  (x  —  a),  which  is 
common  both  to  the  numerator  and  denominator. 

When  7w  and  n  are  whole  numbers,  the  value  of  the 
fraction  may  be  found  by  successive  differentiation.  For 

P  dQ     n  du     dP 

Let  u  =  -ri;     .-.  uQ  =  P;     .:  u  -j—  +  Q  -7-  =  -T-. 
Q  dx          dx      dx 

Let  x  =  a\     /.  Q  =  0,  by  hypothesis; 

dP 
dQ     dP  dx 


dx 

or  is  equal  to  the  ratio  of  the  differential  coefficients  of  the 
numerator  and  denominator,  a  being  put  for  x. 

But  if  x  =  a,  also  makes  —  ;—  =  0  and  —r-  =  0  :  then  bv 
dx  dx 

repeating  the  process, 

d_    fdP\     gP 

dx  '•  \dx)      dx2 

~  JL  (^\~£^' 

dx'\dx)      dx2 

and  the  differentiation  must  be  continued  until  one  of  the 
differential  coefficients  becomes  finite  when  x  =  a, 

If  both  be  finite  at  the  same  time  the  fraction  is  finite  ; 
it  is  nothing,  if  the  differential  coefficient  of  the  denominator 
be  first  finite  ;  and  infinite  when  that  is  the  case  with  the 
differential  coefficient  of  the  numerator. 

84.  If  fractional  powers  of  x  -  a,  be  also  found  in  the 
numerator  and  denominator,  this  method  is  inapplicable, 
since  x  —  a  will  make  one  of  the  differential  coefficients 
infinite. 
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both  of  which  become  infinite  when  x  —  a. 

In  such  a  case  we  may  use  the  following  method. 

p 
(2°)     Let  Q  be  the  fraction,  where  P  and  Q  vanish  if 

x  =  a.  For  x  put  a  +  /*,  and  expand  the  numerator  and 
denominator  by  the  Binomial  Theorem  according  to  the 
increasing  powers  of  h,  so  that  the  fraction  becomes 


which  is  of  the  proper  form;  v  if  h  =  0  it  becomes  -  . 

There  will  be  three  cases,  a  =  an  a  >  a,,  and  a  <  alf 

(1)  If  a  =  ai  divide  each  term  by  /«*,  and  we  have 

A  +  BW-*+Cky-«  +  &c.       A  . 

."•  —A ^-7-5 7^-j —     — o —  =  ~r  t  or  finite  it  h  =  0. 

Av  +  Blhpi-a-  +  C1hyi-a+&c.     Av 

(2)  a  >  au  then  the  fraction 

— -'  =  0,   when  h  =  0. 


(3)     a  <a0  then 

^  , 

=  —  =  oo,  when  A  = 

COR.  1.    If  M  =  ^  =  — ,  when  a;  =  fl,  it  =5 
Cx.      co  0 


p  P 

COR.  2.     If  w  =  i-i 


- 


COR.  3.    Next 
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For  Q  =     -  ,  if  Qj  =  0,  when  x 


_ 

Ex.  1.     Find  the  value  of  u  =—z  -  5  -  .  when  a?=l. 

3* 


.r3-l;     /.  —  =3.r2  =  3,  when  a?=l, 


-^-2;     .•.  -^=3,^  +  4^-1  =  6,  if  #=1; 
031 


Ex.  2.     Find  the  value  of  -  ,  when  x  =  0. 

x 

P  =  a*-bx,   and  Q  =  a:, 
—  =  ax  log  a  —  bx  log  J  =  log  a  —  log  6  =  log  j-  ,  when  x  =  0, 

•nd^-l;    .-.  «=log(f). 

of  —  x  Q     .„ 

Ex.  3.     u  =  —      —  -,  --  =-,  if  x-1. 
1  —  x  +  log  x     0 

P  =  #*  -  a?,  and  Q  =  1  -  x  +  log  ,r, 


— 


85.     We  may  often  dispense  with  differentiation. 


,.,  -     -  x)     0       , 

Ex.  4.     u  =  -  5^  -  -  =  -,  when  x  =  0. 
3  0 

a-3 
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Ex.5.     Ifw  = 


1  —  x      1  — 


_    +  &c.  =  ,,  if  ,.  o. 

j  =  oo  -oo,  when  a?  =  1. 


_         , 

i+*~ 


TT     e"*-l      0 

Here  w  =  —  .  —  -  —  -  =  -    if  a?  =  0. 
4a?    eff*+l      0' 

22 

Expand  e77*  by  the  formula  e*  =  1  +  2  +  ——  +  &c. 


7T 

"  =  4i- 


2  4-  irx  + 


+  &C. 


^ 

Ex.  7-     «  =  —   —  ;  find  it,  when  j:  =  oo 
Let  logx=y;     .:  x  =  e?, 


11 

=°'  lf  ^  =  co' 


a. 


Similarly,  if  u=~  (    ;  and  x  =  co,  u  =  Q. 
x 

Ja2  -  x2  +  a  -  x       0        , 
Ex.  8.    u  =    j          — .  =  -,  when  x  = 

t-  and  -j—  are  infinite  when  x  —  a.  and  we  may  use  the 
dx  dx 

second  method ;  let  x  •=  a  —  h, 

jr"  -     *    '— 
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Let  x  =  a,  or  h=  0.     Then  u  = 

We  might  divide  at  once  by  Ja  —  x,  and  then 

Ja  +  x  +  Ja  —  x         J$ 


,  when  x  =  a. 


.  . 

sm  x  +  cos  x  -  1  2 

a 


»*-«>»"* 


. 

cos  x  —  cos  w,r      1  —  n 


Ex.10.     « 


Ex.12.     » 


Ex.13.     u 


_ 

Ex.  14.     «=  -  1—  =1:     a:  =  0. 
*  -  sin  2 

T-,  tan  a:  —  sin  ,r      1 

EX'15-     -      (sin.)'      =2;     * 


=  2. 


-• 


Ex.19.     « 


Ex.26.     u 


=  0. 


a  -a-  a  log  (-} 

-  \2 

a-,Ja2-(a-x)* 


Ex.21.     M  =  (l_^)tan^  =  J— 1=-;      *=1. 

/c  irX       IT 


Ex.22.    «  =   l- 
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Ex.  23.     u 


-  ,r  -  a 


I6a 


a- 


Ex.  24.     u  =  —  - 
Ex.  25.     u 
Ex.  26.     u 


2,r2     2x  tan  TTX      6 


2.r2+2,r3  +  *4 
+  3*3-7#2-27.r-18 


=  10;     ifar-3;     =  -    ;     if.r=-3. 


-  2ax  -tf+Za  Jzax  -  or 
-5a;     x  =  a. 


-  1      log  or 

fllog*  —  x     ,      fa 


Ex.29.    u  = 

Ex.  30.     w=    , 

logo: 

2 
_  7T  -TTO?          7T 

Ex.31.     u  =  —  -tan  —  =  —  ; 


Ex.  32.     If  w4  -  96aV  +  lOOaV  -  a:4  =  0, 

rfw_     5      /2 
J'     rfa:"     4V  3' 


if 
Ex.33.     u  =  - 


=  1;     o?=0. 


Ex.  34.     w  = 


log  tan  x 


CHAPTER  VII. 
Maxima  and  Minima. 


86.  IF  «=/(#)  express  the  relation  between  the  func- 
tion u,  and  the  variable  x,  then  if  x  =  a  make  /(a)  greater 
than  bothf(a  +  h)  and  f(a  —  h);  u=f(a)  is  said  to  be  a 
maximum ;    but   iff  (a)   be   less   than   both  f(a  +  h)    and 

f(a  —  h),  it  is  called  a  minimum. 

Hence  the  value  of  a  function  is  said  to  be  a  maximum 
or  minimum,  according  as  the  particular  value  is  greater  or 
less  than  the  values  which  immediately  precede  and  follow  it. 

From  this  definition  it  appears,  that  if  a  quantity  either 
continually  increase  or  constantly  decrease,  it  does  not  pos- 
sess the  property  of  a  maximum  or  minimum.  Also  as  the 
words  maximum  or  minimum  are  used  in  a  relative  and  not 
in  an  absolute  sense,  functions  may  possess  many  maxima 
or  minima. 

For  we  may  easily  conceive  that  a  quantity  after  having 
reached  a  maximum  value  may  decrease  to  a  minimum 
value,  and  afterwards  again  increase,  and  thus  many  maxima 
and  minima  may  exist  in  the  same  function,  but  which  it  is 
obvious  must  succeed  in  order. 

Thus  the  alternate  elevation  and  depression  of  the  waves 
of  the  sea  will  with  regard  to  a  horizontal  line  give  maxima 
and  minima  altitudes. 

87.  In  the  circle  the  sine*  which  =  0,  when  the  arc  =  0, 
increases  as  the  arc  increases,  till  the  arc  =  90°,  when  the 
sine  =  radius,  from  this  value  it  decreases,  till  at  the  end  of 
the  second  quadrant  it  becomes  =0. 

At  90°,  therefore,  it  is  a  maximum ;  for  any  two  sines 
drawn  on  opposite  sides  of  the  sin  90°,  and  equidistant  from 
it,  will  be  both  less  than  the  radius. 

In  the  parabola,  the  line  drawn  from  the  focus  to  the 
vertex,  is  less  than  either  of  two  focal  distances  which  can 
be  drawn  to  the  curve  on  opposite  sides  of  it;  it  is  therefore 
a  minimum. 

*  By  the  sine  is  here  meant  the  semichord  to  which  the  sine  of  the 
angle  is  proportional. 
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By  reference  to  figures  1  and  2,  we  perceive  that 
NP  in  fig.  1,  is  a  maximum, 
NP 2,  is  a  minimum. 


(0 


(2) 


88.  One  of  the  chief  applications  of  the  Differential 
Calculus,  is  that  which  affords  rules  for  the  discovery  of 
these  values. 

But  the  following  proposition  must  first  be  established. 

If  y  =  AJi  +  A2h2  +  A3k3  +  &c.  +  Anhn  +  An^hn+l  +  &c., 
where  the  ratio  of  any  coefficient  to  the  one  immediately 

preceding  is  finite,  i.  e.  — J^  is  finite,  h  may  be  so  assumed 

J*n 

that  any  one  term  shall  be  greater  than  the  sum  of  all  the 
terms  that  follow  it. 

Let  rbe>  the  greatest  ratio  between  the  cofficients ; 

.*.  —<r      or  A  <  A 


~T<1")       •'•    A4<  ^ifj 
&C. 

.-.  AJi  +  AJ?  +  A3h3  +  &c.  <  AJi  +  A^h*  +  A^h3  +  &c. 
<  AJi  {1  +  rh  H 
1 

<A^~\^h' 
i  i 

LetrA=i,     orA=  —  ;     .-. 


1->AM| 


similarly  may  AJi2  be  shewn  to  be 


i3  +  AJ£  +  &c. 

F2 
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We  have  supposed  the  series  to  proceed  to  infinity  :  if  it 
extend  to  n  terms,  it  is  evident,  &  fortiori  that  any  one  term 
is  greater  than  the  sum  of  all  that  follow  it. 

In  two  of  the  following  series  the  theorem  is,  and  in  one 
it  is  not,  applicable. 

x  +  2x2  +  3x3  +  4r4  +  5x5  +  &c  ..........  (1), 

x  +  1  .  2x2  +  2  .  3xs  +  2  .  3  .  4r4  4-  &c.  .  .  .  (2), 

.x*  +  &c  ............  (3). 


89.  PROP.  If  u=f(x}  be  a  maximum  or  minimum 
•when  x  =  a.  Then  on  the  same  supposition,  ^-  =  0. 

Let  ul  =  f(x  +  Ji),  and  u2=f(x  —  h). 

Now  at  a  maximum  or  minimum,  u  =  f(x)  must  be 
greater  or  less  than  both  f(x  +  h\  and  f(x  -  h\  or  greater 
or  less  than  both  ul  and  w2,  and  hence,  u^  —  u  and  u2  —  u 
must  both  have  the  same  algebraical  sign. 

du,     d2u    h2       <Fu    h3 
ButWl-W  =  ^+^~+^  —  +&c. 

du  .     d2u    h2       d3u    h3 
and.-.  „,-„  =  __£  +  __  ___  +  &c. 

by  writing  —  h  for  h  in  the  value  of  ul  —  u. 

Hence,  since  the  first  term  of  the  expansion  can  be  made 
greater  than  the  sum  of  all  the  terms  that  follow  it,  (if  x  =  a, 
does  not  make  any  of  the  differential  coefficients  infinite,)  it 

is  clear  that  whilst  the  term  -j-  h  exists,  u^  —  u  and  u2  —  u 

CLJC 

will  have  a  different  algebraical  sign  :  i.  e.  nv  and  u2  cannot 
be  both  greater  or  both  less  than  u.    Therefore,  if  there  be  a 

du 
maximum  or  minimum,  —  =  0,  and 

d2u    h2       d3u    h3 


_d2u    tf_      d?u    h3       ^ 
~dx2  1.2~dx*  27S  + 

Now  if  x  =  a  does  not  make  -T-J  =  0,  the  sign  of  u^  —  u  and 

tut 

dau 
uz  —  w,  since  h2  is  positive,  will  depend  upon  that  of  -j—t  . 

d*u 
If  .'.  T-j  be  +,  «!  —  u  and  w2-  u  are  both  +. 
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d*u 

If     -p-r  be  -,  «!  -  u  and  uz  -  u  are  both  -. 
a.r 

If     -7-2  be   +,   M!   and   u2  are  both  >  w;   or  u  is  a 

minimum  ;  if  y,  be  —  ,  M!  and  w2  are  both  <  u  ;  or  w  is  a 
maximum.  Hence  this  rule.  To  find  whether  u  =f(x) 
contain  any  maxima  or  minima,  put  —  =  0,  substitute  the 

values  of  x  thus  found  in  —  2  ,  if  the  results  be  positive, 
there  are  minima  ;  if  negative,  maxima. 

d?U 

90.     Should  however  j-^  =  0  when  x  =  a, 


d>u    h3 


and  M,  —  u  and  u2—u  have  again  different  signs;  and  there- 

fore there  will  be  no  maxima  or  minima  if  -p-?  exist.    Hence 

dx3 

it  is  obvious  that  there  is  a  maximum  or  minimum  only 
when  the  Jirst  differential  coefficient  that  does  not  vanish  is 
of  an  even  order. 

COR.  1.  If  u  =  maximum  or  minimum,  any  constant 
multiple  of  u  is  one  also.  For  if  ^-  =  0,  a-j-  is  =  0  ;  and 
/.  if  u  =  maximum,  au  is  a  maximum. 

COR.  2.  Iff(x)  be  a  maximum  or  minimum,  {/(#)}", 
where  n  is  integral,  is  also  a  maximum  or  minimum. 

For  let  u  =f  (*),  and  U=  {/(*)}•  ;  but  ^  =/'  (a)  =  0  ; 

.*.  —  -  =«{/(^)}B~1//(^>)  =  0;  or  C7  is  a  maximum  or  minimum. 
dx 

COR.  3.  If  M  =/(jO  be  a  maximum  or  minimum,  log  u 
is  sometimes  a  maximum  or  minimum. 

T       _    _  dU     I    du      „      du  dU 

Let  C7  =  logw;    /.,-=-.  —  .     But  -T-  =  0;  /.  -r-  =  0, 


or  f7  is  a  maximum  or  minimum,  unless  #  =  a  makes  u  =  0. 
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91.  If  u  =  maximum,  -  minimum,  and  conversely. 

-o      i  .         1  dv         1    dfu 

For  let  v  =  -;     .-.  —  = — 5  —  , 
u '          dx        u*  dx ' 

cPv      2    dti*      1    cTu         1    <Pu 

—. ;  =  —s  •  -r~a 5  •  ~tr  = 2  •  T-a )  when  u  —  maximum. 

dx*     u3   dx*     u*   d'x        uz  dx2' 

Therefore,  if  -r-j  be  negative,  -y  a  is  positive^   or  if  « 
be  a  maximum,  -  is  a  minimum. 

92.  In  the  succeeding  examples  the  following  results 
will  be  found  useful. 

(1°).     Let  a  =  radius  of  a  circle,  then 

Area  =  traz ;  circumference  =  2-71-0. 
Area  of  sector  of  a  circle  =  \  rad  x  arc. 

Solidity  of  sphere  =  |7ra3. 
The  surface  of  sphere  =  4?ra2. 

Convex  surface  of  segment  =  27raar;  x  being  altitude. 
(2°).     Let  20,  and  26  be  the  axes  of  an  ellipse  ; 
.*.  area  of  ellipse  .=  irab. 

(3°).     Let  a  —  axis,  25  greatest  double  ordinate  of  para- 
bola; 

/.  area  =  |  a  x  26  =  §  ab. 

Solidity  of  paraboloid  =  ^  irb2a. 

(4°).     Let  a  =  altitude ;  b  =  radius  of  base  of  cylinder. 
Solidity  of  cylinder  =  irb2a. 
Convex  surface  =  Qirdb. 
Whole  surface  =  2irb2  +  9,irab. 

(5°).     Let  a  =  altitude,  and  b  =  radius  of  base  of  cone. 
Solidity  of  cone  =  J  frb2a. 
Convex  surface*  =  irb  Jb2  +  a3. 
Whole  surface  =  -rrb2  +  irb  ,Jbz  +  a*. 

*  The  surface  of  a  cone  when  unwrapped  becomes  the  sector  of  a 
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Examples. 

•V     (1)     Let   u  =  a?-6x*  +  llx-6;    find  the   values   of  x 
which  make  u  a  maximum  or  minimum. 


ax 

J;     .-.  x  =  2±±= 


^  ,  .- 

Let  x  =  2  +  —  ;  .'.  ^p  =  2  Vs  indicates  a  minimum, 
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#  =  2  —  —  ;  .*•  ^  =  —  2  A/3  ..........  a  maximum. 


(2)     Let  y  =  x  tan  6  -  -j  -  ^  ;  find  x  that  y  may  be  a 
maximum  or  minimum. 

a?  tf  1 


,, 


From        =  0,  a:  =  2h  tan  8  cos2  0  =  2/z  sin  0  cos  0  ; 

«fy  • 

-y^  is  negative;     .'.  y  is  a  maximum, 

,      -    -  4A2sin20co 

and  y  =  2k  tan  6  .  sin  6  cos  0  --  -y  -  j-« 

4,h  cos2  0 

=  2^  sin2  6  -  A  sin2  0  =  h  sin2  a. 

This  is  the  equation  to  the  path  of  a  projectile,  and  the 
maximum  value  of  y  is  the  greatest  height  above  the  hori- 
zontal plane. 

(3)  u  =  (sin  a:)"1,  {sin  (a  -#)}";  find  x  that  u  may  be  a 
maximum  or  minimum. 

circle,  of  which  the  centre  is  the  vertex  of  the  cone,  and  radius  the  slant 
side,  and  arc  the  circumference  of  the  base  of  the  cone. 

But  sector  =  |  rad  x  arc  ;        and  radius  =  N/6*  +  a2;        arc  =  2-n-J  ; 
.*.  Convex  surface.  =  irb  V62  +  a2. 
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—  =  m  (sin  a:)"1-1  sin  (a  -  #)"  .  cos  x 

—  n  (sin  x]m.  sin  (a  —  x)n~l  cos  (a  —  a:)  =  0  ; 
.-.  m  sin  (a  -  a?)  .  cos  x  -  n  sin  x  cos  (a  -  x)  =  0  ; 
sin  (a  —  #)  .  cos  a?  _  n  t 
cos(a  —  x)  .  sin  x  ~  m* 
sin  (a  —  a?)  cos  x  —  cos(a  —  *)  sin  a?      w  —  m  f 
sin(a—  x)  COSOT  +  sin,rcos(a  —  x)     n  +  m' 
sin  (a  —  2  x)     n  —  m 


a  -  2x  and  .*.  x  may  be  found  from  the  tables. 

u  =  ~  —  ;  find  #  th 

du      1  —  log  a: 

—  --  - 


(4)     u  =  ~  —  ;  find  #  that  u  may  be  a  maximum. 


.*.  a;  =  e,   and  w  =  -  . 
e 

(5)     Find  that  fraction  which  exceeds  its  second  power 
by  the  greatest  possible  number. 

Let  x  be  the  fraction  ; 

.•.  u  =  x  —  x2  is  a  maximum  ; 


dzu  ... 

-7-2  =  — 2,    or  x  =  f,  is  a  maximum. 

(6)     Find  the  distance  of  P  from 
A)  when  /  CPB  is  a  maximum. 


AC=b, 

.-.  6  =  JL  CPA  -  L  BPA 

x  x' 

b  a 

.-.  -=-_£    _fL 

dx  b2+  n* 
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.-.  (a-b)x*  =  a2b-ab2;     .'.  x=  Jab  -, 
.-.  AP  touches  the  circle  circumscribing  the  A  PBC. 

(7)     Of  all  triangles  upon  the  same  base,  and  having 
the  same  perimeter,  the  isosceles  has  the  greatest  area  ; 
2P  the  perimeter  and  a  the  given  base, 
x  and  y  the  remaining  sides  ; 


v  P  and  P  -a  are  constant,  and  if  Ju  be  a  maximum,  u  is 
also  a  maximum. 

Let  u  =   P-x.P-      =  P-x.a  +  x-P', 


or  the  triangle  is  isosceles  ;  area  =  - 

(8)  Divide  a  number  a  into  two  such  parts,  that  the 
product  of  the  mth  power  of  the  one  into  the  n^  power  of 
the  other  may  be  a  maximum. 

x  one  part  ;    a  —  x  the  other  ;    u  =  xm.  (a  —  x)n  ; 

•'*  Tx 

=  xM-1.  (a  -  x)"-1  {ma-  (m  +  n).x}  =  0, 
whence  x  =  0,   x  =  a,   and  x  =  -  : 


.  x"*~l  .  (a  -  or)""1, 
which  vanishes  when  x  =  0  and  x  =  a,  but  if  x  =  —    —  , 


d*u        ,         .    (  ma  N1-1   /   na  N"-1 

— ---(m  +  ri).(-     -}      . )     : 

dx*        ^         }   \m  +  n)        \m  +  n)     ' 


m  +  n 


ma 

gives  u  =  maximum. 


m  +  n 
0  and  x  =  a  will  give  no  results  unless  m  and  n  are  even. 

And  then  ~  =  m.(m-l)(m-2)..^.  1 .  (a- x)«  +  <£(*), 


dx> 
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and  -7-^  =  m .  (m  - 1) (m  -  2). . .2 . 1 .  an,  when  x  =  0, 

and  -T—  =  n.(n—  l)(n  —  2)... 2  . 1 .  ams  when  x  —  a\ 
dxn 

both  of  which  correspond  to  minima. 

(9)     w3  —  3aux  +  x3  =  0  ;  find  x  when  u  is  a  maximum. 

.    *L  (u2-ax')-au  +  x2  =  0 
dx'^U      ax' 

du  x2 

But  —  =  0  :     .-.  x  —  au  —  0,   or  u  =  —  . 
ax  a 

Substitute  in  the  original  equation, 


Differentiating  a  second  time, 
d?u     2  du          du 

u/Ju  CIJC  CiJC 

du 


du 


But  -T-  =  0.    and  u2  —  ax  =  -5  —  ax  =  -^  (x3  —  a3)  =  ax : 
ax  a  or  v 

d*u  _-2x  _     2 
•**  dx2'  ax   =      a' 
whence  x  =  af/2,  gives  u  =  a^,  a  maximum. 

From(l)*  =  0;     ...  «-0;     g  =^f^  -g;  if  * 
Treating  the  fraction  as  a  vanishing  one, 


—  2  2 

,  =  -  ,  if  x  =  0 :     .•.  u  =  0,  is  a  minimum. 

du  a 


(10)     Bisect  a  triangle  by 
the  shortest  line. 

ABC  the  triangle,  and  PQ 
the  shortest  line. 
CP 


CP  =  #*)    a,  5,  c  the  three  sides        p 
CQ=y±         of  the  triangle,  C       / 


Then  v 

al  sin  C 

"         2~ 


in  C 


—  2xy  cos  C  =  o^2  +  —  j  —  a6  cos  C  =  mimimum  ; 
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a*bz 


,  or  ,  = 


ab  ab 

and     =  - 


ab 


/ 
=  V 


(c  —  a  +  b)( 


(11)  Describe  about  a  given 
circle  ABC,  the  least  isosceles  tri- 
angle. 

DPQ  the  triangle. 

=x;   OA=a;  .: 

,         „  „ 
Now  PB 


Whence,  if  u  = 

(12)     Find  the  greatest  area 
included  by  four  straight  lines. 
Let  a,  b,  c,  d  be  the  four  lines, 
6  the  t.  included  by  a,  b, 

0   ••«   ^  c 

D  the  diagonal ; 

ab  .  sin  6 


u  =  area 

cd .  sin  0 
+        2 


=  maximum ; 


But  c8  +  d2-  Zcdcos  <£  =  JD2  =  a*+  b2-  2ab  .  cos  d  ; 
.   d(f>  __        sin  0  .^ 
*  dtf          '  sin  d> ' 
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.'.  substituting  this  value,  and  dividing  by  —  , 

n  ,    sin  6 

cos  6  +  cos  $  .  .    —  =  0  ; 

.-.  sin  0 .  cos  6  +  sin  6 .  cos  <£  =  sin  (<p  +  6)  =  0  =  sin  TT  ; 

or  the  quadrilateral  may  be  inscribed  in  a  circle. 

(13)     Through  a  given  point  D  to  draw  the  shortest 
line  PQ  terminated  by  two 
given  straight  lines  AB,  AC; 
the  angle  A   being  a   right      p 
angle. 


.-.  u=Jx*+y2,  a  minimum  ..(1), 
and  -  +  -  =  1 ;  which  is 

the  equation  to  PQ...(2).      A 


a    y      b 
,.-.£-  - 


(14)  Cut  the  greatest 
ellipse  from  a  given  cone. 
ABD  the  cone.  PJSthe  ellip- 
tic section. 

AC=a,     CN=x, 


PB  the  axis-major  =  2#, 
and  axis-minor  =  26. 
Now  area  of  ellipse  =  -nab. 
And  2b  = 
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20  =  JBN*  +  NP2  =  Jjfi  +  x)2  +  NP2. 


...  area  = 


.-.  w  =  a;  {(/?  +  ,r)2  +  -     .  (y3  -  x)z],  a  maximum  ; 


3(a2+(3*)xs      4>(a2-/32)x          .  2 
whence  --  gp  —  ^'-  -  =  -  (a2  +  ft2)  ; 

4(a^«),    .    _^!. 
3(a*+F)P*  3' 

_2    ,    («2-^2)^      A^  (°^F\*    F 
~3'f       a3  +  /32        V   9'      \a2+/32}~  '3 

a2  -  /32) 


3(a2-f/32) 

and  the  problem  is  possible  if  a4—  14/32a2  +  /34  is  positive. 
The  limit  of  possibility  is  when  the  surd  disappears. 

Then  a4  -  14/3V  +  4p/34  =  48/34  ; 


(15)     The  content  of  a  cone  being  given,  find  its  form 
when  its  surface  is  a  maximum. 


x  the  altitude,  and  y  the  radius  of  the  base. 

Trfl3  ,  7ru2x 

Let  -  -  be  the  given  content  =  .-.  -^—  . 
o  3 

Then  M  =  surface  =  convex  surface  +  base  ; 
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B-/-J,    *f +*-*+* : 

jN/TT^+flf) 

•••  w=7rf  I — i — J; 

whence  because  -,-  =  0 ;     x3  —  2a3  =  2fl$  ^a:3  +  a3 ; 


a3     a2  a 

=. 


7T0 

and  u=-=. 


Examples. 

(1)  Let  w  =  ^  -  7^2  +  80:  +  32. 
x  =  4<;       u—  16  a  minimum; 
j:  =  I  ;       M  =  S4||  a  maximum. 

(2)  «  =  a;3  -  Sjc2  -  Qx  +  30. 

x  =  —  l,  gives  u  =  35  a  maximum  ; 
a?  =  3,  gives  w  =  3  a  minimum. 

(3)  u  =  sin3  x  .  cos  or  ;     #  =  60  ;     u  =  a  maximum. 

(4)  Divide  a  number  into  two  such  parts,  that  their 
product  multiplied  by  the  difference  of  their  squares  shall 
be  a  maximum. 

2a  the  number,  a  +  x  and  a  -  x  the  parts  ; 
/.  u  =  (a2  —  x2)  .  4>ax  =  maximum,  whence  x  =  —j=. 

A/3 

(5)  Divide  a  number  a  into  two  such  factors,  that  the 
sum  of  their  squares  shall  be  a  minimum  ;     x  =  Ja. 

i  i 

(6)  u  —  3^'  x  =  e;  u  =  tf   a  maximum. 

(7)  Into  how  many  equal  parts  must  a  number  a  be 
divided  that  their  product  may  be  the  greatest  ? 


a 
-\ 

' 
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(8.)     Let  u  -  (mx  +  n)  .  (ny  +  m)  be  a  maximum,   and 


#  = 

(9)  Mere-**  —  gr*",  a  minimum:  a  >  6,  and  shew  it  is  a 
minimum. 

(10)  u  = =  a  maximum ;  if  x  =  45°. 

(11)  u  =  LflL^L  =  a  minimum ;   if  ,r  =  22°  .  30'. 


(12)     M  =  seca?.  (fl  —  b  tan ,r)a  a  maximum  or  minimum. 

1 


tan^  =  ^r(«=tN/a2- 
the  upper  sign  gives  a  maximum ;  the  lower  a  minimum. 

x  =  a;  u  =  4-8b*  —  3Ja*  a  minimum ; 
x  =  2« ;  M  =  4864  —  32a4  a  maximum  ; 
x  =  4ia;  u  =  4864  —  64a4  a  minimum. 

(14)  u  =  x(a-x)*(2a-x)\ 

x  =  ^  (5     >/*3) ;    w  is  a  maximum ; 
x  =  a;  u  is  a  minimum ; 

a?  =  ^  (5  +  A/13) ;    w  is  a  maximum. 

(15)  au3  -  ttV  +  x*  =  0 ;    w  =  a  minimum  ;  find  x. 

(16)  u  =  ax  —  x2 .  sin  -  .  cos  -  a  maximum  if  irx  =  2fl. 

(17)  Inscribe  the  greatest  rect- 
angle in  a  given  triangle. 

\  AN=x;  .-.  Pp=-; 
a 
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(18)  Inscribe  the  greatest  isosceles  triangle  in  a  given 
circle. 

Let  a  =  radius,  the  triangle  is  equilateral,  side  =  a  */3, 

area  =  — -^—  . 

(19)  Inscribe  the  greatest  parallelogram  within  a  given 
triangle  ABC,  A  being  one  of  the  angles  of  the  parallelo- 
gram.    AE  =  1  AB,  then  AE  is  one  of  the  sides. 

l(        (20)     Of  all  equiangular  and  isoperimetrical  parallelo- 
grams, the  equilateral  has  the  greatest  area. 

(21)  Of  all  triangles  on  the  same  base,  and  having 
equal  vertical  angles,  the  isosceles  has  the  greatest  perimeter. 

(22)  Given  the  base  and  vertical  angle  of  a  triangle, 
shew  that  when  it  is  isosceles  its  area  is  a  maximum. 

(23)  Of  all  triangles  on  the  same  base  and  having  the 
same  area,  the  isosceles  has  the  least  perimeter. 

' «        (24)     Inscribe  the  greatest  rect-  ^ ^ 

rle  ii 


angle  in  a  semicircle. 
CN=x,   CA  =  a,   NP  = 

=  2x 


BIST 


(25)  The  same  construction  applies  to  any  curve. 
AC  =  b,   AM  =  x;    .-.  PM=f(x),  and  u  =  2  (b  -  x)  . 

If  BAD  be  a  parabola  ;    u  =  4  (b  —  x)  Jmx. 

(26)  If  BAD  be  a  circular  segment  ; 


.-.    u  =  2  (b  -  x)     zax  -  x\ 

(27)  Given  the  difference  of  the  angles  at  the  base  and 
the  radius  of  the  inscribed  circle,  find  when  the  perimeter 
is  greatest. 

(28)  If  A  be  the  vertex,  S  the  focus  and  P  a  point  in  a 
parabola,  find  the  value  of  the  ratio  of  AP  :  SP,  when  it  is 

2 
greatest.     Ratio  =  ~~p  • 
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(29)  Cut  the  greatest  parabola  from  a  given  cone. 

(30)  Required  the  least  triangle  TCt 
which  can  be  described  about  a  given 
quadrant. 


=  x,    CN=y; 
\  CT=-;  Ct  =  -; 

x         y 

and  if  u  —  maximum,   x=y  and 
(31)     Let  APB  be  a  parabolic  arc  and  C  the  focus. 
AN=x,  AC  = 


(x  +  a]2  Ja  a 

=  ±  --  L^—,  whence,r  =  -. 

2a: 


(32)     Inscribe  the  greatest  ellipse 
in  a  given  isosceles  triangle. 

Let  Da  =  2#,  cb  =y  ;    .:  u  =  ir.yx. 


Now  cN=- 


cA     a-x' 


a  —  x 


,  DN 


a  —  x 


But 


(33)  Inscribe  the  greatest  parabola  in  a  given  isosceles 
triangle.     Axis  jth  of  altitude  of  triangle. 

(34)  Within  a  given   parabola  inscribe  the  greatest 
parabola,  the  vertex  of  the  latter  being  at  the  bisection  of 
the  base  of  the  former.     Axis  =  f  of  given  axis. 

(35)  Describe  the  greatest  isosceles  triangle  about  an 
ellipse,  the  major  axis,  and  altitude  being  coincident. 

G 
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(36)  The  corner  of  a  leaf  is  turned 
back,  so  as  just  to  reach  the  other  edge 
of  the  page :  find  when  the  length  of  the 
crease  is  a  minimum. 


AB 


3a 


B         P  A 

(37)  The  part  turned  down  is  least,  if  x  =  f  0. 

(38)  Inscribe  the  greatest  cylinder  within  a  cone. 

a,  altitude  of  cone ;   x,  of  cylinder ;   x  =  -;   u  = . 

3  27 

(39)  Inscribe  the  greatest  cone  within  a  sphere. 

4f(i  32 

x  —  altitude  of  cone  =  — - ;    u  =  — .  iraz. 
3  81 

(40)  Given  the  surface  of  a  cylinder,  find  its  form  that 
its  volume  may  be  a  maximum.  Altitude  =  diameter  of  base. 

(41)  Given  the  volume,  find  when  the  surface  is  least. 
Altitude  =  diameter  of  base. 

(42)  In    the    trapezium  ABCD,    the    base    AB  =  a, 
AD  =  BC  =  6,  find  CD,  CD  being  parallel  to  AB,  that  the 
area  may  be  a  maximum ;  2  CD  =  Jttb*  +  a2  +  a. 

(43)  PQ  is  a  chord  in  a  semicircle  parallel  to  the  dia- 
meter AB,  join  AQ,  BP  cutting  in  0 :  find  AP  that  the  tri- 
angle POQ  may  be  the  greatest  possible.     AP  =  38° .  40'' 

(44)  Through  a  given  point  D  between   two  given 
straight  lines  AB,  AC  (page  76):    to  draw  PQ,   so  that 
AP  +  AQ  may  be  a  minimum. 


(45)     Draw  PQ  so  that  PAQ  may  be  least. 


(46)  ACE  is  a  quadrant,  C  the  centre,  CB  the  hori- 
zontal radius  is  bisected  in  D,  a  point  P  is  taken  in  the 
arc,  and  CP,  PD  are  joined,  shew  that  the  angle  CPD  is 
greatest  when  PD  is  vertical. 

(47)  Find  the  vertical  angle  of  the  greatest  right  cone 
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which  can  be  described  by  a  right-angled  triangle  of  given 
hypothenuse. 

(48)  The  centres  of  two  spheres  (radii  r,r2)  are  at  the 
extremities  of  a  line  2a,  on  which  a  circle  is  described. 
Find  a  point  in  the  circumference,  from  which  the  greatest 
portion  of  spherical  surface  is  visible. 

Ifx  and  y  be  the  distances  of  the  point  from  the  centres 
of  the  two  spheres, 

u  = 


whence  x  = 


12  +  r22 


(49)  Find  the  position  of  a  line  passing  through  one  of 
three  given  points,   so  that  the  rectangle  of  the  perpen- 
diculars from  the  other  two  points  may  be  a  maximum  or 
minimum. 

There  are  two  lines  respectively  perpendicular,  fulfilling 
the  conditions. 

(50)  In  a  spherical  triangle,  find  8  when  u  =  6-cf>  is  a 
minimum,  and 

sin  a  +  sin  S  .  sin  / 

cos0  = — s—  —, , 

cos  d  .  cos  I 

sin  c  .  sin  / 

cos  d>  =  — r -t , 

cos  d .  cos  / 

differentiating  the  three  equations  and  eliminating  dd  and  d(p, 

sin  6     sin  a    . 

-r—  =  —^—j  sin  d  -f  1 ; 

sin  (j>      sin  / 

whence  sin  8  =  -  sin  / .  tan  (|a). 

This  is  the  problem  of  the  shortest  twilight,  and  if  Z 
be  the  zenith,  P  the  north  pole,  S  the  sun  when  twilight 
begins,  s  when  it  ends,  d  =  ZPS,  0  =  ZPs ;  .*.  0  —  $  con- 
verted into  time  is  the  duration ;  3  is  the  sun's  declination, 
I  the  latitude  of  the  place,  a  is  the  depression  of  S  below  the 
horizon,  generally  taken  =  18° ;  /.  sin  S  =  —  sin  /  tan  9° ;  the 
negative  sign  shews  the  sun  is  on  the  south  side  of  the 
equator. 
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The  Cells  of  Bees. 

93.  The  first  examination  of  the  comb  of  the  bee-hive 
presents  a  collection  of  waxen  cells,  the  upper  surface  being 
parallel  to  the  lower  :  but  these  parallel  surfaces  being  sepa- 
rated, each  cell  is  found  to  be  of  a  prismatic  form  ;  its  base 
being  a  regular  hexagon,  and  the  other  end  of  the  prism 
formed  of  three  equal  rhombuses,  composing  the  solid  angle 
S.  And  it  is  remarkable  that  the  two  collections  of  cells, 
which  by  their  junction  form  the  comb,  are  so  united  that 
the  axis  of  any  one  cell  of  one  collection  is  in  the  continua- 
tion of  the  line  of  junction  of  three  other  cells  of  the  other 
collection. 

That  the  bases  should  be  regular  hexagons  is  an  instance 
of  the  economy  of  nature  ;  for  only  three  figures,  triangles, 
squares,  and  hexagons  can  completely  occupy  space;  and 
of  these,  including  the  same  area,  the  hexagon  has  the  least 
perimeter. 

PROP.  Join  A  and  C  the  extremities  of  A'  A,  CC  of  two 
equal  edges  of  a  prism,  and  let  a 
plane  through  CA  parallel  to  the  base 
meet  the  axis  in  P;  and  let  a  plane 
inclined  to  the  base,  also  through  CA 
cut  the  axis  in  S  and  B'B  in  b.  Then 


/.  pyramid  ACSP  =  pyramid  ACBb. 

Hence  whatever  may  be  the  inclina- 
tion SOP  of  the  plane  SCb  to  the 
base  of  the  cell,  the  solid  content  of 
the  cell  remains  unaltered,  but  the 
surface  varies  with  L  SOP. 

To  find  z.  SOP  when  the  surface 
of  the  cell  is  a  minimum. 

=6,  A'B=AB=a,  AA'=b. 


2 


Then 


~ 

2  cos  6 


=    tan  0  ; 
.-.  trapezium  AA'B'b  =  BA'-&  ABb  =  ba  -  ^-  tan  6  ; 


Note.    BP  in  the  figure  ought  to  pass  through  O. 
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/.  lateral  surface  of  cell  =  3a  (2&  -  -  tan  0). 
And  rhombus  =  SO  x AC = SO x  J'C'=      a   Q.aJH; 

.*.  surface  of  the  tetrahedron  =  - — --** 

2cos0 


.-.  sec  0  =  N/3  tan  0;  .-.  sin  6  =  -;   •'•  0  =  35°.  15'.  51". 
Also  06  = 


tan 


and 

Hence  the  acute  angle  of  the  rhomb  is  double  the  inclina- 
tion of  the  rhomb  to  the  base  of  the  cell.  These  results 
agree  with  the  most  exact  measurements  made  in  a  multi- 
tude of  cells*. 

94.     If  x  =  a,   make  -j-  =  oo,  the  preceding  rules  are 
dx 

inapplicable,  since  they  are  founded  on  the  supposition  that 
f'(a  +  h)  is  expanded  according  to  the  ascending  integral 
powers  of  h  by  means  of  Taylor's  Theorem  ;  but  which  is  not 
the  case,  when  the  differential  coefficients  become  infinite. 

Let  then/(«  +  Ji)  be  expanded  by  the  ordinary  methods, 
and  assume 


f(a  +  h)  =f(a)  +  Pha  +  ah?  +  Rhy  +  &c. 
where  a  is  the  least  of  all  the  indices  of  h  ; 

...  f(a  +  h)  -/(a)  =  Pka  +  Q/f  +  Rhy  +  &c....(l), 
and  f(a  -  K)  -/(a)  =  P  (-  h)a  +  Q  (-  hf  +  &c. 
by  writing  —h  for  h  in  series  (l). 

*  Puissant's  Geometry  :  Cresswell's  Maxima  and  Minima. 


86  MAXIMA  AND  MINIMA. 

Now  if  h  be  made  very  small,  the  algebraical  sign  of 
the  developements  will  depend  on  that  of  their  first  term. 
If  therefore  there  should  be  a  maximum  or  minimum,  since 
f(a  +  /*)  —  /(«),  andf(a—h)—f(a)  must  have  the  same  signs, 
Pha  and  P(-A)a;  and  .-.  ha  and  (-A)amust  have  the  same  sign, 
or  a  must  either  be  an  even  number  or  a  fraction  with  an 
even  number  for  its  numerator. 

(1)  If  a  be  an  even  number,  it  shews  that  at  a  maximum 
or  minimum  the  first  existent  term  of  the  developement 
must  involve  an  even  power  of  h,  a  conclusion  we  have 
already  come  to  in  the  preceding  pages. 

O  w 

(2)  If  a  be  a  fraction,  it  must  be  of  the  form  -  -  . 
Ex.     Let  u  =  b  +  c  (x  —  0)3. 

Here  -j-  =  —  --  ,  ,  which  is  infinite,  if  x  =  a. 
dx      3   (*-«)* 

But  x  =  a,  gives  u  =  b, 

x  =  a  +  h  gives  u  =  b  +  ch*, 


and  f(a+Ji)  and/(a-7z)  are  both  >/(«),  if  c  be  positive, 

<y(a),  if  c  be  negative. 

If  .•.  c  be  positive,  x  =  a  makes  u  =  b  a  minimum, 
c  be  negative,  x  —  a  ........  u  —  b  a  maximum. 


CHAPTER  VIII. 

Functions  of  two  or  more  Variables. — Implicit 
Functions. 


95.  As  yet  we  have  only  treated  of  functions  of  a 
single  variable;  we  next  proceed  to  the  case  in  which 
u  =f(xy),  where  x  and  y  are  independent  of  each  other,  and 
the  value  of  u  corresponding  to  new  values  x  +  //,  and  y  +  k, 
of  x  and  y,  is  required. 

Now  when  u  is  a  function  of  x  and  y,  u  may  vary  on 
three  suppositions;  1st,  x  may  vary,  and^  remain  constant; 
2nd,  y  may  vary,  and  x  remain  constant  ;  and  3rd,  x  and 
y  may  both  vary  together. 

Thus  suppose  u  =  xy2,  and  let  x  become  x  +  h,  and  y 
remain  constant;  therefore  if  u'  be  the  value  of  w, 

u'=  (x  +  h)  y2  =  xy2  +  y2h. 

Next  let  y  become  y  +  k,  and  x  be  constant,  and  let  u^  be 
the  value  of  u  ; 


Again,  in  the  equation  u  =  xy2  write  x  +  h  for  x^  and  y  +k 
for  y,  and  let  u2  be  the  value  of  M,  or  ua  =f(x  +  h,  y  +  k)  ; 

.-.  wa  =  (x  +  h)  (y  +  k)2  =  xy*  +  y2h  +  2a>yk  +  Zykh  +  xk2  +  k2h, 
the  same  result  as  would  have  been  obtained  had  we  put 
y  +  k  for  y  in  u',  or  x  +  h  for  x  in  MJ. 

96.  Next  considering  the  question  in  a  general  point 
of  view. 

Let  u  =f(x,  y),  then  if  y  remain  constant  while  x  be- 
comes x  +  h,  we  have,  by  Taylor's  Theorem, 

du,     d2u    h*       d?u    h3 

f(x+h*  y)  —  u  +  -r-h  +  -r-9  -  —  h  -T-.  -  +  &c.; 
dx        dx2  1.2      dx3  2  .  3 

or,  if  x  remain  constant  while  y  becomes  y  +  k, 

du,     d2u    k2       cPu     k3 

f(x,  y  +  k)  =  u+^-k+-j-;  -  +  -j-.  j  ---  +  &c. 
dy        dy2  1.2      dy3   2.3 

Suppose  now  that  x  and  y  both  vary  ;  or  x  become  x  +  h, 
and  y  become  y  +  k;  it  is  not  possible  to  make  both  these 
assumptions  at  once  :  but  if  we  use  either  of  the  two  series, 
for  f(x  +  h,  y)  or  f(x,  y  +  k\  and  in  the  former  put  y  +  k 
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for  y,  or  in  the  latter  x  +  k  for  x,  we  shall  in  either  case 
have  f(x  +  h,  y  +  k},  and  its  true  developement. 
Assuming  the  first  expansion, 

du         d2u   h2       dzu    h3 
l>y^~        dx'        dx2  1.2      ^x3  27§ +     °' 

But   u=f(xy},  and  therefore  -y- ,   ^,  are  also  func- 
tions of  #  and  v,  if  therefore  y  become  y  +  k ;  u,  -^- ,   - 

a.r      oar 

&c.  will  become  functions  of  y  +  k,  and  may  be  expanded 
by  Taylor's  Theorem,  x  being  considered  constant. 
Let  therefore  y  become  y  +  k  ; 

du    ,     d?u    F       d3u     k3 

.-.  u  becomes  u  +  -j-  .  k  +  -j-  — —  +  -^— .  -— -  +  &c (a), 

dy          dy2  1.2      dy3   2.3 

and  to  obtain  the  values  of  -7- ,  ^,  &c.  we  must  write  -p, 
-y~2 ,  &c.  for  M  in  the  series  (a) ; 

d.(d"}    ft** 

du  ,  du  \dx/  \dx/     k2 

.'.  -j-  becomes  -j-  + ; k  +  — —r — .  — -  +  &c. 

dx  dx         dy  dy        1.2 


d2u  d2u 

dx~2  '" 


i.@8 

\dx2J 


dy 

But  it  has  been  agreed  to  write  - — l- 

dy .  dx  uy 

which  expresses  that  the  function  has  been  differentiated 
twice,  1  st  considering  x,  and  then  y  as  variable ; 


*•© . 


is  written ,   and         ,  „ —   is  written 

dyda*  dyn 

— j-^-,  denoting  the  differential  coefficient  when  the  func- 
dy".  dx™ 

tion  has  been  differentiated  m  times  with  regard  to  or,  and 
n  times  with  regard  to  y. 
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Making  these  substitutions,  and  multiplying  the  expan- 

sion of  —  by  h,  that  of  -r^r  by  -  ,  &c.  we  shall  have 
dx     J  dx2    J  1.2 

,/        .  7,  du,     d2u    k2       d3u    k3       6 

f(x  +  h,  y  +  k}  =  u  +  -rk  +  -ir;  --  +-J-3  --  +  &c. 
dy        dy2  1.2      dy3  2.3 

du,        tfu  d*u       hk2 


j-          j  2  j    • 
dx       dy.dx         dy  .dx    1.2 

d*u    h2         d*u       Wk 
+  ^?1.2  +  ^M72T2  + 
d*u    h3 


97.  But  this  developeraent  was  obtained,  by  first  sup- 
ing  x,  and  then  y  to  vary;  but  manifestly  we  should 
ve  had  an  equal  result,  had  y  first  become  y  +  k,  and  then 


..  du,     tfu    1?      dau   k3 

f  (jr.  y+k)  =  u  +  -r-k  +  -=-.  --  1-  ^-^  -  +  &c. 
dy       dy2  1.2     dy32.3 


x  become  x  +  h.     On  this  supposition  we  have 

.. 

f  (jr.  y+k) 

put  x  +  h  for  x, 

du  .       d*u    h*       d3u    h2 

.:  u  becomes  u  +  -j-  h+  -5-5      —  +  -7-      —  +  &c., 
dx         dx2  1.2     dxa2.3 

du  du       <Fu    .       d?u       h2 

-j-  ...........  ^-+  -  —  j-  h  +  -,-s-r-  •  -  +  «c., 

dy  dy     dxdy        dx2dy    1.2 

d^u  d*u_       d3u    h      , 

dy*  '  '  dy2+  dxdy2  1  + 

......................   +  &c.: 

whence  by  substitution  the  total  developement  becomes 
du,     tfu    h2       dsu    h3 


+         +  + 

dy        dxdy          dx2dy  1  .  2 

dau    k2         dsu     k*h 
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COR.  1.     Since  the  series  are  equal,  the  coefficients  of 
the  same  powers  of  h  and  k  ought  to  be  equal; 

d*u         d*u 

dydx      dxdy  ' 

d3u         d3u 


dx2dy  ' 
&c.  =  &c. 
dm+n.u      dn+ttu 

Hence  the  order  of  differentiation  is  indifferent. 

d2u        d2u  du  _ 

COR.  2.     Again,  v  -7-^-  =  ^  —  r-  :  .•.  writing  -r-  for  u, 
dydx      dxdy'  °  dx 

"••©/•(£) 

dydx  dxdy    ' 

d*u  dsu 

or 


dydx2     dxdydx ' 

*-©_'J5). 

dxdy 


dydxdy      dxdy2  ' 


98.     Since  -^-.  r-^,  &c.  have  been  obtained  by 

dx     dx2     dx3 

the  consideration  of  x  alone  being  the  independent  variable, 
such  differential  coefficients  have  been  called  partial  differ- 

ential coefficients,  and  for  the  same  reason  —  ,  -=-?  >  &c.  are 

dy     dyz 

also  called  partial  differential  coefficients,  and  these  partial 
differential  coefficients  are  frequently  included  within  brack- 

ets, thus  \-T-\  is  the  partial  differential  coefficient  with  re- 
spect to  or,  and  f  —  J  is  the  partial  differential  coefficient  with 

respect  to  y,    and  (-^)dx,    and  (  -^j  dy,    are  the   partial 
differentials  of  u3  with  regard  to  x  and  y  respectively. 
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99.      The    term   -5-  ^  +  -r-  &,  which  involves  onlv  the 
ax        ay    ' 

first  powers  of  h  and  k  is  called  the  total  differential  of  u, 
and  putting  dx  for  A,  and  dy  for  k9  is  thus  written  ; 


or  the  total  differential  of  u  =f(xy)  is  the  sum  of  the  partial 
differentials. 

100.     From  the  first  differential  of  u,  we  may  form  by 
differentiation  the  successive  differentials  d?u,  d3u  ;  &c. 


F.  *- 


And  differentiating,  considering  (  -T-)  and  (-7-)  as  func- 
tions of  x  and  y,  and  eta  and  dy  constant,  we  have,   by 


.      /du\        ,  fdu\   , 
writing  successively,  I  3-]  and  l^-J  for  u  in  (p), 


. 
y)      dxdy 

Then  substituting  these  values,  since 


x  y 

d*u     ,  ,  d*u 


u 

.  dy  .  d  x  +  -j-r  .  d/w2. 
J  rfy*     * 


Again,  to  find  <fM,  substituting  as  before 

dau 


,  (  fu  \       f«  dsu       , 

d  .  I  -3  —  :-  I  =   ,  ,  ,    .  dor  +  -j  —  =  —  r  .  dy, 
\dxdyj     dafdy  dydxdy    y 

d?u         dau  /dsu 
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101.  The  law  of  continuity  is  almost  obvious;  for  the 
numerical  coefficients  appear  to  be  those  of  the  terms  of  the 
expansion  of  the  binomial  (h  +  k)n  :  but  to  prove  this,  let 

dnu  dnu 


Differentiating  the  successive  terms  by  means  of 
du  ,       du    , 


d°u\     d^u  d"+'u 


d"u  d"*'u 

^ 

d"u 


&c.  =  &c. 

Multiply  (1)  by  dxn,  (2)  by  n  .  dxn^dy,  (3)  by 
n  .  (  —    _  j  .  dxn~2dy2,  and  adding 


(n 


or  if  the  formula  be  true  for  the  index  n,  it  is  true  for  n  +  1, 
but  it  is  true  when  n  =  3 ;  it  is  .•.  always  true. 

COR.     If  instead  of  dx  and  dy  we  write  h  and  k, 
_  du  ,     du 


fee. 
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...  u2=f{(x  +  k),  (y  +  k)} 

=  u  +  du  + + +  &c. 

dnu 

H h  &C., 

or  the  expansion  of  f(x  +  h,  y  +  k)  may  be  found  from  the 
successive  differentiation  of  u  =/(#,  y). 

102.     Again,  if  u  =f(x,  y,  z),  and  if  x  +  h,  y  +  k,  z  +  m, 
be  new  values  of  a?,  y,  z,  and  uz  the  value  of  w, 

du  ,     du  ,     du 
dx        dy        dz 


For,  supposing  2  to  be  constant  while  x  and  y  become 
x  +  h,  and  y  +  k  respectively  ; 

du  ,     du  , 
=  u  +  -h+-k  +  &c. 


Let  z  become  z  +  m  ; 

.».  u  becomes  u  +  --  m  +  &c. 


du 

du   d?u 

& 

dx" 
du 

dx  dzdx 
du   d?u 

1  +  &C 

dy" 
&c. 

+  k,  z  +  n 

dy   dzdy 

&c. 

du 
t\=u  +  —  m- 

'     dz 

du 
dx 

du 

-j- 
ay 

and  in  a  similar  manner  may  the  expansion  of  a  function  of 
four  or  more  variables  be  effected. 

COB.     Hence,  if  for  m,  h,  and  k,  we  put  dz,  dx;  and  dy, 

»f  ^      fdu\  ,       (du\   .       fdu 

du  =  d.f(x,  y,  2)  =  -     dx  +          dy  + 


This  result  may  however  be  obtained  in  the  following  man 
ner  : 

103.     Let  u=f(x,  y,  z);  find  du. 
Let  n  =  <f>(y,  z\  so  that  we  may  put  u  =/(#,  «)  ; 


/rfw\ 

(  j-  ) 
\dx/ 


dn. 
n 
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But  ;/  n  =  (p  (y,  z);     .:  dn  =  -^-dy  +  ~.  dz  ; 


du  ,       du    dn  7       du   dn 

.'.  du  =  -j—  ax  +  -r- .  -T-  ay  +  -r-  •  -7-  dz. 
dx          dn    dy  "      dn   dz 

_,       du   dn      du          ,  du    dn     du 
But  -—.-—=  — ,  and  -j-.-j-  =  -y-; 
dn   dy      dy  dn    dz     dz 

_  du     ,        du  du     , 

dx  dy'          dz' 

and  the  same  method  may  be  extended  to  any  number  of 
variables ;  whence  it  appears  that  the  differential  of  a  func- 
tion of  any  number  of  variables  equals  the  sum  of  the 
partial  differentials. 

104.  From  the  preceding  reasoning  we  may  find  the 
differentials  of  a  function  of  two  functions  of  the  variable  x. 

For  suppose  u  =f  (y,  z),  where  y  and  z  are  functions  of 
x,  and  therefore  u  is  also  a  function  of  x ;  to  find  the  total 
differential  of  u. 

Let  k  and  m  be  the  increments  of  y  and  z,  if  x  become 
x  +  h ; 

fdu\  ,      fdrf 


.  ~ 

dx  dx 

du 
=  u 


lu\  dy      /du\    dz  \  .      0 

r) -3  +  ( -j-)- -j-  r*+&c.; 

lyj  dx     \dzj   dx  ) 

,        ( (du\  dy      (du\    dz  \   . 
.-.  du  -  <  ( —  l-f  +  I  -—).__  V  h • ; 
(  \dyj  dx      \dzj    dx  ) 

or  since  ~r-  h  =  dy,   and  -^  h  =  dz, 
dx  dx 


du 


which  is  the  total  differential  of  a  function  of  two  functions. 

105.     Again,  ifu=f(y,  z,  v),  and  y,  z,  v  are  functions 
of  x ;  to  find  the  same :  let  n  be  the  increment  of  v  ; 

(du\        (du\         (du\ 
/.  ul  =  u  +  [—)k+{-r}m  +  {-r-)n  +  &c. 
\dy/         \dzj         \dvj 

dz        du      dv 
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J  fdu\  dy   (du\  dz   fdu\  dv  )  . 

<  (  -j-  )  ~  +  (  -j-  )  -r-  +  -T-  )  .  -j-  >  h 
(  \dyj  dx   \dzj  dx   \dv/  dx  j 


Similarly  may  the  total  differential  of  a  function  of  n 
functions  be  found. 


Examples. 

(1)     Let  u=xmyn-,  find  du. 


du\    ,          du 
=   -      dx  + 


du\    . 
-;-)  dy 
dj    * 


dydx 


m^ldx  +  nxmy"~ldy 


3—5-  . 
dxdy 


.      . 
mnyn-lxm~l 


(3) 


,. 
(5) 

(6) 

(7) 


8in«y);    find 
~ 


_ 

x  4-  Ja?  - 


dau 


ydx-xdy 
^— 


d?u  /I      y.        \       (Pu 

-—-—  =  a?  (  -  +  -  log  ^  )  =  -T—  r-  . 
rf^ao?          \x     x      '    /     rfaray 


8_  a 


dxdy     a2-22     dydx' 
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d*u          kxyz      _  dru 

dxTz  =  l^^*J='dz^ 

d2u          2x*z          d*u 


dzu  4>xz  d3u 


dxdydz     (a2  -  z2)2     dzdydx     dydxdz  ' 

(8)     Let  «  =    ,  shew  that 

' 


_ 
~d*2+df+~dz2- 

Here  1  =  (a-*)2  +  (b-y}*  +  (c-zf;  ..................  (1) 

du 
,.  --^fl-,); 


d2u 

—  =  3u*(c-z?-u*; 

d*u     d*u     d*u         .  1 

•"•  "T5  +  ~j~5  +  T-Z  =  3u  -,  -  3u  3  =  0, 
dx2     dy2      dz2  u2 

an  equation  of  great  importance  in  physical  science. 

106.     Let  u  be  a  homogenous  function  of  ar,  y,  z,  &c. 
and  let  n  be  the  sum  of  the  exponents  in  each  term,  then 

du        du        du 

—r  x  +  —  y  +  -r- 
dx        dy  y     dz 

For  x,  y,  2,  &c.  put  x  +  mx,  y  +  my,  z  +  mz,  &c.  then  u 
becomes  (1  +m)nu  ; 


nu= 


du 


mx 


22 


+ 
du  cPu 


du  d2u 

-j-  mz  +  -j-j-  .  m*zx  +  &c. 

dz  dzdx 

d*u    m2y2 

+  3-5   —  ^- 

df    1.2 

+  &c., 
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also  =  u  +  num  +  n  —  —  —  urn?  +  &c.  ; 

du        du        du 

.-.  nu  =  -j-  X  +  -J-V  +  -J- 
ax        ay  J     dz 

,      ,         .        d2u    „    d*u    .     d2u 
and  n(n-I)u  =  -^x2+-2f  +  - 

dzu 


. 
+  2 


(1)     Let  u 


_ 
+  2 


_    dsu 

j  +  2  -j-r-  zy  +  &C. 

dzdx  dzdy   " 

3;     here  w  =  3; 

du 

j-  =  S  (^  +  y  +  2)  ; 


..     -        ~r 

£/or        dyy     dz 

(2)    Let  2<  =  —  *>yz     ;     here  w  =  2, 


, 

and  -:-,r  +  -r-  y+^-,sr= 
rfo?        rfy  y     dz 

(3)     Let  w  =  ^i^;    here  w  =  2, 
x-y 

.  du        du 

and  -j-  ^ 
dx 


(4)    Let  «= 


(5)     Let  u 


-5  -  2> 


;    here  n  =  -J, 


,  du        du  . 

and    f-  a:  +  -r-  «/  =  -  iw. 


(6)     Let  w 


bz 


;    here  »  =  1. 


, 

and  -r-x  +  -ry+-T-z  =  u. 
dx         dy  y      dz 

(7)     Let  u  =  sin'1  */  ^~'^  ;     here  n  =  0, 

.  rfw        eifo 
and  3-  ^  +  -7-  v  =  0. 
6?o?        ^  y  r 


H 
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(8)     Let  u  =  (j? +/)*',  here  w  =  4; 
dau  tfu  d2u    f 


Implicit  Functions. 

107.  When  there  is  an  implicit  function  of  y  and  x,  it 
is  frequently  impossible  to  solve  the  equation  with  respect 
to  y,  and  obtain  y  =/(#)  ;  but  by  considering/^,  y,)  =  0  to 
be  a  function  of  two  variables,  we  may  from  the  preceding 
expansions  for  such  functions  obtain  rules  easy  of  application. 

Let  u  =/(#,  y)  =  0,  and  let  wt  represent  u  when  x  be- 
comes x  +  ht  and  therefore  y  becomes  y  +  k ; 

fdu\  ,     fdu\  .      . 
.-.  ^  =  u  +  ( —  )h  +  (-T- }  k  -f  &c. 
\dxj         \dyj 

But  v  u  =  0,  whatever  x  and  y  are ;  .'.  u^  =  0 ; 


(du\  ,      fdu\  . 

--O  *+(»)* 


+  &C. 


...0  =  +  k  +  Bh*  +  CA»  +  &c.j 

(y 


dy  /du\        ,  (du\ 

whence  -—•  may  be  found  from  ( -j- )  and  I  -i-  ) . 
dx       J  \dxj  \dyj 


Ex.    /-Sfl.ry  +  .r^O;   find        . 
Let  u=y3-3axy  +  x3; 


Co,, 


Since  {(*).(*).£}  *-0, 
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•  2  dx  -  °  ••  puttins  dx  for  *  •' 

or  (as)  dx  +  (|)  *-  °-  <v  9  =/(«»;  •••  *  -  o. 

COR.  2.     Hence,   since   if  «  =  0,    du  =  0;    .*.  if  du  =  0, 
^O;  and  thus  if  w  =  0,  eftt  =  0. 


108.     From   the   equation  +  =  o  (i),    to 


find  —^  (where  <Fu  means  the  second  total  differential  of 

«),  and  thence  to  deduce  -~  . 
du 

5 

d?u      d     (du\       d    f  (du\    dy  \  ,. 

''  dJ=~dx'\d-x)  +Tx  \\djj  'txf  .........  (2)' 

Put  in  (1)  -7-  for  u,  and  then  -7-   for  u: 
v  '  dx  dy 


'  dx  '  \dx    ~        v     dxdy  '  dx> 
d_   I  (du\    dy\_  (du\    d*y     dy    d^    (du\ 
dx   I  \dy)  '  dx  }   ~  \dy)  '  dx2  +  dx'dx'  \dy) 
_  fdu\    dfy     dy    (  d?u       d*u    dy  ) 
~  \dj/J  '  dx*  +  dx   I  ^%  +df'dx)' 
.•.  substituting  in  (2),  we  have 
tFu_(fu\        _d?u_   dy     fdu\    d*y     (d°u\    djf  _ 
dtf  ~  WV  +     dxdy  '  dx  +  \dy)  '  »  +  \dy2)  '  dJ  ~ 

and  because  from  equation  (1)  -j-  may  be  found  in  terms 

of  the  partial  differential  coefficients  \-T-\  •>  \^r]  >  an(^  V^i) 

.  ldzu\        ,    d*u   .  ,    d*u 

and  (  -r-j  J  and  -j—r-  being  similarly  found,  -^  ^ay  be  de- 

termined.    In  the  same  manner  j-^,  and  .•.  -^  and  dif- 

dx3  '  dx3 

ferential  coefficients  of  higher  orders  may  be  found. 

109.     Next,  let  u  =  0  be  a  function  of  three  variables 
x>  y>  z>  °r  let  z  be  an  implicit  function  of  (x,  y]  ;  and  let 
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s  +  m  be  the  value  of  z  when  the  independent  variables,  x 
and  y,  become  respectively  x  +  h  and  y  +  k  ; 

.•.  since  Wj  =  0  =f(x  +  h,  y  +  k,  z  +  m), 


But  z 


zj  dx  j         1  \dyj      \dz)  dy 
dz 


dz 


whence  dz=-^-dx  +  -j-dy  may  be  found. 

110.     The  differential  coefficients  of  the  superior  orders, 
can  be  found  by  differentiating  the  equations 

dz 


dz 


A  .     d?z       d*z         ,  c?^2 
111.     Thus  to  obtain  •?--     -  and-r-.. 


Consider   equations  (l)  and   (2)   and  (-T-)*    \'T~)  anc^ 

( -^  j  as  functions  of  x,  y,  z. 
\dzj 

(1°)  Let  equation  (1)  be  differentiated  with  respect  to 
x'  it  must  be  considered  as  a  function  of  x  and  z,  and 
therefore  from  (Art.  108),  putting  z  for  y, 

©d2u      dz      /d2u\   dz2     fdit\   d2z 
'  dz .  dx  *  dx      \dzlij  '  dx2      \dzj  '  dx2 


(2°)     Differentiate  (2),  considered  a  function  of  y  and  z. 
Write  y  for  x  in  equation  (3) ; 

d?u\     _  d?u     dz     /(Pu\   dz2     fdu\   d2z 
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Now  either  differentiate  (1)  with  respect  to  y,  or  (2)  with 

dz  d2z 

respect  to  x :  and  since  in  the  former  case  -y-  becomes   .    ,   , 

dx  dydx 

dz  ,  d2z  d2z        d?z 

and  in  the  latter  -7-  becomes   T   ,  ,  and  that  -7—7-  =  T   .   , 
dy  dxdy  dydx      dxdy 

the  results  will  be  identical. 

Let  equation  (1)  be  differentiated  with  respect  to  y ;  and 

to  do  this  put  ( -v-  )  and  ( -7- )  for  u  in  equation  (2) : 
"      \dx)  \dzj 

d2u          d*u      dz        d?u      dz 
'dx.dy     dx .  dz '  dy     dz.dy'  dx 

/d2u\    dz  dz     fdx\      d2z    _          .  . 
Vrf^2/  '  dx'  dy      \dzj  '  dy  . dx ~^ 

From  (3),  (4),  (5),  ~,   ~a  and  ^|-  may  be  found, 

T        j  y         y 

dz       ,  dz 


and  -j-  and  -5-  from  (1)  and  (2). 


112.  From  this  it  is  obvious,  that  if  u=f(x,  y,  z),  be 
an  explicit  function  of  x,  y  and  z,  where  z  is  a  function  of 
x  and  y^  that  the  differential  coefficients  of  u  may  be  found. 

^      du      /du\      fdu     dz 
For     -=    --    +    -- 


dy~dy        \dz'dy 
<Pud2u\         d*u    dz        <Fu\   dz* 


tfu       d?u 


d*u    dz     f^u\   dz3      (du\   d?z 
+    d^dy'fy+  \dz2)'d^+  \d~z)'  df 


d*u       d?u        d2u    dz       d*u    dz 
dxdy     dxdy     dxdz'  dy     dydz'  dx 
(Fu\    dz   dz     dx    d*z 


,.,  ,  .  ,     dz     dz     d2z     d?z       d?z  ,      .       . 

1  rom  which  -=-  ,  -j-  ,    -=-5  ,    -=-s  ,     T   T    may  be  found. 
dx     dy*   dx29   dy2'   dydx 

By  a  similar  process  the  differentials  of  the  third  and 
higher  orders  may  be  obtained. 
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Elimination  by  means  of  Differentiation. 

113.  We  have  seen  that  if  a  constant  quantity  be  con- 
nected with  the  function  by  the  signs  ±,  it  disappears  from 
the  differential  coefficients.  Should  it  however  be  multiplied 
into  the  function  or  any  term  of  the  function,  it  will  still 
appear  in  the  value  of  the  differential  coefficient. 

Thus  if  u  =  0  be  a  function  of  x  and  y,  involving  a  con- 
stant ff,  both  u  =  0  and  du  =  0  will  contain  a,  but  between 
these  two  equations  it  may  be  eliminated,  and  an  equation 
will  arise  independent  of  a,  which  is  called  a  differential 
equation. 

Thus,  let  y  =  ax*  ;     .'.  ^  =  2ax  =  ^-; 
dx  x 

an  equation  from  which  a  has  disappeared. 

Irrational  and  transcendental  quantities  may  also  be  eli- 
minated by  differentiation. 

Thus,  let  y  =  (a2  +  x2Y; 


(a*  ,  r*       -  _ 
'a 


If  there  be  two  constants  as  a  and  b  involved  in  the 
equation  J/  =/(#);  then  the  equations  u  —  0}  du  =  0}  andd2u—0 
must  be  combined,  to  eliminate  them. 

Ex.  1.     u  =y  -  ax2  -  bx  =  0,  or  y  =  ax*  +  bx  ; 

du  ,    d2y  7     du        d2?/ 

.•.  -:y-  =  2ax  +  b;  T2  =  2a;    ^=-4--y-A\ 
dx  'da?  dx        dx*' 

x2  cPy        dy 
- 


.         _  4.- 

"do*     x'dx      x*~ 

-I      Ex.  2.    y  —  a  .cosmx  +  b.&mmx;  eliminate  a  and  b. 

dy 

-Z  =  -.  ma  sm  mx  +  mb  cos  mx, 
dx 

dzy 

•^~=  —  ma  cos  mx  —  m'b  sm  mx 

=  —  m2  {a  cos  mx  +  b  sin  mx}  =  —  m*y  ; 
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Ex.  3.    y  =  ae*x  sin  (Sx  +  b)  ;  eliminate  a  and  b. 

-j-  =  2ae**  sin  (Sx  +  b)  +  3ae**  cos  (Sx  +  b) 
dx 

=  2y+3y  cot  (Sx  +  b), 

-jjt  =  4ae2x  sin  (Sx  +  b)  +  Qae2x  cos  (Sx  +  I) 

+  6ae*  cos  (Sx  +  b)-  9a<?x  sin  (3  x  +  b) 
=  -5y  +  12y  cot  (2#  +  b) 


. 

eta2        do: 
114.     If  w  =f(xyz)  =  0,  or  .sr  =/(##);  we  may  by  means 

of  the  partial  differential  coefficients  -^  and  -7-  eliminate 

rfy  c^r 

two  quantities  from  z  =f(xy),  and  by  proceeding  to  the  se- 

cond differential,  have  three  other  equations  for  -=-;.   -7—7- 

dx*     dydx 

and  -r^,  and  therefore  five  quantities  may  be  eliminated. 

Ex.  4.     Let    z  =f(ax  +  by);    eliminate    the    arbitrary 
function. 

Let  ax  =  by  =  v  •  .:  z  =f(v\ 

.  dz     dz    dv       _       dz      „.,  .         ,  dv 

and  -j-  =  -5-  •  -r-  •     ^ut  -T-  -f  (v\  an^  ~r  -  a  > 
dx     dv    dx  dv    J  ^  J  dx 

dz  dz     dz    dv 

•*•  j-  =  of  (»)  ;     -j-  =  j-  •  j-  =/  (»)  •  &i 
rfo;          v  y       ^     dv    dy    J  ^  J 

°r  ^  '  ~    =  and  a  .       =  «6  .    '» 


As  an  example.     Let  2  =  sin  (0.r  +  by); 

.:  p  =  a  cos  (ax  +  by),     q  —  b  cos  (ax  +  by)  ; 
.'.  bp  —  aq  =  0. 

Ex.  5.     Let  z=(x+y)m(f)(t;a-y3);  eliminate  the  function. 
y^  +  ^x+yrt'^-y*).  *...(!), 


104  EXAMPLES. 

Multiply  (1)  by  (y\  and  (2)  by  x,  and  add; 
.-.  yp  +  xq=m(x  +y)m(p(x*  -y2)  =  mz, 
or  py  +  qx  =  mz. 

Ex.6.     L*«- 


.'.  px  +  qy  +  z  =  0. 
Ex.  7-     Let  s  =/(y  +  ax)  +  <f)(y-  ax), 

p  =  a  -f(y 


The  equation  to  vibrating  chords. 

Ex.  8.     If  s  =  xf(a)+y<l>  (fl)  +  ^  (a)  ..................  (1), 

+  *'(«)  ..................  (2), 


where  f'(d)  =     ^       ,  to  eliminate  the  arbitrary  functions. 

Differentiate  (l)  successively  with  respect  to  x  and  y, 
considering  a  as  a  function  of  x  and  y  ; 


=  <p  (a)  +  {*/(a) 
therefore  from  (2),       =/(«); 
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_f\    *L  (3) 

•  dx1'      \dyj-dxdy-  ••'•'' 


d'z  _F,fdz 

-  - 


dydx 
whence  multiplying  crossways, 


dar    \df         dxdy    ' 
the  equation  to  developable  surfaces. 

Ex.  9-    y  =  xef*;  eliminate  c. 

xdy  -ydx  =y(\ogy  -log  x)dx. 

Ex.  10.     Eliminate  a  and  b  from  y*  =  a 
Ex.  11.     If  y=  a  sin  x  +  b  sin  Zx,  shew  that 


Ex.12.     If  z  =      +f(y  +  logx);  px-q  =  x*. 


Ex.  13. 


Ex.  14.     x*  +  y*+z*  =f(ax+by  +  z). 

(y  —  bz)p  —(x  —  az)  q  =  bx  —  ay. 

Ex.  15.     2  =  ax  +  by  +  c  ;  eliminate  a,  b,  c. 
d?z    d*y  _  fa    dfy  _ 
d^'d^~d^'d^~ 

Ex.  16.     If  z  =      (£  +  <}>  (*y),  shew  that 


CHAPTER   IX. 

Maxima  and  Minima  of  Functions  of  two 
Variables. 


115.  IF  u=f(x,y)  be  an  equation  between  the  func- 
tion u,  and  the  two  independent  variables,  x  and  y,  there 
may  be  some  particular  value  of  a?,  and  also  of  y,  which  will 
make  the  function  greater  or  less  than  the  values  which 
immediately  precede  or  follow  it.     It  is  then  a  maximum 
or  minimum.     We  proceed  to  find  the  relation  between  the 
differential  coefficients,  when  this  circumstance  takes  place. 

116.  Let  ?jj  be  the  value  of  u,  when  x  +  h  and  y  +  k 
are  written  for  x  and  y  respectively  ;  and  it2  the  value  of  u, 
when  x  —  h  and  y  —  k  are  substituted  for  the  same  quantities. 

Also  put  A  for  ^  ,  B  for  -£%-  ,  and  C  for  ^s  .     Then 
dx*  '  dydx  dy* 

Ul  =  u  +  ^h  +  ^  k  +  l  {Ah2  +  2Bhk  +  Ck2}  +  &c. 

and  uz  =  u  -  (^  h  +  ^  k\  +  1  {Ah2  +  2Bhk  +  Ck2}  -  &c. 

Now  since  the  values  of  h  and  k  may  be  assumed  so  small 

that,  (as  long  as  the  differential  coefficients  -=-  and  —  -  remain 

dx          dy 

finite)  the  algebraical  sign  of  wt  -  u  and  us  —  u  will  depend 
upon  that  of  the  term  (  -r-  h  +  —  kj  ,  it  is  manifest,  that  if 

this  term  exist,  n1  —  u  and  u2  —  u  cannot  be  both  positive  or 
both  negative,  or  there  cannot  be  a  minimum  or  maximum 

of  u.     Therefore  at  a  maximum  or  minimum  —  h  +  -:-  k 

dx        dy 

must  =  0.     A  condition  which  can  only  be  fulfilled,  since  h 
and  k  are  independent  quantities,  by  making  -j-  =  0,  and 

du 

T-  =  0.     Hence  at  a  maximum  or  minimum, 

dy 

ul-u  =  lAh*  +  2Bhk  +  Ck2  +  &c. 


C?is}  +  &c.,  if  k  =  nh. 
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Therefore  the  sign   of  ul  —  u^  and  also  of  ua  —  u>  will 
depend  upon  that  of  the  coefficient  of  — ,  that  is,  upon 

A  4-  ZBn  +  Cn2.  Hence,  this  term  must  not  change  its  sign 
whatever  be  the  value  of  n ;  which  it  will  not  do,  if  it  can 
be  put  under  the  form  of  the  sum  of  two  squares,  as 
(n  +  a)a+(3*. 

Now  A  +  2Bn  +  Cn*={CA  +  2BCn  +  CV} 


which  is  of  the  requisite  form,  if  CA  be  not  less  than  Ba :  or 
to  have  a  maximum  or  minimum  of  a  function  of  two  vari- 
ables, we  must  first  have  -7-  =  0  and  -v-  =^  0 ;  and  secondly, 
d*u  d*u  /  d*u 


117.     It  is  obvious  that  -7-,  and  -=-3  must  have  the  same 
da?          dya 

algebraical  sign ;  and  also  if  they  be  both  negative,  u  is  a 
maximum,  if  both  positive,  u  is  a  minimum. 

If  the  second  differential  coefficient  of  w  =  0,  when  the 
first  does,  there  will  not  be  a  maximum  or  minimum,  unless 
the  third  differential  coefficient  vanishes,  and  the  fourth  nei- 
ther vanishes  nor  changes  its  sign,  whatever  be  the  value 
of  n. 

Ex.  1 .     Let  u  =  xz  +  y*  —  3axy, 

du      -  °     -         0-      •      =- 

a  ' 


.-.  x  =  0,  and  .r3  -  a3  =  0  ;  whence  x  =  a  ;  the  other  two  roots 

yfl 

e  ;  and  y  =  — 
d*u  d*u 


are  impossible  ;  and  y  =  —  =  a;     or  =  0. 


A1 

Also 

ltx  =  0,    A  =  0,      (7  =  0,    and  B--3a. 
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Ifx  =  a,    A  =  6a,    C=6a,          B  = 
AC  =  36a\     and  B2=9a2; 
.-.  x  =  a,  '.'  A  is  +,  gives  a  minimum,  and  u 
gives  neither  a  maximum  nor  minimum. 

Ex.2.     u  =  x*yz(a-x-y). 


—  a     x  = 


3a  -  Sx  - 


.-.  a-x-y  = 


a 

T  *  =  2' 
a 
3 
a     a     a 


2      3~69 


d2 u 


a*      a? 


=      ,  and  *•  =        ;     ••• 


s 


,  c*       u       u         u  .  .    . 

and  M  =  — x  — x^=  — —  is  a  maximum,  v  A  is  — . 

Ex.  3.  Inscribe  the 
greatest  triangle  within  a 
given  circle. 

R  the  radius, 

a,  bj  c  the  sides, 

But  ?<  =  ^.sin^ 


and  6  =  2/2.  sin  0; 

c  =  2^.  sin  0 ; 
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/.  u  =  %R2  sin  6  sin  0  sin  (0  +  0)  =  maximum  ; 
.-.  ~  =  2.R2{cos  6  .  sin  (0  +  0)  +  sin  0  .  cos  (0  +  0)}  sin  0  =  0, 

and  -T7  =  2jR2{cos0.sin(0  +  0)  +  sin0.cos(0  +  0)}  sin0  =  0; 


.'.  sin  (0  -f  20)  =  0  =  sin  w,  and  sin  (0  +  20)  =  0  =  sin  TT  ; 

/.  0  +  20  =  TT,   and  0  +  20  =  TT  ; 

.-.  6-0  =  0,   or  0  =  0;     .-.  30  =  7r,   and  0  =  60°=0, 
and  .•.  ^4  =  60°;  and  the  triangle  is  equiangular. 

Ex.  4.     Inscribe  the  greatest  parallelopipedon  within  a 
given  ellipsoid. 

Let  2,r,  2y,  2s  be  the  edges, 
2«,  26,  2c  the  principal  diameters  of  the  ellipsoid  ; 

Z*        X3        V* 

.-.  u  =  8xyz,   and  -^  +  -2  +  ^  =  l; 


du  dz 

-j-  =  8x2  +  8t/x  -j  -  =  0. 
4f  *    <fy 

^  ^  dz         x  c*          ,  dz        y   c2 

But  -T-  =  —  .  —  ,  and  -=-  =  -  £  .  r 

(£c         s  a8  rfy         2    J3 

x2  c*  y2  c2 

•^-7-^  =  0'and^^T2 

z2     x2          ,  z*     y2  x2 

--- 


But  if  F=  volume  of  ellipsoid  ;    r=  - 

3 

2F 
/.  w  =  —  T^  or  «  :  V  ::  2  :  7 
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Ex.  5.     If  u  =  x*  +  y  -  4a#y2  ;    find  x   and  y,    when 
u  =  maximum  or  minimum. 


and  x  =  0;   y  =  0;   give  minima. 
Ex.  6.     u  =  a  {sin,r  +  siny  +  sin  (or  +  #)}• 

Js 

x  =  60  ;  y  =  60  ;    give  u  =  3a  ^—  a  maximum. 

Ex.  ?.  Given  the  perimeter  of  a  triangle,  shew  that  its 
area  is  greatest  when  it  is  equilateral. 

Ex.  8.  Divide  a  quantity  a  into  three  such  parts  x,  y,  z, 
that  u  =  xmynzp  may  be  a  maximum  ;  and  shew  that  it  is  a 
maximum  and  not  a  minimum. 

ma  na  pa 

x  =  -  :    y=—      -  :    z  =  -  —     —  . 
m  +  ?i+p  m  +  n+p  m  +  n+p 

Ex.  9.  Given  the  surface  of  a  rectangular  parallelo- 
pipedon  ;  find  when  its  content  is  a  maximum. 

If  a,  y,  z  be  the  edges  of  the  solid  : 
Surface  =  2xy  +  2xz  +  Zyz  =  6a*f 

and  u  =  xyz  a  maximum, 
whence  x  =y  =  z  =  a  •   and  solid  is  a  cube. 

Ex.  10.     If  the  content  of  the  rectangular  parallelopipe- 
don  be  given,  find  its  form  when  the  surface  is  a  minimum. 
It  is  a  cube,  as  in  the  preceding  question. 

Ex.  11.     Let  u  =  ax  +  by  +  cz  a  maximum, 
and  xs  +  y*  +  2s  =  1  ;    find  x^  y,  z  ; 

.'.  u  =  ax  +  by  +  cjl  —  x*  —  y*  ; 

du  ex 

.'.  -7-  =  fl  --  =0;    .*.  az  =  cx* 

dx  z 


z  = 
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Ex.12.     u  =  (x+  l)(ty  +  l)(z-Hl); 

a  maximum  where  A  =  arbycg 
log  Abe  —  2  log  a  (log  Abcaf 


27  log  a .  log  b .  log  c  * 

Ex.  13.     Given  the  radius  of  a  circle  described  about 
a  triangle ;  find  its  form  when  the  perimeter  is  a  maximum. 
If  6  and  0  be  two  of  the  angles,  and  if  r  be  the  radius 
of  the  circle, 

u  =  2r  {sin  6  +  sin  <j>  +  sin  (6  +  <£)}  ; 
whence  6  =  <f>  =  60  ;    and  the  triangle  is  equilateral. 

Ex.  14.  Given  the  sum  of  the  three  axes  of  an  ellipsoid; 
find  them  when  the  volume  of  the  ellipsoid  is  greatest. 
If  2x,  2y,  Zz  be  the  three  axes, 

4 
u  =  -  -jrxyz,  a  maximum, 

o 

and  2,r  +  2y  +  2z  =  6a,  the  given  length ;  whence 
x  =y  =  z  —  a,  and  ellipsoid  becomes  a  sphere. 

Ex.  15.  Find  that  point  within  a  triangle,  from  which 
if  lines  be  drawn  to 
the  angular  points, 
the  sum  of  their 
squares  shall  be  a 
minimum. 

Let  ABC  be  a 
triangle,  and  P  a 
point  within  it,  a,  b,  c, 
the  sides  of  the  tri- 
angle. 

Draw  PN,  AD  perpendicular  to  CB ;   join  AP,  BP, 
CP. 

JjetCN=x;  NP=y;  then  AD  =  b  sin  C ; 

Then  CP2  =  #*  +  v2;  BP3  =  u*  +  (a-xV=v 


=  bcosC. 


x*  +y*-2b  (x  cosC+y  sin  (T)  • 

C  +  y  sinC); 


The  point  P  is  the  centre  of  gravity  of  the  triangle. 
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Ex.  16.  Find  a  point  within  a  triangle,  from  which  if 
perpendiculars  be  let  fall  upon  the  sides,  the  sum  of  their 
squares  shall  be  a  minimum. 

ABC  the  triangle  as  before,  P  the  point  within  it,  draw 
PN,  PM,  PQ  respectively  perpendicular  to  CB,  CA,  AB. 
Let  CN=x;   PM  =  p; 
NP=y;    PQ  =  q; 
then  u  =  yz  +  p*  +  q2. 

Now  if  3  be  the  perpendicular  from  a  point  (a,  /?)  on 
a  line  y  =  mx  +  b, 

j3  —  b  —  ma 


3  = 


(1°) 


0; 


p;    (3=y;    a  =  x;    b 

y  —  x  tan  C  .     ~ 

=  y  cos  C  —  x  sin  C. 


C; 


secC 

(2°)     If  %  =  q;    m  =  -tanl 
_ff-(a-.r)tang_ 
'*•  q~  secB          "• 

.-.  u=y*  +  (y  cosC-x  sin  C)2  +  {y  cos  B-(a-x)  sin  U}2, 

a  sin  A  .  sin  1? .  sin  C 
whence  y  =  g  ^  _  co§2  ^  ^  c  +  sin  5  ,  sin  c .  cos  ^ ,  cos  Q 

«6c  sin  ^4 


and  .•.  p 


abc  sin  5 


sin  C 


Ex.  17.  Find  a  point  P  within  a  quadrilateral  figure 
ABCD,  from  which  if  lines  be  drawn  to  the  angular  points, 
the  sum  of  their  squares  shall  be  the  least  possible. 
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x;    NP=y; 

a  -  x)2  +  (b  sin  B  -y)2  +  (a  -  x  -  b  cosB)2 

+  (c  sin  A  —  y}2  +  (x  —  c  cos  A)* 
a  -  xf  -  Zb  {y  sin  B  +  (a  -  x)  cos  B} 
+  b2  +  c2  -  2c  (y  sin  A  +  x  cos  A)  ; 
whence  x  =  J  (2a  +  c  cos  A  —  b  cos  JB), 
y  =  1  (c  sin  A  +  b  sin  B). 

cPu  d?u        d*u 

Also   v  -7-=  =  8  =  -r-^  j    T— 5-  =  0 :    w  is  a  minimum, 
aj;  aw        dxdy 

Ex.  18.  Of  all  triangular  pyramids  of  a  given  base  and 
altitude,  to  find  that  which  has  the  least  surface. 

Let  0,  b,  c  be  the  sides  of  the  base,  h  the  altitude  of  the 
pyramid,  0,  <p,  ^s  the  inclination  of  the  faces  to  the  base. 

Then  because  if  p  be  perpendicular  from  vertex  on  the 
side  a,  psin0  =  A,  and  area  of  face  =  ±ap  =  ^  ah  cosec0; 

+  c  cosec\^) (l). 


Also  since  the  base  of  the  pyramid  may  be  divided  into 
three  triangles,  whose  altitudes  are  respectively 

h  cot  0,   h  cot  0,   h  cot  \/^  ;    if  w2  be  its  area, 
ma=±h  (a  cot  6  +  b  cot0  +  c  cot-v//-)  .........  (2), 

from  which  combined  with  (1)  a  minimum,  we  have  6  =  <p  =  \fs, 
or  the  faces  are  equally  inclined  to  the  base. 

Ex.  19.  Two  points  P  and  Q  are  given  above  a  plane; 
find  a  point  R  in  a  plane,  such  that  PR  +  RQ  may  be  a 
minimum. 

Let  the  given  plane  be  that  of  xy  ;  from  P  and  Q  draw 
lines  perpendicular  to  it,  let  the  axis  of  z  pass  through  P, 
and  the  axis  of  x  pass  through  the  foot  of  the  perpendicular 
from  Q. 

Then  if  c  =  the  co-ordinate  of  P,  a  and  b  that  of  Q, 
x  and  y  of  R  • 
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From  (2),  y  =  0,  and  therefore  the  point  R  is  in  the 
axis  of  x. 

T  ft  •—  X 

From  (1),  ~y     =  ~W'>    or   tne   cosines  of  the   angles 


which  PR  and  QR  make  with  the  axis  of  x  are  equal, 
x  a  —  x  ac 

''  =  =  * 


118.  When  u=f(xyz)  is  a  maximum  or  minimum,  -we 
must  put  —  =  0;  -»-  =  0  ;  T~  =  0j  an(^  ^e  equation  of  con- 
dition is  (AC-  B2)(AD  -  £2)  >  (AF  -  BE)2*, 

.     d2u       ~      d*u         „    d?u 
where  J  =  -7-5  ;     J5  =  -—-7-;     C=,—2> 

dx2  '  dydx  '  dy2 

,    ^     d*u  d?u        T-,      cPu 

and  D  =  ^-a;    E  =  -j-^-\    F  =  --=-. 

dz2  '  dzdx  dzdy 

Ex.  20.    w  =  ax*y3z*  -  x*ifz4  -  x*y*z*  -  x2y325  =  a  maximum. 


Ex.  21.     W  =  --  7  —  —    -  r-=  maximum, 
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CHAPTER  X. 
Equations  to  Curves. 


119.  WE  proceed  to  treat  briefly  of  the  equations  to  a 
straight  line,  to  the  circle,  the  conic  sections,  and  some 
other  curves,  which  will  be  frequently  referred  to  in  the 
succeeding  pages ;  but  for  complete  investigations  of  the 
properties  of  the  conic  sections  and  curves  in  general,  we 
must  refer  to  works  expressly  written  on  these  subjects : 
since  the  object  of  this  Chapter  is  merely  to  furnish  the 
student  with  such  a  knowledge  of  the  nature  of  certain 
curves,  as  may  make  the  applications  of  the  Differential 
Calculus  to  them  obvious  and  interesting. 


The  Straight  Line. 

120.     Find  the  equation  to  the 
straight  line. 

Ax,  Ay  the  two  axes  of  x  and  y} 
BfcJLtoFKT. 


PCA=6 
Then^ 


or 


y-b_ 


=  ?w,  by  writing  m  for  tan0; 


COR.  1.     If  the  line  be  drawn  through  a  given  point; 
let  a  and  (3  be  the  co-ordinates  of  the  point;  .*.  if  x  =  a, 

y=P-> 

.'.  (3  =  ma  +  b,   and  y  =  mx  +  b; 


COR.  2.     If  the  line  be  drawn  through  the  origin,  b  =  0  ; 
.'.  y  —  mx  is  the  equation  to  a  line  drawn  through  A. 

121.     If  two  lines  intersect,   find  the  point  of  inter- 
section. 

12 
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Let  y  =  mx  +  b,  and  y  =  m^x  +  bi  be  the  equations  of  the 
two  lines  ;  then,  at  the  point  of  intersection,  the  values  of 
the  co-ordinates  are  the  same  for  both  lines  ; 


.'.  mx  +  b  =  m±x  -f  61  ;     x  — 

i  —  mb      ,      mb, 


and      = 


122.  Find  the  equation  to  a  line  passing  through  two 
given  points. 

Let  y  =  mx  +  b  be  the  equation  to  the  line  where  m  and 
b  are  to  be  determined. 

a  and  /3,  av  and  /3:  the  co-ordinates  of  the  two  points  ; 


But  v  y  =  mx  +  b,   and  (3  =  ma  +  b  ; 


123.     To  find  the  angle  which  two  straight  lines  make 
with  each  other  at  the  point  of  intersection. 

y  =  mx  +  b,    and  y  =  m^x  +  bi , 
the  equations  to  the  two  lines. 
PQR  and  PlQJtl  the  lines. 
From  A  draw  An  parallel  to  PR, 
and  Am  parallel  to  P'R'; 

.*.   /  ?iAm  = 
.-.  PQP' '=  nAx  -  mAx 

=  tan"1  m  —  tan"1  m\ , 

and  tan PQP'=  m~m   . 
1  +mml 

COR.  1.     If  the  lines  be  parallel,  PQP'  =  0 ;  m  -  m,  =  0; 

and  m1=m; 

> ,  are  the  equations  to  two  parallel  lines, 
and  y  =  mx  +  b1) 

COR.  2.     If  the  lines  be  perpendicular, 
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.*.  1  +  mml  =  0,  and  ml  = ; 

01 

therefore,  if  y  =  mx  +  b  be  the  equation  to  a  line, 

9—1-*+** 

is  the  equation  to  a  line  perpendicular  to  it. 

124.  Find  the  equation  to  a  line  drawn  through  a  given 
point  perpendicular  to  a  given  line. 

y  =  mx  +  b,  the  equation  to  the  given  line,  a  and  /3  the 
co-ordinates  of  the  given  point ; 

.*.  y  = a;  +  bi  is  the  equation  to  the  perpendicular, 

also  (3  = a  +  blf  since  it  passes  through  (a,  ft) ; 

•'•  (y~P}  = (x  —  a)  '1S  tne  equation  required. 

125.  Find  the  perpendicular  distance  of  a  given  point 
from  a  given  line. 

y  =  mx  +  b  the  equation  to  the  given  line,  and  (/?,  a)  the 
given  point; 

V.(jf-/3)— ;;(*-«) 

is  the  equation  to  a  perpendicular  from  a  given  point  upon 
the  given  line. 

Then  if  I  be  the  distance  required,  and  yi  and  xl  the  co- 
ordinates of  the  point  of  intersection  of  the  given  line  with 
the  perpendicular, 


But  mxl  +  b=(3-^  — ; 
m 

r   a       \        a  L  mP  +  a  —  mb 

m2  +  1       ' 
m      t  n     , 


the  upper  or  lower  sign  being  taken  according  as  the  nume- 
rator is  positive  or  negative. 
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COR.  1.     If  the  point  be  the  origin,  then  a  =  0  ;  {3  =  0  ; 
b  y  —  mx 

Jin2  +  1      ^m2  +  1 
=y  cos  6  —  x  sin  0, 

since  m  =  tan  6f   and  ,Jm*  +  1  =  sec  6. 
COR.  2.     If  the  line  pass  through  the  origin,  6  =  0; 

.*.  d  =  ^-j=    =^  =  ficosO  —  a  sin0. 
Jnf+l 

COR.  3.     If  neither  the  point  be  in  the  origin,  nor  the 
line  pass  through  it, 

3  —  ma—    +  mx 


=  (/3  —  y)  cos  6  —  (a  —  a;)  sin  6. 

126.  Find  the  equation  to  a  straight  line,  which  cuts 
the  axis  of  y  at  a  distance  b  from  the  origin,  and  the  axis  of 
a:  at  a  distance  a  from  the  origin,  in  terms  of  b  and  a. 

y  =  mx  +  b  the  equation  to  the  line, 
when  x  =  0,    y  =  6, 


.*.  y  —  —  x  +  b  ;     or      +  -  =  1,  is  the  equation. 


127.  The  circle  is  a  curve  of  which  the  property  is, 
that  every  point  in  its  circumference  is  equidistant  from 
the  centre. 

Let  a  and  ft  be  the  co-ordinates  of  the  centre, 

x  and  y  of  a  point  in  the  curve  ;  a  =  radius. 
Then  the  distance  between  two  points  a,  /?,  and  x,  y 

=  J(x-a)2+(y-W  =  a; 
.:  y2  +  a*  -  2/3y  -  <2ax  +  a3  +  ft2  -  a2  =  0, 
is  the  equation  to  the  circle. 

COR.  1.  If  the  origin  be  in  the  circumference,  and  the 
axis  of  x  pass  through  the  centre, 

/3  =  0,     a  =  a ;     .-.  y2  +  x2  -  Zax  =  0,   or  y2  =  '•Lax  -  3?. 
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COR.  2.     If  the  origin  be  in  the  centre, 
a  =  0,     /3  =  0;     .*.  if  +  a?  —  a*=0)   and  yz  =  a2  —  x2. 

T/ 


128.  If  S  be  a  point  in  the  circumference  of  a  circle, 
to  find  the  equation  between  SP  and  a  perpendicular  on 
the  tangent,  SY. 

Join  OP  and  draw  SN^-PO  produced, 

SP=r;     SY  =  p;     OP  =  a;     then  SY=PN. 
Now  SP*=S03+OP2  +  20P.ON; 
.*.  r*  =  2a* +  2a(p-a)=2ap; 

.:  p=  —  the  equation  required. 


The  Parabola. 

129.     If  from  a  fixed  line  QDq  perpendicular  lines,  as 
QP,   be   drawn,   intersecting  lines 
equal  in  length,  but  drawn  from  a 
fixed  point  S,  the  locus  P  is  the 
parabola. 

Draw  £D  _L  Q?,  bisect  SD  in  A, 
then  the  curve  passes  through  A. 
Let  SA  =  AD  =  a, 

x,    NP=y. 
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Now  QPorDN=SP;     .-.  DA  + 


.'.  (a  +  #)a  or  (x  -  of  +  4>ax  =  ys+(x-  a)* ; 


130.     The  polar  equation.     Let  SP  =  r,  /  ASP 
Then  r  =  D N  =  20  +  SN  =  20  +  r  cos  PSN 
=  <2a  —  r  cos  6 ; 

20  a 

~  1  +  cos  6  ~       2  0  * 

cosi 


Ellipse. 

131.     If  from  two  fixed  points  S  and  H  two  lines  SP 


and  PH  be  drawn  and  intersect,  and  SP  +  PH  =  a  constant 
line,  the  locus  of  P  is  the  ellipse. 

Let  SP  +  PH=2a.  Bisect  £#  in  C,  and  take  C^  = 
CM  =  0,  the  curve  passes  through  A  and  3f.  Through  C 
draw  jBC6  JL  to  SH.  With  centre  *S  and  radius  =  a  cut 
this  line  in  the  points  B  and  6,  the  curve  will  pass  through 
B  and  5,  since  HB  and  #6  each  =  a ;  make  CB  =  b,  and 
let  CS  :  CA  ::  e  :  1;  .'.  CS  =  ae,  which  is  called  the 
eccentricity. 

Let  CN=x;     NP=y;     SP=D;     HP  =  Dl-, 

.'.  D2  =  SN2  +  NP2  =  (ae  +  xf  +  y\ 


But 


,   and  D2  -  D,2  = 
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.*.  D  =  a  +  ex,  and  Dl  =  a  —  ex ; 

.-.  D2  +  D^  =  2a2  +  2eV  =  2  (aV  +  x2  +  /) ; 

...  y  =  a*.  (1  -  e2)  -  #2.  (1  -  e2)  =  (1  -  e2)  (a2  -  ^). 

CS2     a2-CS2     SB2-CS2     b2 

But  l-e2=l r  = s —  = i =  -5 

a2  a2  a2  a2 

•'•  #2  =  -2  («2  -  #2) ;   and  fi  +  ~i  =  1- 


COR.  1.     If  A  be  the  origin.     Make 

.*.  xv  =  a  +  xy    or  x  =  xv  -  a  ; 
.•.  a2  —  x2  = 


132.     If  S  be  the  pole,  and  ASP  =  Q,  and  SP  =  r; 
-.  (2<z  -  rf  =  HP2  =  HN*  +  NP*  =  (2ae  -  SN)2  +  r2  sin2 

and  SN=rcosPSH  =  -rcosd; 
:  4a2  —  4«r  +  r2  =  (2ae  +  r  cos  0)2  +  r2  sin2  0 
=  4aV  4-  4aer  cos  6  +  r2  ; 


1  +  e  cos  0 

133.     If  C  be  the  pole,  CP  -  r,  and  PCM  =  0. 
Then  ,r  =  rcos0, 


•.  r 


Hyperbola. 

134.     If  the  difference  between  SP  and 
stant,  the  locus  of  P  is  the  hyperbola. 


x     s 


be  con- 
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Let  the   difference   be    20;    bisect    SH  in    C.     Take 
CA  =  a  =  CM,  the  curve  passes  through  A. 

.^.p  ~     |  .     Let  CS  =  e.CA  =  ea,  where  e  >  1. 

Then  HP2  =  HN2  +  NP2  =  (ea  +  x)2  +  f  =  A2, 
SP2  =  SN2  +  NP2  =  (ea  -  x)2  +  /  =  D2  ; 

;     D2-D2=4!aex. 


^  =  a  +  &r,  and  Z)  =  ex  —  a  ; 


=      .  (tf2-  a2)  ;    making  I2  =  a2  (e2  -  l)  ; 


COR.  1.     If  A  be  the  origin,  and  AN  =  x1;    .:  x  =  xl  +  a. 
.'.  a?  +  a  =  .TJ  +  2a  ;    x2-  a2  =  x2 


and  /  =  ^i(2^1  +  a?13). 

135.     To  find  the  polar  equation,  S  being  the  pole. 

SP  =  r,     tASP=Q. 
Then  (2«  +  r)2  =  HP2  =  PN2  +  HN2 


=  r2  sin2  6  +  (2ae  -  r  cos  0)2  ; 
.*.  4a2  +  4ar  +  r2  =  r2  +  4flV  —  4«er  cos  6  ; 


1  +  e  cos  0  " 

136.     Let  C  be  the  pole;    CP  =  r; 

.*.  a:  =  r  cos  0,    and  ^  =  r  sin  6  ; 


2      "" 


ab  b 
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137-  The  asymptotes  being 
the  axes,  and  the  centre  the  ori- 
gin, find  the  equation  to  the 
hyperbola. 

The  asymptotes  are  lines,  as 
CO  and  Co,  drawn  through  the 

centre,  making  an  angle  =  tan"1  - 

with  the  axis  of  the  hyperbola. 

CN=x, 
and  OCA  =  oCA 


Draw  Mn  JL  to  CAN,  and  Pm  _L  to  Mn. 

Since  HP  is  parallel  to  Co,  and  Pm  to  CN,  .:  L  MPm=0. 

Now  x  =  Cn  +  nN  =  x^  cos  6  +  yl  cos  0  =  fa  +  yj  cos  0, 
y  =  Mn  —Mm  =  xl  sin  0  —  y^  sin  0  =  (xv — y^  sin  0 ; 


But  tan0  =  -; 
a 

cos80         1 
'*'     a* 


COB.     If  the  hyperbola  be  rectangular, 
b  =  a,  and  x,yl  =    - . 


The  Cissoid. 


138.     AQB    is   a 
semicircle.     Take  AN 
and  BM  equal.    Draw 
the  ordinates  NQ,MR. 
Join  AR  cutting  NQ 
in  P.    The  locus  of  P 
is  the  cissoid. 
AN  =  x,   NP=yf 
AB  =  2o. 
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AW  _  AM* 

JN  OW     V7  v,2  ~~    71/T  E>2 


AM3 


AM 


NP2  ~  MR*     AM .  MB     MB ' 


or  -5  = 


Za-x 

x     ' 


139.     To  find  the  Polar  Equation. 
AP  =  r,     tPAN=0,    x  =  rcos0, 

ya     sin  *Q          x  r  cos  0 


2a-x  ~  2a  -  r  cos  6  ' 
=  r  cos  6  (sin20  +  cos20)  ; 
sin  6 


cos  0 


.  sin  6  =  2a  tan  6  .  sin  6. 


The  Conchoid  of  Nicomedes. 

140.      The  line   CP  re- 
volves round  a  fixed  point  C,     u 

cutting  the  line  ARN:  RP  is 
always  of  the  same  length ;    M 
then  the  point  P  will  trace 
out  the  conchoid. 
Let  CA  =  a, 


MP2  =  AR*  _  RN2 
CM2~  CA*~  NP* 

_RP2-NP* 
-tfp* » 


or 


(a+x? 


COR.     Let  CP  =  r,     z  PCM  =  0, 


a 

COS0  * 
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The  Witch. 


141.  AQB  is  a  semi- 
circle, and  NP  is  taken  a 
fourth  proportional  to  A  A7, 
AB,  and  NQ. 

Then  the  locus  of  P 
is  the  Witch  of  Agnesi. 

AN=x, 
AB  =  2a; 
NP=y; 


142.  The  Logarithmic  Curve. 

In  this  curve,  the  abscissa  is 
the  logarithm  of  the  ordinate,  B 
or  if  a  be  the  base  of  the  sys- 
tem, the  equation  to  the  curve 


or  the  ordinate  through  the  origin  is  always  unity. 

143.     The  Quadratrix  of  Dinostratus. 

While  the  ordinate  RN  of  the  quad- 
rant AQB  moves  uniformly  from  A  to 
J5C,  the  radius  revolves  from  CA  to  CB, 
cutting  RN  in  P ;  the  locus  of  P  is  the 
curve  required. 

AN  =  x,  CB  =  a, 


Then  0  :  -  ::  x  :  a;     .-.  0  =  —  ; 

PN        y  irx 

-77irr  =  -^—  =  tan0  =  tan  — ; 
•CN     a-x  %a' 
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COR.     When  x  =  a-,  y=Cb  =  —  ,  which  is  a  third  pro- 
portional to  the  quadrant  and  radius. 

144.    If  RN  move  as  before,  and  a  line 
as  QPM  parallel  to  AC  move  from  AC,  so      Q 
that  Q  moves  uniformly  through  AQ,  the 
intersection  P  of  .RN  and  QM  will  trace 
the  Quadratrix  of  Tschirnhausen. 

Here  AQ  :  AQB  ::  x  :  a  ; 


—  J  =  a.sin  —  is  the  equation. 


145.  If 
be  a  straight  line 
bisected  in  C,  and 
if  SP  and  HP 
revolve  round  S 
and  H,  and  inter- 
sect in  P,  so  that 
SP*HP  =  CS  •, 
the  locus  of  P  is 
the  Lemniscata. 


Lemniscata. 


H 


CN=x; 


SP  =  JPN2  +  SN* 
HP 


*  +  (a  +  x)*, 


COR.     If  CP  =  r;  and 

Then  ,r  =  r  cos  0 ;    y  —  r  sin  6 ;     x2  +  y*  =  r* ; 

s2a-sin2^        .-.  r2  =  2a2cos20. 
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The  Cycloid. 

146.     The  Cycloid  is  described  by  a  point  in  the  cir- 
cumference of  a  circle,  which  rolls  along  a  horizontal  line. 


Let  BQD  be  the  circle,  0  the  centre ;  and  when  its  di- 
ameter is  perpendicular  to  the  horizontal  line  at  A,  let  the 
point  P,  which  generates  the  curve,  also  be  at  A. 

Then  Ab  must  =arc  P6,  since  each  point  of  Pb  has 
been  in  contact  with  each  successive  point  of  Ab. 

147.     Let  AN=x,  BD  =  2a, 

NP=y,  tQOB  =  e; 

.«.  x  =  Ab-Nb  =  aQ-asmQ  =  a(d-  sinfl); 
/.  y  =  bm  =a  ver.  sinfl  =  a(l  —  cos0); 

an  algebraic  equation  cannot  be  found  between  x  and  yt  but 
a  differential  equation  may ;  for 


148.     To  find  the  equation  from  the  vertex  D. 

Let  DM  =  x;    MP  =  y;     /DOQ  =  0. 
Join  Pb  and  QB,  then  these  being  equal  and  parallel, 


Then  y  =  PM  =  MQ 


=0(l-cos0). 
149.     Since  x  =  a  ver.  sin  6;     .-.6  =  ver.  sin-1  -  ,  and 
a  sin  6 
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the  equation  most  commonly  used. 

150.  From  (2°)  may  be  derived  a  mechanical  method 
of  describing  the  cycloid;    for  the  point  P  is  found  by 
drawing  MP  perpendicular  to  DB,  and  equal  to  the  sum  of 
the  ordinate  QM  and  the  arc  DQ  of  the  circle. 

151 .  If  we  take  MP  equal  to  DQ  only,  then  the  locus 
of  P  is  a  curve  called  the  Companion  to  the  Cycloid :  and 


x=a(\  —  cos0)  ; 


dx 


! 


The  Trochoid. 

152.  The  trochoid  is  the  curve  traced  by  a  point  B  in 
the  circumference  of  the  inner  circle  BRb,  whilst  the  outer 
circle  AQ  rolls  upon  a  horizontal  line. 

P  a  point  in  the  trochoid.     Through  P  draw  a  hori- 


zontal line  MRPm.     Take  0  and  o  the   centres   of  the 
circles. 

Draw  ORQ  and  oP. 


Let  e  =  - 
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Then  Pm=  EM,  and  /  AOQ=  z  A,oP. 
Let  OA  =  a,      A 

OB=b,      NP=y 

Then  it  is  obvious  that  arc  AQ.~AA^- 
.'.  x  =  AAl  -  NAt  =  a6-b  sin  6, 
y  =  NP  =  oAi  +  om  =  a  -  b  cos  6. 

x=a(0-esmff);    y  =  a(l  -ecosd). 


If  e  =  1  ;  the  trochoid  becomes  the  cycloid. 


The  Epicycloid  and  Hypocycloid. 

153.  If  one  circle  revolve  upon  another  circle  and  in 
the  same  plane  with  it,  the  curve  described  by  any  point 
in  the  circumference  of  the  revolving  circle  is  called  the 
Epicycloid;  but  if  the  revolving  circle  move  within  the 
other  circle,  the  curve  described  by  the  point  is  called  the 
Hypocycloid. 


K 
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A 


P  the  describing  point  of  epicycloid. 
CA  =  a;      CB  =  b; 
CN=x;     NP=y;     /  PBQ  =  0  ; 
/.  X  =  Cn  +  Nn  =  (a  +  b)  cos  6  +  b  sin  PBm. 

.*.  or  =  (a  +  b)  cos  0  —  b  cos  f  — ^ —  .  6  J ; 

y  =  Bn-  Bm  =  (a  +  b)  sin  6  -  b  sin  (— r—  .  0 )  . 

154.     If  6  be  negative,  the  curve  is  the  hypocycloid. 

fa-b    A 

.'.  x  =  (a—  b)  cos  t^  +  b  cos  (  — . — .  6  } , 
\    o         / 

and  y  =  (a  -  b)  sin  6  -  &  sin  f  ^7—  •  B  J , 
Or  thus  PBm  =  PBC-nBC=lSO-~-(90-e) 
=  90-^.0, 

x  =  (a  -  6)  cos  0  +  b  sin  PZ?wz 
=  (a  - 1)  cos  0  +  I  cos  ( -r—  •  6  J  , 
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y=(a-b)  smO-bcosPBm 


155.  If  the  describing  point  P  be  not  in  the  'circum- 
ference, but  within  the  revolving  circle  and  at  a  distance  6, 
from  the  centre,  the  curves  described  are  then  respectively 
called  the  Epitrochoid  and  Hypotrochoid  :  and 


............  f\\ 

y  =  (a  +  b)  sin  6  —  61  sin  f  a        .  6\  I 


(2). 


156.     If  in  the  epicycloid  a  =  b, 

x  =  a  (2  cos  0  -  cos  20), 


But  x  =  a(2cos0  —  2  cos*0  +  1) 
-  cos0); 


But 

.- 
COR.     If  x  -  a  =  r  cos  #,  and  ^  =  r  sin 


the  curve  is  called  from  its  form  the  Cardioid. 

157.  To  find  the  equation  to  the  epicycloid  in  terms  of 
the  radius  vector  CP  and  the  perpendicular  on  the  tangent 
CY. 

Produce  CB  to  q  ;  join  PQ,  Pqt  then  since  for  an  in- 
stant the  revolving  circle  turns  on  Q,  the  motion  of  the  point 
P  must  be  perpendicular  to  QP,  and  therefore  in  the  direc- 
tion Pq  :  hence  qP  produced  is  a  tangent  to  the  curve. 
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Produce  qP,  and  draw  CY  JL  to  it,  and  make 
CP  =  r  ;     CY  =  p;     then  v  CY  is  parallel  to  PQ, 
PF8      qY*       , 

W2"  cy  ;      '  cv  =  a+zb'> 

r*-p*     (a  +  2b)2-p*     c*-p2 
''—</          (a  +  2b/       -^;    >tc  =  a  +  2b; 

.-.  r2c*-p2c2=a2c2-a2p3; 


COR.     For  the  hypocycloid,  c  =  a  —  2b  is  <  a  ; 


J58.  Spirals. 

(1)  The  spiral  of  Archimedes.   In  this  spiral  the  radius 
vector  varies  directly  as  the  angle  described, 

or  roc  6;  .-.  r  =  a6  is  the  equation. 
Let  a  line  revolve  uniformly 
round  S,  while  a  point  P  moves 
uniformly  from  S  along  it,  then 
P  will  trace  the  spiral  of  Archi- 
medes. 

Let  L  ASP  =  6,    SP  =  r;    and 
let  c  be  the  value  of  r  when  0=2-7r; 

/.  r  :  c  ::  6  :  2?r; 

.-.  ?*  =  ;- -6  =  a6  by  putting  «  =  ^-- 

(2)  The  logarithmic  spiral.     Here  the  a    re  described 
is  the  logarithm  of  the  radius  vector;  its  equation  is  r=ae. 

It  is  also  called  the  equiangular  spiral,  since,  as  will  be 
shewn,  it  cuts  the  radius  at  a  constant  angle. 

(3)  The  hyperbolic  spiral.     In  this  spiral  as  the  angle 
increases  the  radius  vector  decreases,  and  its  equation  is 


a 

r  =  -z 


(4)  The  lituus,  so  called  from  its  form ;  where  6  -  -$ . 

(5)  The  spiral  of  Archimedes,  the  hyperbolic,  and  the 
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lituus,  are  included  under  the  general  equation  r  =  ad",  as 
we  shall  see  by  putting  n  =  1,  - 1,  or  —  . 


The  Involute  of  the  Circle. 

159.     This  curve  is  described  by  the  extremity  of  a 
string  which  is  unwound  from  the  circumference  of  a  circle. 


A  the  point  from  which  the  string  began  to  be  unwrap- 
ped, QP  the  string  once  coincident  with,  and  therefore 
=  AQ;  PY  a  tangent  to  AP,  SY  perpendicular  to  PY,  join 
SP. 

SP=r,     SY=p,     SQ  =  a; 


.*.  a2  =  r2  —  pz ;     .•.  p2  =  r2  —  a2,  is  the  equation. 
COR.     If  0  =  sec-1  -  =  PSQ,  and  6  =  /  ASP, 


SP' 


CHAPTER  XI. 
Tangents  to  Curves. 


160.  DBF.  A  TANGENT  to  a  curve  is  a  straight  line 
which  has  a  point  in  common  with  the  curve,  but  which, 
if  produced,  does  not  cut  the  curve  in  the  neighbourhood 
of  the  point. 

Let  PP1  be  the  curve,  and  let  a  line  pass  through  the 
points  P  and  Plf  and  then  revolve  round  P,  so  as  to  make 
PI  continually  approach  to  P ;  the  position  of  the  revolving 
line,  when  Pj  coincides  with  P3  will  be  that  of  the  tangent. 


Let  AN  =  x,     Ax,  Ay  the  axes  of  a:  and  y. 

NP  =y,     QPT  the  last  position  of  the  line. 
y  =f(x)  the  equation  to  the  curve. 
yl  =  axi  +  b  that  of  the  line  through  P  and  P'. 


Then  because  the  line  passes  through  P  and  P1} 

y'-y  , 

y\—y=    , — —  •  (#1  —  &)  is  its  equation. 

X  ~""  3C 

But  «'=  f(x  +  Ji)  =  y  +  -T-h  +  Pks  ; 

•7        •/'   \  /         t7          rl **  * 


Now  since  by  the  revolution  of  the  line  (supposed  to 
pass  through  Pl  and  P),  Px  approaches  P;    therefore  h 
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decreases,  and  the  right-hand  member  of  the  equation  con- 
tinually approaches  -j-  ,   and  when  Pl   actually  coincides 

with  P,  h  =  0,  and  ~—  ^  =  -~-  ;  but  then  the  line  becomes 

x  —  x     ax 

a  tangent, 

and  yi-y  =  -r-(xi-x)  is  the  equation  required. 

COR.  1.     The  equation  to  the  tangent  may  be  written 

du  dy 

1/1=  -r-  Xi  +  y  —  x-ir* 
^l     dx         y         dx 

which  compared  with  the  general  equation  to  the  straight 
line,  y  =  mx  +  b,  gives 

dy       ,  dy 

*•  =  £;    *-9-*& 

which  shew  that  the  tangent  is  inclined  to  the  axis  of  x  at 
an  angle  whose  tangent  is  -=f  ,  and  it  cuts  off  from  the  axis 

of  y  a  line  =y  —  x~j-;  from  the  former  circumstance  the 

Differential  Calculus  has  been  called  the  Method  of  Tan- 
gents. 

COR.  2.     Hence  AD  =  y  —  x  -jf-  ,  and 


.  ..  -. 

AT  dx  y  dy 

COR.  3.     We  may  deduce  AD  and  A  T  from  the  general 
equation  ; 

let  ^  =  0;        .-.  yi 


or  if  these  values  be  called  y0  and  x0, 

dy  dx 

which  are  the  parts  cut  off  from  the  axes  by  the  tangent. 

Hence,  find  -j-  from  the  given  equation,  then  AD  and 
AT  may  be  found;  join  TDy  it  produced  is  the  tangent. 
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COR.  4.     If  the  axes  be  oblique,  we  shall  obtain  similar 
results,  but  -^  will  not  be  the  tangent  of  PTN,  but  the 

ratio  of  the  sines  of  the  angles  the  tangent  makes  with  the 
axes. 

COR.  5.     The  line  NT  is  called  the  subtangent,  and  is 
useful  in  drawing  the  tangent, 


and  NT  =  AN+  AT  =  x  +  y--x  =  y. 
y  dy  y  dy 

Hence  to  draw  a  tangent,  find  the  value  of  NT.     Join 
P,  T,  and  we  have  the  tangent  required. 

COR.  6.     The  length  PT  of  the  tangent 


161.  DEF.  A  line  PG  drawn  from  the  point  of  con- 
tact P,  perpendicularly  to  the  tangent,  and  meeting  the 
axis  in  G,  is  called  the  normal. 

Since  if  y  =  mx  +  b  is  the  equation  to  a  line; 

.*.  y  =  --  x  +  bi  is  that  of  a  perpendicular  to  it  ; 

dy  dy  . 

.•.  since  y\~-jrx\  +y  —  x-jr  is  equation  to  tangent  ; 

.•.  yl  =  —  -j-jc1  +  b1  is  that  of  the  normal  ; 
.*.  y  =  —  —  x  +  bl  since  it  passes  through  P  ; 

•"•  y^~y~~~j~  (xi  ~  *)  *s  t^le  equation  required  ; 
, 
and  —  being  found  from  the  given  equation  to  the  curve, 

the  normal  may  be  drawn. 

COR.  1.     Hence  tanPOr  =  -  ^;    and  .-.  tanPGN=~; 

dv  dv 

also  if  ^  =  0;     xl  =  AG  =y  -j-+x; 
.'.  NG,  called  the  subnormal  =AG-  AN=y  &. 
But  NG  may  be  found  from  the  triangles  NTP}  PGN. 
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Hence  to  draw  a  normal,  find  NG,  and  join  PG. 
COR.  2.     The  length  PG  of  the  normal 


162.     The  normal  is  the  shortest  or  longest  line  that  can 
be  drawn  from  a  given  point  to  a  curve. 

For  if  Xi  and  yi  be  the  co-ordinates  of  the  given  point, 
x  and  y  of  a  point  in.  the  curve, 
u  =  distance  between  the  points  ; 
.*.  u2  =  (xi  —  x)2  +  (y\—y)2  a  maximum  or  minimum  ; 
du  .  dv 

* 


dx 


which  is,  as  we  have  just  seen,  the  equation  to  the  normal. 

163.  Find  the  length  of  the  perpendicular  from  the 
origin  upon  the  tangent,  and  the  angle  which  the  line  from 
the  origin  to  the  point  of  contact  makes  with  the  tangent. 

(1°)  Since  if  3  be  the  perpendicular  from  the  origin  on 
a  line 

,        5  b  y-mx 

y  =  mx  +  6  ;     o  = 


..=. 

dx 

(2°)    Join  AP,  then  if  6  be  the  angle  between  the  tan- 
gent  and  a  line  from  the  origin, 


or  =  APT;     /  APT  =  *  PAN-  /  PTN, 
ci-'^-t 

X 

y__^L 


or  0  =  tan~1^-tan-1 
x 


...tan*,     *     dx  -I*-?* 


l+ydy_    *+py 
xdx 
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164.     It  may  be  useful  to  collect  these  values  in  a  table. 

0)    yi-y  =  j-(x\-x}>  equation  to  tangent. 

dx 

(2)  y\—y  =  —-r-  (x\  —  #)>  equation  to  normal. 

*j 

(3)  Subtangent 

\j 

(4)  Subnormal  NG=y~. 


(5)  Tangent 

(6)  Normal  PG  =y 

(7)  Perpendicular  on  tangent  =  —.  —  ^    . 

1+ 


(8)  Tangent  APT  = 

x+py 

(9)  AD=y0=y-. 


(10)     ^=-^0=^-^; 
the  first  four  of  these  formulas  are  the  most  important 

165.  To  find  the  tangent  of  the  angle  which  the  curve 
makes  with  the  axis  of  x. 

The  angle  which  the  tangent  makes  with  the  axis  at 
the  point  of  section  will  be  the  same  that  the  curve  makes. 
Find  therefore  the  co-ordinates  of  the  point  of  section,  and 

substitute  them  in  the  expression  for  -p,  and  the  resulting 

dtX> 

value  will  be  the  tangent  of  the  angle  required. 

Ex.  ]  .     Let  y  —  --  be  the  equation  to  the  curve. 
Here  if  x  =  0,  y  =  0  ;  and  .•.  the  origin  is  the  point  of  section, 

and  -j-  =  -  .  =  -  ,  when  x  ~  0  ; 
dx      (I  +xf      I' 

.-.  tan  6  =  1  =  tan  45°  ;    .*.  6  =  45°. 
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Ex.  2.     Let  the  curve  be  the  cycloid. 

„        dy      Jc2a  -y          /Za 

Here  -/-  =  - — j=-Z  =  A  / ] 

**         Jy          V  y 
which  is  infinite  if  y  =  0;  or  the  curve  cuts  the  axis  at  90°- 

Ex.  3.     Let  the  curve  be  the  circle,  find  AY  and  APT, 
A  being  the  centre. 


a*     tf 

y-px=y  + 

•y          t7 

«2 


166.     To  draw  a  tangent  through  a  given  point. 
Let  a  and  /?  be  the  co-ordinates  of  the  given  point  ; 
x  and  y  be  the  co-ordinates  of  the  curve  ; 

(^  —  y)  =  -^L  (^  _  ^  is  t}je  equation  to  the  tangent. 
But  it  passes  through  a  point  y\  =  &  and  xl  —  a  ; 


from  which,  and  the  given  equation  to  the  curve,  the  point 
to  which  the  tangent  is  to  be  drawn  may  be  found. 

167.  To  draw  a  tangent  parallel  to  a  given  line. 
Let  tan'1  A  =  the  angle  the  line  makes  with  x; 

.-.  -^-  =  A,  since  tangent  and  line  are  parallel  ; 
dx 

and  yl—y  =  A.(xl  —  x)  is  the  equation  required. 

If  it  pass  through  a  given  point,  the  co-ordinates  of  the 
point  may  be  put  for  xl  and  y^  and  then  from  the  given 
equation  to  the  curve,  and  from  that  of  the  tangent,  the 
point  to  which  the  tangent  is  to  be  drawn  may  be  found. 

168.  To  find  the  locus  of  the  intersections  of  perpendi- 
culars from  the  origin  on  the  tangent,  with  the  tangent. 

Let  y  =f(x)  be  the  equation  to  the  curve  ; 
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.'.  yl  -  y  =  -j-  (x:  -  x)  is  the  equation  to  the  tangent 

dx 
y1  =  --j-Xiis  that  of  perpendicular  from  origin. 

Between  these  equations  and  ~  =f'(x}  eliminate  y9  x,  and 

-j-  ;   the  resulting  equation,  containing  yl9  xlt  and  constant 
quantities,  will  be  that  of  the  curve  required. 

PROB.     If  B  be  the  length  of  the  perpendicular  from  the 
origin  upon  the  tangent,  shew  that  S  =  Jx^ 

For  v  #-^  =   -  fe-a) 


i=-i  ....................................  (2), 

are  simultaneous  equations  for  the  point  of  intersection  ; 


/.  S 


169.  Two  curves  whose  equations  are  y  =f(x)  ;  and 
y'  —  <p  (xr)  intersect,  find  the  angle  of  intersection. 

Let  6  be  the  angle  between  the  tangents  at  the  point  of 
intersection,  it  will  therefore  be  the  angle  required  ; 

also  «.  tan-'  A-j--  tan-  %. 
dx  da? 

But  !=/'(*);    g=0'M  =  <?'W- 
Since  at  point  of  intersection  of  =  x  • 

.  tan(,   /'(*)-»'(*) 

-H-/'(x)^'W 

PROB.  The  vertex  of  a  parabola  is  in  the  centre  of  a 
circle,  and  its  focus  bisects  the  radius,  find  the  angle  of 
intersection  of  circle  and  parabola. 

Here  y2  =  2ax  (1),  and  y*  =  a2  -  x2  (2),  are  the  equations 
to  the  parabola  and  the  circle. 

From  (1)  £./'(,)  =  £;      (2)  $  =  *'(*)--?. 

^  J  dx    J  ^  J     y        ^  '  dx  y 
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a  +  x 


ax 


ax      y*  —  ax 

?. 

But  2ax  =  a2—x2  at  point  of  intersection; 

-l);     y  =  a 


Asymptotes. 

170.  Asymptotes  are  tangents  to  the  curve  at  a  point 
infinitely  distant  from  the  origin,  and  may  be  drawn,  if  the 
values  of  AD  or  A  T,  or  of  both  remain  finite,  when  either 
x  or  y,  or  x  and  y,  are  infinite. 

Asymptotes  may  be  thus  constructed : 

(1)  If  AD  and  JTbe  finite,  join  T,  D,  and  the  line 
produced  is  the  asymptote. 

(2)  If  AD  be  infinite,  and  A  T  finite,  the  asymptote  is 
perpendicular  to  the  axis  of  x,  passing  through  T. 

(3)  If  AD  be  infinite,  and  AT=0,  the  asymptote  coin- 
cides with  the  axis  of  y. 

(4)  If  AD  be  finite,  and  AT  infinite,  the  asymptote  is 
parallel  to  the  axis  of  x;  and  if  AD  =  0  is  coincident  with  it. 

EXAMPLE.     Draw  an  asymptote  to  the  hyperbola. 

TT  ^     / *         i  dy      b      a  +  x 

Here  y  =  -  JZax  +  xz,  and  -f-  = .  , 

a  ax     a  jQax  +  x2 

dy      b     (    I ~       (a+x)x  } 

AD=y-x-f-  =-  .<  J2ax  +  x2  -  —- 

dx     a     (  v  Jzax  +  ^ ) 

A 

=  b  if  x  =  oo  ; 


bx 


.„,        dx  Qax  +  x2  ax  a 

AT  =  y-  —  x  =  ---  x-  --  =  =a;  if  ,r  =  co: 

y  dy  a  +  z  a  +  x  a 

x 

.*.  AT-  4  major-axis^  or  T  and  C  coincide. 
Join  CD  ;  it  produced,  is  the  asymptote. 
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171.  This  method  is  frequently  difficult  of  application, 
and  the  following  is  more  generally  useful. 

If  possible,  let  the  equation  to  the  curve  be  put  under 

C     D     E 

the  form  y  =  Ax  +  B  +  —  +  —  +  -3  +  &c.  then  it  is  obvious, 

y  x      x'     x3 

that  as  x  increases,  the  terms  after  B  decrease ;  and  when 
x  becomes  infinitely  great,  they  vanish,  and  the  equation  to 
the  infinite  branch  of  the  curve  is  y  =  Ax  +  B. 

But  this  is  the  equation  to  a  straight  line  cutting  the 
axis  of  y  at  a  point  y  -  .#,  and  making  an  angle  =  tan-1  A , 
with  the  axis  of  x.  Hence  it  appears  that  the  infinite  branch 
of  the  curve  is  coincident  with  the  line  determined  by  the 
equation  y  =  Ax  +  B ; 

C     D 

.'.  if  y  =  Ax  +  B  +  —  +  -^  +  &c.  be  the  equation  to  a  curve, 

y  =  Ax  +  B  is  the  equation  to  the  asymptote. 

We  may  observe  that  this  method  will  not  apply  to  find 
the  asymptotes  that  are  parallel  to  the  axis  of  y :  since  then 
A  would  be  infinite:  but  asymptotes  of  this  kind  are  dis- 
coverable by  simple  inspection  of  the  equation.  (See  Ex- 
ample 9.) 

COR.  1.     If  the  form  of  the  expanded /(.r)  be 
y  =  Ax>+  Bx  +  C+  2  +  ^+  &c. 

the  asymptote  is  a  parabolic  curve,  of  which  the  equation  is 

y  =  Ax*  +  Bx  +  C. 
COR.  2.     Since  for  every  finite  value  of  x,  the  ordinate 

Q 

of  the  curve  y  =  A  x  +  B  +  — ,  differs  less  from  that  of  the 

original  curve,  than  the  ordinate  of  the  rectilinear  asymp- 
tote, it  is  obvious  that  we  may  have  a  hyperbolic  curve  lying 
between  the  asymptote  and  the  curve,  and  ultimately  coinci- 
dent with  either ;  this  may  be  called  a  hyperbolic  asymptote. 
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Examples. 
The  Parabola. 
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Take  .:  AT  =  AN,  join  PT,  PT  is  the  tangent, 

Take  /.  NG  =  2  AS;  join  PG,  it  is  the  normal ; 
equation  to  tangent  is  y^-y  =  —  (xl-x)-t 

COR.     Since  yyl  =  2a  (xt  +  x)  is  equation  to  tangent ; 
2a         2ax 


v      a 

Tm  *  =  !»•' 


an  equation  to  the  tangent  which  is  often  very  convenient. 
The  equation  to  the  normal  is 


+  y  4  - 

y 
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Make  -     =  ml 
2a 


;     .:  -—:.  =  -  =  m*  ; 
ka*     a 


the  equation  in  terms  of  its  inclination  to  the  axis  of  x. 

Ex.      Two    normals   to   a   parabola   intersect   at  right 
angles  ;  find  the  locus  of  their  intersection. 

.*.  y  +  2am  =  m  (x  —  am*)  .............  (l), 

2a          1  /        a\ 
and  y  --  =  --  (x  --  =)  .............  (2); 

y     m         m\       m*J 

.'.  2a(m  +  —  }-x(m  +  —  )-o  (m3  +  —  A; 
\        m)        \        mj        \         m3/ 

/.  x-3a  =  a(m-±J  ............  (3). 

But  from  (2)  my-  2a  =  -x  +  —  -. 

m* 

(1)  - 


the  equation  to  a  parabola. 

(2)     Find  the  equation  to  the  tangent  in  the  ellipse  ; 
D 
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The  centre  being  the  origin, 

fcl'ff.Y.    •  *_ 

b*+a*~L'     "dx- 
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=  a*b*. 


COR.  2. 


-2 


Let^-0;     .-.^=^  = 

.  CTxCN=CA*,  (See  Conic  Sections.) 


or 
Con.  3.    Since  a8^  +  6***!  =  a2b*  ;    .-.  ^  =  --  ^-  ^  +  — 


JLet  m  =  —  =-;     .•.  near  =-=-?: 

z 


an  equation  to  the  tangent  in  terms  of  the  angle  it  makes 
with  the  axis  of  x. 

Ex.     Find  the  locus  of  the  intersection  of  pairs  of  tan- 
gents to  an  ellipse  at  right  angles  to  each  other. 

y  =  mx  +  Jm2a2  +  b2,  one  tangent  ; 


.*.  y  -  mx  =  tjm2a2  +  b*, 
my  +  x  =  Jnfb*  +  a*  • 
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squaring  and  adding, 


the  equation  to  a  circle,  radius  =  Ja2  +  b*. 

COR.     If  b  =  a,  the  ellipse  becomes  a  circle  and  radius 
=  a  J%j  the  chord  of  a  quadrant. 

(3)     In  the  hyperbola  of  which  the  equation  is 
the  equation  to  the  tangent  is 
_tf 

y 

/— 2~2 75         T  tfx 

Jrrra  —  b" ;   if  m  =  —^-  . 

ay 

Ex.     Find  the  locus  of  the  intersections  of  tangents  to 
the  hyperbola,  and  perpendiculars  from  the  centre. 

y±  =  mxl  +  Jm2a2  —  b*,  (1)  is  the  tangent, 

yl  = XD  (2)  is  the  perpendicular; 

/.  m  =  — -;  substituting  in  (1),  and  omitting  the  suffix, 


COR.     Let  b  =  a,  or  the  hyperbola  be  the  rectangular  ; 

.-.  (/  +  a02  =  a2(^-/), 

the  equation  to  the  Lemniscata.  In  fact,  the  Lemniscata  is 
commonly  defined  to  be  the  locus  of  the  intersection  of  the 
tangent  to  a  rectangular  hyperbola,  with  the  perpendicular 
from  the  centre  on  the  tangent. 

(4)     In  the  Cissoid,  find  the  subtangent  and  subnormal, 
and  equation  to  tangent. 


du      x1  (3d  - 
•••  ^normal  -= 
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dx     x 
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.-.  subtangent 
The  equation  to  the  tangent  is 


-  x) 


_  x 


(5)     Rectangular  hyperbola  referred  to  the  asymptotes. 

a*  a3 

Here  yx  =  -;     -'.y  =  ^, 

~dx  =  ~^^  =  ~x; 


AT.  AD      a4       ,     ,.  ,   . 

—  =  - — =  a ,  which  is  constant. 
g*y 


NT  :  NP  ::  AN  :  NQ; 
and  t.  N  is  common  to  AS 
ANQ,  TPN;  .-.  they  are 
similar,  and  /  PTN=±  QAN; 
.-.  the  tangent  TP  is  parallel 
to  the  chord  AQ. 

Also  since  /  AQB  is  always  =  90,  PG  is  parallel  to  BQ. 
(7)     Draw,  an  asymptote  to  the  hyperbola. 


1   a3     B     0     , 
--.—  +  -.  +  &c.}, 
a  2   x      x* 
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and  therefore  y  =  ±  -  (x  +  a)  is  the  equation  to  two  asymp- 

totes ;  and  since  if  x  =  0,  y  =  =fc  b  ;  and  if  y  —  0,  x  =  —  a, 
both  will  pass  through  the  centre,  and  be  equally  inclined 
to  the  axis  of  x. 

(8)     Draw  the  asymptote  to  the  curve. 


a      A     B 


(a\s        , 
1+;)=*{ 

«     A     B 


/.  #  =  x  -f  -  is  the  equation  to  the  asymptote  which  cuts  the 
axis  of  x  at  an  z  =  45°,  and  at  a  point  ,r  =  —  . 

(9)     Let  y.(ax  +  b2)  =  x*,  draw  the  asymptotes. 

x3          1     x3  .       b2 

by  putting  —  =  c 
J1          b 


ax+         a  x+c 

1      x*        1  c      c2      c3 

=  -.  -  =  -j:2{l--  +  -i--3  +  &c.} 
a         c      a  #     a:2     x* 

x 

x3     ex     c2      c3      _ 
=  ---  +  ---  +  &c.  ; 
a      a      a    ax 

.•.  ay  =  x2-cx  +  c2  is  the  equation  to  the  asymptotic  curve. 
Since  ay-  f  c*  =  x*-cx  +  ^  = 

or  (*-!)'-«(,-!  0, 

it  shews  that  the  curve  is  a  parabola,  the  axis  of  which  is 
perpendicular  to  the  axis  of  x,  and  the  vertex  determined 

c  c2 

by  making  xl  =  -  and  yl  =  |  —  ;  the  latus  rectum  =  a. 

The  curve  has  also  a  rectilinear  asymptote  parallel  to  the 
axis  of  y  ;  for  making  x=  —  c  =  --  ,  y  and  ~  are  infinite  ; 

therefore  an  infinite  ordinate  at  a  distance  --  from  the 

a 

origin,  will  be  a  tangent  to  the  curve. 
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172.  When  the  equation  between  y  and  x  cannot  be 
solved  with  regard  to  y,  it  is  frequently  convenient  to  sub- 
stitute zx  for  y  ;  and  then  from  the  given  equation  to  find  x 
and  y  in  terms  of  z  ;  and  z  being  so  assumed  as  to  make  x 
and  y  infinite,  the  inclination  of  the  asymptote,  if  any,  to 

the  axis  of  a?  is  known  (for  z  =  -=tan  inclination);  and  AD 

X 

and  A  T  being  determined,  the  asymptote  may  be  drawn. 
(10)     Let  ay*  -  bx4  +  csxy  =  0  ;    make  y  =  xz; 


or  2  = 


4/7 
.-.  y  =  x  .1  -  is  the  equation  to  the  asymptote,  since 

.       C)  s$  jt  *i 

-Q;  if  ^  =  00;  and  *  =  co, 


7/  Qc^tEIJ 

and  A  T  —  x  —  —  =  - — ,      ,    —  0  :   if  y  =  co  :  and  j?  =  oo  . 
p      4>ay3  +  c*x 

PROB.     Find  that  tangent  line  to  a  given  curve  which 
cuts  off  from  the  co-ordinate  axes  the  greatest  area. 

Area  = 


,  ( y  -  pxf        ,  dy 

=  —  A— — ^—^-'t    where  p  =  -fL; 
p  dx 


a  maximum; 


P 

du     2  ,          ,  {dy  dn\     (y  —  vx)  dp 

.-.  -r=-(y-px)  (-?-- p-x-r}-        ,      4  =0; 
dx     p  ™     ^  J  \dx     r        dx)          p8       dx 


Therefore  also  y=^y0;  and  the  tangent  is  bisected  at 
the  point  of  contact. 

COR.  Hence  the  least  polygon  of  a  given  number  of 
sides  which  will  circumscribe  a  given  oval,  must  have  every 
side  of  the  polygon  bisected  at  the  point  of  its  contact  with 
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the  oval,  since  the  interior  area  must  be  least,  when  the  tri- 
angular spaces  as  in  the  preceding  problem  are  greatest. 

The  axes  are  supposed  rectangular ;  if  oblique,  the  results 
are  the  same,  but  area  =  ^  x0y0  x  sine  of  inclination. 


Samples. 

(1)  Lety^a"-1*;    NT=nx; 

If  n  =  2,  the  curve  is  the  parabola  ;  NT-  2x,  NG  =  - 

(2)  Let  the  curve  be  the  Witch  : 


(3)  The  focus  of  a  parabola  is  in  the  centre  of  a  given 
circle,  its  vertex  bisects  the  radius;  find  the  point  and  angle 
of  intersection  of  circle  and  parabola. 

(4)  Shew  that  the  curve  defined  by  y2  =  4>ax,   inter- 

4> 
sects   the   curve   defined  by  y*  =  —  -  (x  —  2a)3,   at  a  point 

where  x  =  80,  and  find  the  angle  of  intersection.     Angle 


(5)  If  y*  =  4>a(x  +  a)  be  the  equation  to  a  parabola,  the 
origin  in  the  focus,  shew  that  the  points  of  intersection  of 
the  tangents,  and  perpendiculars  from  the  focus,  are  deter- 
mined by  the  equations 


(6)  The  locus  of  the  intersections  of  tangents  to  the 
parabola  with  perpendiculars  from  the  vertex,  is  the  cissoid. 

(7)  Find  the  length  of  the  perpendicular  drawn  from 
the  focus  of  an  ellipse  upon  the  tangent,  and  shew  that  the 
locus  of  their  intersection  is  a  circle,  radius  =  a. 

(8)  Given  two  points  A  and  B,  find  the  locus  of  P  when 
the  angle  PBA  is  double  of  the  angle  PAB,  and  draw  an 
asymptote  to  the  curve  traced  by  P. 

(9)  Draw  an  asymptote  to  the  curve  defined  by  y*  +  x* 
=  Saxy,   and  determine  the  points  where  the  tangents  are 
parallel  to  the  two  axes. 

(10)  Find   the  point   and   angle  at   which  the  curve 
Sy2  =  x  (x  +  2)*  cuts  the  axis.     At  the  origin,  angle  =  90. 


EXAMPLES.  151 

(11)  Find  the  same  when  y  -  2  =  (x  -  1)  Jx  -  2,    and 
the  values  of  x  and  y  when  the  tangent  is  perpendicular  to 
the  axis  of  x.     (1)  y  =  0 ;  x  =  3.     (2)  #  =  2  ;  ,r  =  2. 

(12)  If  ya  =  3x2  —  x3  draw  an  asymptote  to  the  curve; 
find  its  greatest  ordinate ;   and  the  angles  the  curve  makes 
with  the  axis  of  x  at  the  points,  x  —  0,    x  —  2    and    x  =  3. 
Asymptote  y  =  -  a;  +  1 ;  abscissa  =  2 ;  angles  are  90,  0,  90. 

(13)  Draw  the  asymptotes,  (1)  when  y  = — — - —  , 

(2)  when  y5  =  ax*  +  mx5,  and  (3)  when  y  =  a". 

(14)  If  in  the  ellipse,  6  =  /  CPG,  and  /  =  the  angle  PG 

makes  with  the  axis  major ;   tan  6  =     "    „   ~ ,  ;  . 

a*  +  b*  tan2  / 

(15)  Shew  that  the  curve  whose  equation  is  -  =  sin  - ; 
where  f  —  %rx  +  x3  =  0  ;    intersects  the  axis  of  x  at  points 
determined  by  x  =  — ,  n  being  any  whole  number. 

(16)  The  normal  to  the  curve  defined  by  y9  =  4>ax,  is  a 
tangent  to  the  curve  in  which  y2  =  — — .  (x  -  2a)3. 

(17)  Draw  a  tangent  to  a  circle,  cutting  the  axis  of  x 
at  30°. 

(18)  In  the  conchoid,  where  x*if  =  (a  +  x)* .  (b2  -  .r2), 

x.(a  +  x}.(b*-x*) 
x*  +  ab* 

(19)  Draw  a  tangent  to  x3+y3  =  a*;   shew  that  the 
part  of  the  tangent  intercepted  between  the  axes  =  a,  and 
that  perpendicular  on  tangent  =  Ijaxy. 

(20)  The  centre  of  an  ellipse  is  the  vertex  of  a  para- 
bola, the  major  axis  of  ellipse  is  perpendicular  to  the  axis 
of  parabola,  and  the  curves  intersect  at  right  angles,  prove 
that  major  axis  :  minor  axis  ::  J%  :  1. 

(21)  If  PFand  QFbe  respectively  tangents  to  corre- 
sponding arcs  of  a  cycloid  and  the  generating  circle,  the 
locus  of  Y  is  the  involute  of  the  circle. 

(22)  Find  the  angle  of  intersection  of  a  rectangular 
hyperbola  and  a  circle  having  the  same  centre,  radius  =  2a ; 

angle  =  sin"1  J 
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(23)  If  TP  and  TQ  be  tangents  to  a  parabola,  and  S 
be  the  focus,  shew  that 

SP  .  SQ  =  ST2. 

x  x 

(24)  If  2y  =  c  (e~'  +  e~),  (the  equation  to  the  catenary), 

the  normal  =  -  y*. 
cy 

(25)  If  —  =  —  -f  —  be  the  equation  to  a  curve, 

a".  AT  =  xn+l. 

(26)  If  log  Jx2  +  y*  =  a  tan"1  .  ^  be  the  equation  to  a 

3C 

curve,  the  angle  in  which  it  intersects  the  line  drawn  from 
the  origin  to  the  point  of  intersection  is  constant. 

(2?)     If  Jy  =  Ja  —  Jx,    find  equation  to  the  tangent 
and  shew  AD  +  AT=a. 

(28)  In  the  curve  defined  by  the  equation 
y  (1  +  logo:)  =  x;  NT  :  AT  ::  AN  :  NP. 

(29)  If  y  =  a  log  (x2  -  a2)  be  the  equation  to  a  curve 


(30)  Find  that  point  in  a  parabola,  at  which  a  line 
from  the  vertex  makes  the  greatest  angle  with  the  curve. 

Ans.  x  =  2a. 

(31)  If  A  be  the  extremity  of  the  diameter  of  a  circle, 
PT  a  tangent,  PN  an  ordinate,  and  AP  a  chord,  prove  that 
AP  bisects  the  angle  TPN. 

(32)  If  y  -  (a  +  bx)  y11-1  +  (c  +  ex  +  fx2)  y*~*  -  &c.  =  0, 
be  the  equation  to  a  curve  of  n  dimensions,  prove  that  the 
sum  of  each  ordinate  divided  by  its  respective  subtangent, 
is  a  constant  quantity. 

(33)  If  C  be  the  centre  of  a  circle,  AQ  a  chord,  and  let 
CNR  be  drawn  cutting  AQ  in  N,  draw  NP  perpendicular 
to  AQ  and  =  NR;  find  the  locus  of  P  and  draw  its  asymptote. 

If  2c  be  the  length  of  chord,  a  =  radius  of  circle,  origin 
centre  of  chord,  and  the  chord  be  the  axis  of  x,  then 
(y-a}*  =  x*  +  a2-c*. 

(34)  ABD  is  a  semicircle,  centre  C,  and  diameter  AD, 
EF  is  a  chord  parallel  to  AD,  CQR  a  radius  cutting  EF  in 
Q,  bisect  QR  in  P  ;  find  the  locus  of  P  and  the  position  of 
the  asymptote.     The  curve  is  the  conchoid. 


CHAPTER  XII. 

The  Differentials  of  the  Areas  and  Lengths  of 

Curves:    of  the  Surfaces  and  Volumes  of 

Solids  of  Revolution:    Spirals. 


173.  ONE  of  the  applications  of  the  Integral  Calculus 
is  to  find  the  areas  of  curves,  the  lengths  of  their  arcs,  and 
the  surfaces  and  contents  of  solids. 

The  solids  of  which  we  shall  treat  are  called  solids  of 
revolution,  since  they  are  supposed  to  be  generated  by  the 
revolution  of  a  plane  figure  round  a  line,  termed  an  axis. 
Hence  every  section  perpendicular  to  the  axis  will  be  a 
circle,  the  radius  of  which  is  the  revolving  ordinate,  and 
every  section  through  the  axis  will  reproduce  the  original 
area. 

Considering  the  areas  and  lengths  of  curves,  and  the 
contents  and  surfaces  of  solids,  to  be  functions  of  one  of  the 
quantities  x  or  y,  we  can,  by  the  Differential  Calculus,  find 
equations  between  the  differential  coefficients  of  these  func- 
tions, and  expressions  containing  x  or  y,  by  which  we  shall 
hereafter  obtain  the  values  of  the  functions  themselves. 

We  shall  find  it  useful  first  to  establish  the  truth  of  the 
following  Proposition. 

174.  If  A  +  Bx,   At  -f  BI#,   and  A  +  B2x  be  three  alge- 
braical expressions  taken  in  order  of  magnitude,  viz.,  the 
first  greater  than  the  second,  and  the  second  greater  than 
the  third,  whatever  be  the  value  of  x ;  then  shall  Al  =  A. 

For  ( A  +  Bx)  -(A+  Bjc)  is>(A  +  Bx)  -  (A,  +  B,x)  ; 
.-.  if  ( A  +  Bx)  -(A  +  B2x)  =  0,  or      +     x  =  1 ; 

.„    A  +  Bx 
.'.  a  fortiori  will  ^ ^—  =  1. 

But  as  x  decreases  —. — =—  approaches    —.  or  1 :    and 
A  +  B2x  A 

when  x  is  diminished  without  limit  it  actually  equals  unity, 
and 
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DIFFERENTIAL  OF  THE  AREA. 


A  +  Bx       . .  «   ,  A 

.•.  -r-         -  \vhich  becomes  —r  . 

Al  +  B^  Al ' 

by  the  continued  diminution  of  a:,  also  is  equal  to  unity ; 
.-.  2~=1»   or  ^i  =  A, 

and  since  A\  and  A  are  independent  of  x,  if  they  are  once 
equal  they  are  always  so. 


Area  of  a  Curve. 

175.  Let  AP  be  a  curve, 
y=f(x),  the  equation  to  it,  where 
'AN  =  x,  NP=y  ;  and  let  A  =area 
ANP. 


Let  NNt  =  h.     Complete  the 
parallelograms  QN^  arid  PNlf 

Then    the    area    P^NNi    is    A 

, (i). 


Now  A  depends  upon  x  ;  for  as  x  changes,  A  changes  ; 
(j>(x);    and  .-.  AN,Pl  =  $(x  +  k); 


and 


therefore,  dividing  by  h,  we  have  by  (l), 
dA     d*A     h 


,        ^ 
i.e.  y+ph+Pk,  —  +-^Y~2+  J 

are  in  order  of  magnitude  ;  whence,  by  the  Lemma, 
dA 


LENGTH  OF  A  CURVE. 
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Length  of  a  Curve. 


176.     If  s  =  length   of 
the  curve  AP  ; 


Draw  tangent  PM, 
and  chord  PP^ 
Then  arc  PPl  >  chord 


But  arc  PPa  =  AP,  -  AP  * 


chord 


+  (P^y*  =  Jh*  +  (ph  +  PA2)' 


PM  =  JPm*  +  Mm2*  =  Jh2  +  p*h*  =  h 
MP,  =  MN,  -  N,P,  =(y  +ph)-(y+ 
whence,  dividing  by  h, 


-  Ph 


•**• 


Volume  of  Solid. 

1  77-     If  V  be  the  volume  of  a  solid  of  revolution  APp, 

dV 

-T-  =  try2. 

dx       * 


=  y  +ph  +  Ph*  - 


Mm  =  Pw.tan  AfPm  =  h.t&nPTN=  h  .      . 

dx 
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VOLUME  OF  SOLID. 


Let  AN 
NP  = 

NN, 

Then  the  solid  PpplPl  is  >  cylinder 

<  cylinder 

dV,     dzV    " 


or 


dx     d*  1.2 


or 


+  &c. 


, 

whence  -r-  =  TTW  . 


PROS.  The  surface  of  a  truncated  cone,  of  which  the 
radii  of  the  greater  and  smaller  ends  are  a,  6,  and  the  slant 
side  *,  =7r,y(#-f-6). 

Let  I  =  length  of  cone,  radius  of  the  base  =  a, 
A- -&; 

therefore,  surface  of  frustum 

=  Trla  —  irlj)  =  TT  [sa  +  /!  (a  —  b)}, 
but  /  or  /!  +  s  :  /x  ::  a  :  b ; 

.'.  s  :  /!  ::  a  —  I  :  b  ; 
/.  sb  =  /i(«-— 6); 
/.  surface  of  frustum  =  ITS  .  (a  +  i). 


SURFACE  OF  SOLID. 
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Surface  of  Solid. 

178.     If  S  =  surface  of  the  solid  of  revolution  APp, 

dS  I       df  ds 

-=2^1  +  ^  =  2^.^. 


Draw  the  tangent  PM,  and  chord 


Then,  surface  generated  by  arc  PPU  will  be 
>  than  that  by  chord  PPU   <  by  PM  and  MPl  . 

Now  chords  PP!  and  PM  generate  truncated  cones,  of 
which  the  surfaces  respectively  are 

and 


i  generates  a  circular  zone  =  Tr(MNl2-NlPls');  the  sur- 

„  „„      dS  ,     d*S    h* 

face  by  arc  PP,  =       h  +  - 


But 


=  (€y  +pk 


=  (2y  +pk  +  Pk2)  h     l+pz  +  Mk,  suppose  ; 
(PN+  MNl)PM  =  (2y  +ph)h  JT+jf, 
MN*-  N,P2  =  -  Ph*.  (2y  +  2ph  +  Ph2)=-Nh*  ; 
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SURFACE  OF  SOLID. 


>ZTryJl+p*+Mh+terms  involving  /«, 

-  irNh 


COR.  1.  Hence  if  J  =  area  of  JA^P;  and  3^4  be  the 
differential  of  the  area,  and  3,r  of  the  abscissa;  $x  being 
very  small, 

ZA     dA 


or  the  differential  of  the  area  equals  the  rectangle  of  the 
ordinate,  and  the  increment  of  the  corresponding  abscissa. 

COR.  2.     If  %s  be  the  increment  of  the  arc  AP;  corre- 
sponding to  the  increments  Ix  and  §y  of  x  and  y ; 

%S          dS  I  u,y 

then  v  v—  =  —  =  A  /  1  +  -?- 


or  the  increment  of  the  arc  is  the  hypothenuse  of  a  right- 
angled  triangle,  %x  and  By  being  the  two  other  sides. 

Hence  the  chord  PPi  =  arc  PPj  ultimately. 

COR.  3.     If  a  be  the  angle  which  the  tangent  makes 
with  a?; 

Is  =  %x  .  sec  a. 


COR.  4.     In  the  same  manner,  if  BFand  S5  be  the  dif- 
ferentials of  the  volume  P,  and  of  the  surface  S  of  a  solid, 
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hence  it  appears  that  the  differential  of  a  solid  is  a  cylinder, 
base  Try2,  and  altitude  8j? :  and  that  the  differential  of  a 
surface  is  the  convex  surface  of  a  cylinder,  the  circumfer- 
ence of  whose  base  is  27ry,  and  altitude  Is. 


Spirals. 

179.  The  expressions  just  obtained,  and  those  of  the 
preceding  Chapter,  are  only  applicable,  when  the  equation  to 
the  curve  is  known  in  terms  of  the  rectangular  co-ordinates  ; 
we  shall  now  find  corresponding  expressions  for  the  perpen- 
dicular upon  the  tangent,  the  area  and  length  of  a  curve, 
when  referred  to  polar  co-ordinates  ;  that  is,  when  r  =/(0), 
or  p  =/(r),  p  being  the  perpendicular  on  the  tangent,  r  the 
radius  vector,  and  0  the  angle  traced  out  by  r. 

180.  To  find  the  differential  of 
the  area  of  a  Spiral. 

Let  area  ASP  =  A;    SP=r, 

/   A  Q1  P       A  C  V 

/-tfoz^^=C/;        tj  JL  =  p. 

Draw  SQ  very  near  to  SP, 
and  draw  PT±SQ. 
Then  area  PSQ  =  $A, 


A 

now  PT  is  ultimately  =  a  circular 
arc; 


=  ±SQxPT  very  nearly 
=  ^(r  +  Sr).rS0  very  nearly; 


But  as  Q  approaches  P,  Sr  continually  diminishes,  and 

ultimately  vanishes ;  but  then  -^  =  -=- 

ou      ad 

,       dA     .  , 
and.-.  ^=lr>. 

181.     To  find  the  differential  of  the  length  of  a  spiral. 

Let  AP  =  s;     .'.  PQ  =  B*, 
and  (chord  PQ)2  =  P T*  +  QT*  =  r2.  S02  -f  (Sr)2 ; 
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(chord  PQ)2 


182.     When  6  =/(r),  to  find       . 
From  similar  triangles,  SPF  and  PQT, 


=   __ 

'  dr~  rf~rr 


183.     When  s=f(r),  to  find 

,  PQ     Is     SP 
And  -re-—  =  K- 


0). 


184.     To  find  an  expression  for  the  perpendicular  on 
the  tangent, 

..  ^L         P 


dr* 


_r* 
p2 


*  P2 


1 

+  r* 
du 


1 


•whence  given  an  equation  between  r  or  -  and  0,  an  equa- 
tion between  p  and  r  may  be  found. 
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J85.     To  draw  a  tangent  to  a  spiral. 

P  the  point  to  which  the  tangent  is  to 
be  drawn.  S  the  pole.  Join  SP.  Sup- 
pose PT  to  be  the  tangent.  Draw  SY  J_ 
PT,  and  ST±  PS,  then  AT  is  called  the 
sub-tangent. 


And  ST=SP. 

PY 


pr 

Find  therefore  from  the  equation  to  the  spiral  "/  2       2  ,  or 

vr  ~P 

7/1 

r2.  -7-  j   according  as  the  equation  is  p=f(f),  or  6=f(r). 

Draw  AT  perpendicular  to  SP  and  equal  to  either  of  these 
values.     Join  TP}  it  is  the  tangent. 

Co*. 


186.     Asymptotes  to  Spirals. 

If  ST  remain  finite  when  SP  is  infinite,  a  tangent  may 
be  drawn  which  will  touch  the  curve  at  a  point  infinitely 
distant  from  S,  and  is  therefore  an  asymptote.  And  since 
those  lines  are  said  to  be  parallel  which  coincide  only  at  an 
infinite  distance ;  the  asymptote  must  be  drawn  parallel  to 
the  infinite  line  SP. 

in 

Hence  to  construct ;  find  6  and  r8.  —  when  r  is  infinite. 

dr 

Draw  SP  at  the  angle  thus  found,  ST  perpendicular  to  /S'P, 
and  TP  parallel  to  the  infinite  radius  vector,  TP  produced 
is  the  asymptote. 

187«     Asymptotic  circle. 

If  in  the  equation  0=/(r),  6  becomes  infinite  when 
r  =  a;  but  impossible  if  r  be  >a;  then  if  we  describe  a 
circle  with  radius  a,  the  spiral  will  make  an  infinite  number 
of  revolutions  within  the  circle,  and  constantly  approach  the 
circumference,  without  exactly  reaching  it.  In  this  case, 
the  circle  is  called  an  exterior  asymptotic  circle.  But  if 
r  =  a  make  0  infinite,  and  r  <  «,  make  6  impossible,  the 

M 
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revolutions  of  the  spiral  will  be  without  the  circle  to  which 
it  is  always  tending ;  and  the  circle  is  an  interior  asymptote. 


Ex.1.     0  =  log(  — 
Ex.  2.     6  =  Ic 


188.  PROB.  Find  the  equation  to  the  curve  which  is 
the  locus  of  the  intersection  of  the  tangent  and  the  perpen- 
dicular from  the  pole ;  or  find  the  locus  of  Y. 

SP  =  r;  SY  =  p,  and  let  pl  be  the  perpendicular  from  S 
on  the  tangent  to  the  curve  traced  by  Y. 

Let  6  =  ^  ASP;  0  =  /  ASY.     See  fig.  Art.  1 85 ; 


r  /   *  -  «* 

Pjp-p* 
But  <  =  d 


let  rl  be  put  for  p;  and  since  r  =/(/)) 


will  be  the  equation  to  the  locus  required. 

Ex.     Let  the  spiral  be  the  equiangular  where  p  =  mr  ; 


—  =  -—=mrl 
r         T\ 


an  equation  to  a  similar  spiral. 
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Examples. 

EXAMPLE.     Find  the  value  of  p  in  the  Conic  Sections. 

r= £-,  where  m  =  i  latus  rectum: 

1  +  e  cos  0 ' 

1       e          a      du         e      .    Q 

.:  u  =  — l — .  cos  6  :    -^  = .  sm  0  ; 

mm  do         m 

J..3  i 


1 


3 
•••/  =  0~._W 


(1)     In  parabola,  e=l;   /.  p2  =  -— ,  and 


(2)     In  ellipse,  e  <  1  ;    TW  =  —  ;    1  -  e*  =  -,  ; 


«=       fl2'  yr 

'"•  ^  :       62     6^      ~2a-r* 

Z  a~a*'r 

7,2 

(3)     In  hyperbola,  e2  >  1  ;    e2  -  1  =  -^  ; 


.-./= 

and  therefore  in  ellipse  and  hyperbola,  SY*  =  — ^^ — . 
(4)    Find  the  equation  between  p  and  rt  when  6  =  --n, 


•'•  j3-  —  n  —  ^  =-TiT  by  substitution: 
dd     na".un         6       ' 


M2 
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duz  _  1 

~dd~2  =  ^ 


'b^  +  r* 

(5)  Draw  a  tangent  and  asymptote  to  the  spiral ;  where 
e  =  -  =  au;   .-.  -^f=-^=~>    •'•  Sr=a;  or  the  locus  of  T 
is  a  circle  radius  =  a. 

Since  ST  is  constant,  and  T 
6  =  0  when  r  =  oo.  Produce  SA 
indefinitely.  Draw  ST  ±  SA 
and  =  a.  Then  a  line  from  T 
parallel  to  ST  will  be  the  asymp- 
tote required. 

(6)  Let  r  =  ae,  the  equation  to  the  logarithmic  spiral  ; 

dr      ,  a      ,         .    </0  j»  1  . 

. .  -y-  or 


.         P       _!.      .    ^-1+^. 

•  •     • — ~r -'—  —       7  «         •  •     "~o  —    *•    "T"  ^i      9 

7^7  ^       -P 
i 

**».  •     .*.  p  =  mr. 


*Jl+As 

Since  /  ^PF  is  constant,  the  spiral  is  called  the  equi- 
angular. 

COR.  1.     The   radii   including   equal   angles    are  pro- 
portionals. 

Let  SP  and  SP,  include  an  ^cr, 
and  SQ  and  SQ,  include  the  same  angle. 
Let  £.  ASP  =  B,  and  z  ^^Q  =  0  ; 


,  ,          l 

=««,     and  =  fl.; 


SP, 


=  4£L  or  -SP  :  SP,  ::  5Q  :  SQ,. 
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(7)  If  r  =  0(l+cos0);   find  the  equation  bet  ween  p 
and  r.     Ans.  p2  =  —  . 

(8)  Find  the  equations  between  p  and  r;     (l)  when 
r  =  a  (ec+9  +  e°~e)  ;     (2)  when  r  =  asecnd. 

(9)  In  the  ellipse,  if  p  be  the  perpendicular  from  the 
centre  on  the  tangent,  and  r  =  distance  of  point  from  the 
centre,  prove  that 


(10)  If  r2  =  a2  cos  20  (the  Lemniscata)  :  find  the  equa- 
tion between  p  and  r  :     a2p  —  r3. 

(11)  If  r  =  0(2cos0±l):    p  = 


(12)  If  r2  =  2a2  cosec  20  :    pr  =  2a2. 

(13)  If  6  y^~F  *  fl  cos 


(14)  If  r  (sin30  +  cos30)  =  a  cos20  :  the  asymptotic  sub- 

tangent  =  --  =. 

3^/2 

(15)  If  (r-a)02=  r:  there  are  both  circular  and  rec- 
tilinear asymptotes,  and 


_ 

azr  +  4  (r  -  a)3  ' 

(16)     If  ad  =  Jr*-d2-  a  sec"1  fc\  (the  involute  of  the 


circle),  p2 


CHAPTER  XIII. 
Singular  Points  in  Curves. 


189.  IF  in  the  equation  to  a  curve  expressed  by  y=J(x\ 
•where  y  is  the  ordinate,  and  x  the  abscissa;  some  value  ofx 

as  a  makes  any  of  the  differential  coefficients  0,  -,  or  -, 
the  point  so  determined  is  called  a  singular  point. 

(1°)  Let  the  values  of  the  first  differential  coefficient  be 
considered. 

Since  -p  represents  the  tangent  of  the  angle  which  the 

tangent  makes  with  the  axis  of  x,  if  -j-  =  0,  the  tangent  is 

parallel  to  the  axis  of  x,  and  this  circumstance  generally 
indicates  a  maximum  or  minimum  value  of  the  ordinate. 

If  -p  =  - ,  the  tangent  is  perpendicular  to  the  axis  of  x. 

If  y  =  0  when  -j-  =  0,  then  the  axis  of  a;  is  a  tangent  to 
the  curve  at  the  origin. 

If  x  —  0  when  ~-  =  - ,  then  the  tangent  passes  through 
the  origin,  and  is  coincident  with  the  axis  of  y. 

When  -jj-  =  - .  Many  branches  may  pass  through  the 
point,  as  we  shall  see  in  the  succeeding  pages. 

(2°)     If  -~  have  a  real  value  when  -^-  =  0,  the  ordinate 
dx*  dx 

is  a  maximum  or  minimum,  as  in  the  annexed  figures. 


Before  we  proceed  to  investigate  the  values  of  J  at 
these  points,  we  must  establish  the  following  proposition. 


SINGULAR  POINTS  IN  CURVES. 


167 


190.     PROP.     If  the  ordinate  y  be  positive,  a  curve  is 
convex  or  concave  to  the  axis,  according  as  •—  is  positive 

or  negative. 

In  the  annexed  figures,  let  M 

AN=  art  ,  and  y  =f(x)  be  the 
NP=y\  equation  to  the 

NNl  =  h)  curve. 

Draw  the  tangent  PM9  its 
equation  is 


Now  at  the  point  P,,  the  equa- 
tion to  the  curve  becomes 


,  or 


dy  .      d*u    h* 

=   +     A  + 


M 


x  x        n 

and  for  the  tangent,  putting  x  +  h  for  xl9  and  NJ1  for  yiy 


therefore  the  deflexion  from  the  tangent,  or  MPl 
in  figure  (l) 


in  figure  (8) 


,  -  N,M  =  +  g 


^  ~-&c- 
g  _^-+  &,; 


and  since  A2  is  positive,  and  that  h  may  be  taken  so  small, 
that  the  first  term  of  the  expansion  may  be  made  greater 
than  the  sum  of  all  the  terms  that  follow  it,  the  algebraical 


sgn 


i  will  depend  upon  that  of 


Therefore    when    the    curve    is    concave   to    the   axis, 
MPl  •*  —  jj|  g-  —  &c.  ;    and  when    convex   to   the   axis,   it 

dau    h2 
=  +  d*  T~2  +  Hence,  (y  being  positive,)  a  curve  is 

convex  or  concave  to  the  axis,  according  as  -^  is  positive 
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or  negative,  or  generally  according  as  y  and  ~  have  the 
same  or  different  signs. 

COR.     If  we  suppose  PT  to  be  drawn  J_  to  P^,  PT=h, 
MP'         .    <P       tf        h 


and  if  h  be  constantly  diminished,  the  limit  of  the  ratio  of 
MP'  :  PT2  will  be  =±l.'^. 

CiXr 

Hence,  ultimately,  the  deflexion  from  the  tangent, 


191.  Sometimes  the  curve  after  being  convex  to  the 
axis  suddenly  changes  its  curvature,  and  becomes  concave, 
the  point  at  which  the  change  takes  place  is  called  a  point 
of  inflexion,  or  of  contrary  Jlexure. 

If  the  tangent  at  this  point  be  produced,  one  branch  of 
the  curve  will  be  above,  and  the  other  below  it,  conse- 

quently on  one  side  of  the  point  in  question  -^  will  be 
positive,  and  on  the  other  side,  negative.  Hence  at  the 
point  itself  -7^  must  =  ®>  or  CD  ,  for  no  quantity  can  change 

its  sign  without  passing  through  zero  or  infinity. 

There  is  not  however  a  point  of  inflexion  corresponding 

to  every  value  of  x,  that  makes  -7^  =  0,  for  not  only  must 

dsy 
this  equation  be  satisfied,  but  -p2  must  change  its  sign  after 

having  passed  through  the  point  under  consideration. 

Also  if  the  same  value  of  x  that  makes  v|  =0,  also  makes 

-=£  =  0,  there  may  not  be  a  point  of  contrary  flexure. 

For  since  -r?  is  a  function  of  x.  write  x  +  k  and  x  —  h 
dx2 

for  x,  and  then  -^  becomes,  on  these  two  suppositions, 
ax 

either 
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But  at  a  point  of  inflexion 


•'•  tne  deflexions 


from  the  tangent  at  points  x  +  h  and  x  -  h  are  respectively 
proportional  to 

tPy  .      d*y  h2  ,      tfy  ,      d*y  h* 

+  -7^  h  +  -ft  —  +  &c.,    and  -  —  ^  h  +  -^-.  --  &c., 
dx3        dx*  2  dx3        dx*  2 

which  have  contrary  signs  if  -^  do  not  =  0  ;  but  if  —  ^  =  0, 

and  ~~  does  not  vanish,  the  deflexions  before  and  after  the 
dx* 

point  will  have  the  same  algebraical  sign,  and  the  branches 
are  both  concave,  or  both  convex,  to  the  axis. 

And  hence  in  general  there  may  be  a  point  of  contrary 
flexure,  when  the  first  differential  coefficient  which  does  not 
vanish  is  of  an  odd  order. 

And,  to  find  whether  a  curve  has  a  point  of  inflexion, 

put  -j^|  =  0,  or  -  ,  and  if  a  be  one  of  the  values  of  x  so 
determined,  substitute  a  +  k,  and  a  -  h  for  x  in  the  expres- 
sion for  -7^  .     Then  if  -~  be  affected  with  different  signs, 
X  =  a  gives  a  point  of  contrary  flexure. 
Ex.  1.     The  cubical  parabola 


-a;  and  if  x  =  0,  y  =  0, 


dy  =  W 


_ 
dx*      a2 


If  x  be  positive  or  negative,  y  and  -r^  are  positive  or 
negative ;  the  curve  is  therefore  always  convex  to  the  axis. 


T,  d*y  6h  - 

x  =  h,  -7^  =  — ; t  is  positive. 
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d3y  6k    . 

It  x  =  —  h,  ~  =  --  g  is  negative. 

The  origin  is  therefore  a  point  of  contrary  flexure  ;  also, 
since  x  =  0,  makes  -£  =  0  and  y  =  0;  the  axis  of  a;  is  a 
tangent  to  the  curve. 

Ex.2.     The  Witch.    y  =  — 


-  2a2 


which  =0  if  x  =  —  -  ,  and  changes  its  algebraical  sign,  when 


So,  .  So. 


.     o.      ,  .     , 

+  h  and  --  h  are  successively  put  for  x. 

There  are  therefore  two  points  of  contrary  flexure  when 
3a 


Ex.  3.     Find  the  point  of  contrary  flexure  in  the  tro- 
choid. 


=  a(l  -ecos0);     x  =  a(6-  esin0); 
~ 


:    ~-a(l-  ecosfl); 


dy  _     e&ind 
dx  ~  1  -  e  cos  0  ' 


e  cos     1  - 


(l-ecos0)3 


(l-ecos0)2     a(l-ecos0) 

e  (cos  0  —  e) 

=     /  —  ^  -  °>  lf  cos  0  =  e; 

a  (1  -  e  cos  0)3 

and  cos  (0  +  /s)  is  <  e,  and  cos  (0  —  h)  >  e  ; 
*.  cos  6  =  e  gives  a  point  of  contrary  flexure, 


and  y  =  a(l  -  e2)  =  a    l  - 
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192.     Points  of  contrary  flexure  in  spirals. 


Let  there  be  two  spirals,  one  concave  and  the  other  con- 
vex to  the  pole.  Take  two  points  P  and  Pj  in  each  near  to 
each  other,  and  draw  SY  and  SYl  J_  to  the  tangents  at  P 
and  Px. 

Let  SY=p,  SP=r,  and  SP^r  +  h,  and  p=f(r); 
therefore  if  A  be  the  difference  between  SYl  and  *SF,  we 
have  in  figure  (1),  where  the  curve  is  concave  to  the  pole, 


and  in  figure  (2),  where  the  spiral  is  convex  to  S, 


and  as  h  may  be  taken  so  small  that  -^  h  may  be  greater 
than  all  the  terms  that  follow,  we  see  that  the  spiral  is  con- 
cave or  convex  to  £,  according  as  -j-  is  positive  or  negative. 

Hence  at  a  point  of  contrary  flexure  ~  =  0,  and  changes 
its  sign  immediately  before  and  after  the  point 

COR.    Since  -5  =  ua  +  -j^  ,  it  follows   that  at  a  point  of 
p  av 

n  d*u 

contrary  flexure  u  +  -7/^  =  0.  , 

Example. 

Let  r  =  a6n,  find  the  point  of  contrary  flexure. 


Here  «  =     =* 
r     a 

NOTE.    P!  F 


in  the  Figure  should  be  a  straight  line. 
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du  _     n  fl__1  9     d?u  _  n(n  +  l)          m 
•*'  dd~"a         '     dV~   ~~^~ 


Hence  6  will  be  impossible,  unless  n(n  +  1)  is  a  negative 
member. 

Let  n*  +  n  —  —  p  ;     .•.  n  +  J  =  J^  —  p  ; 
.•.  w  =  -  1  =t  .yi-  p  ;     .•.  p  must  never  exceed  J. 

If  p  =  l,  n  =  -  T|,  and  r  =  -y=  ,  or  0  =  -§  the  equation 

V^ 
to  the  lituus. 


Multiple  Points. 

193.  When  two  or  more  branches  of  a  curve  pass  through 
a  point,  it  is  called  a  multiple  point ;  and  a  double,  triple, 
or  quadruple  point,  according  as  two,  three,  or  four  branches 
pass  through  it. 

If  the  branches  intersect,  as  in 
figure  (1),  which  represents  a  double 
point,  there  will  be  at  P  two  tan- 
gents, inclined  at  different  angles  to 

the  axis,  and  thus  --  will  have  two 
dx 

values  corresponding  to  one  of  .r  or  y. 
Should  however  the  branches 
pass  through  P,  as  in  fig.  2  and  touch 
each  other,  and  the  contact  be  only 
of  the  first  order,  there  will  be  but 

one  value  of  -~;  but  as  there  are 

ax  , 

two   deflexions    from  the   tangent,      A  \T 

there  will  be  two  values  of  ~ & . 

aar 

194.  PROBLEM.     If  u  =f(x,  y)  =  0  be  the  equation  to 
a  curve,  cleared  of  surds,  and  there  be  a  point  where  two  or 

more  branches  intersect,  -j-  =  -  at  that  point. 
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Differentiate  the  equation,  the  result  will  be  of  the  form 

M.^-  +  N~0,  where  M=^  and  N=^. 
ax  ay  ax 

Then  since  two  branches  intersect,  -j-  will  have  two  values, 
but  M  and  N  will  be  the  same  for  both.     Let  a  and  (3  be 

the  two  values  of  -p  ; 
ax 


,-.  Ma  +  N=0,  and 
.-.  M(a  —  (3)  =  0,  and  a  -  /?  does  not  =  0  ; 

.-.  M  =  0;  and  .-.  N=0,  and  ^=-.^  =  2. 

The  value  of  p  or  -^  may  be  found,  by  the  method  of 

vanishing  fractions. 

COR.    Conversely,  to  find  when  there  is  a  multiple  point. 
Let   u=f(xy)  =  0  be  the   equation  to  the   curve;  find 

-r-^-s)'  and  if  the  same  values  of  x  and  y  satisfy  u  =  0, 

ax     tc 

P  -  0,  and  Q=  0,  there  may  be  a  multiple  point;  and  there 

will  be,  if  ~  have  more  real  values  than  one. 
ax 

Ex.  1.     Find  the  species  of  point  at  the  origin  of  the 
curve, 

ay*  -  xz  -  bx*  =  0  =  u  : 

put  />  =  -/;  tnen 


therefore  there  may  be  a  multiple  point,  v  u  —  0  also. 
Differentiating  both  numerator  and  denominator, 

Qx  +  2b       2b 
p  =  —~     -=7;  —  -> 
Zap        Zap 


.-.  the  origin  is  a  double  point,  and  the  tangents  cut  the  axis 
at  angles,  tan'1        -  ,  and  tan-1  (-  ^J  -). 
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This  example  will  be  useful  in  shewing  another  method 
by  which  multiple  points  may  be  found.  Thus,  if  there  be 
a  surd  quantity  which  disappears  from  the  equation  y  =f(x) 
by  making  x  —  a,  but  which  is  found  in  the  equation 

-r-  =  <t>  (*),  then  -j-  will  have  two  values,  while  y  has  but 

one,  and  there  is  a  double  point.     For  resuming  the  last 
equation,  and  solving  it  with  respect  to  y, 


*v  *v  ^v        *v 

Make  x  =  0.     Then  y  =  0,  and  -^  =  ±  */  -,  as  before. 
Ex.  2.     Find  the  point  at  the  origin  qf  the  Lemniscata. 

Here  2  (x  +  py) .  (x2  +y2)  =  a2(x-  py) ; 


0 

7(  > 
0  ' 


a3-  2  (a2  +  /)  -  2*  (2a?  +  gyp) 


a2p 


.'.  p?  =  1,  and  jj  = 


or  -j-  =  ±  1  ;  or  -^  =  tan  45,  and  tan  135. 
dx  dx 

Ex.  3.     Find  the  same,  when  x*  -  ayx2  +  by3  =  0. 
Here  4>x3  —  ax*p  —  %ayx  +  3by*p  =  0  ; 

Qayx  -  4>jc3      0        , 
'    P=3b*-ax*  =  0>  whcn  *  and  ^  =  °^ 


6bpy-2ax  0 

+  2o^  +  Zap  - 


0 
s 


.*.  6bp3  -  Zap  =  4<ap,    or  p.{bp*-a} 
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there  is  a  triple  point  at  the  origin,  and  the  axis  of  x  is  one 
of  the  tangents. 

The  triple  point  at  A  is 
represented  in  the  annexed 
figure;  TAt  is  the  axis  of  x, 
A  Tl  and  A  T2  are  the  tangents 
of  the  angles, 


tan- 

and  tan-1!-./^).  / 

Ex.  4.     Find  the  same,  when  y5  —  Saxy 


ay  —  x3     0 

•       71                                                         IT      T          O      ITlM      11 

CJ 

y*  -  ax     0                              -y 

2yp  —  a     2yp  —  a 
or  p(yp-a)  =  0; 

•                                n       n                         \ 

The  origin  is  therefore  a  double 
point,   and  the  two  axes  are  the 
tangents.     The  curve  is  represent- 
ed in  the  figure. 

195.     If  the  branches  touch,  then  -^-  will 

X 

Vr 

have  but  on 

value,  and  yet  at  the  same  time  be  of  the  form  - . 

For  supposing  the  contact  to  be  of  the  «th  order  between 
two  branches  of  the  curve;  tMfen  the  values  of  the  differen- 
tial coefficients,  as  far  as  the  (»  -f  l)th  coefficient,  when  x  =  a, 
and  y  =  I,  will  be  the  same  for  both  branches;  but  after  the 
nth  they  will  be  different. 

Let  M-~  +  N  =  0  be  the  equation  after  the  first  differ- 
entiation, the  original  equation  being  previously  freed  from 
surd  quantities. 

Then,  repeating  the  differentiation  (n)  times,  we  have 
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M  being  the  same  as  before,  and  A^  being  the  sum  of  the 
differential  coefficients  below  the  (n  +  l)th,  together  with 
functions  of  x  or  y. 

d"+lv 
But  -j-^[  has  two  values,  as  a  and  /3,  while  M  and  Nt 

remain  unchanged  ;     .*.  M  .  (a  —  /5)  =  0  ;     .•.  M  =  0. 


0;     .'.  ^=0;    and  /.        =. 
dx  dx      0 

The  analytical  character  of  double  points  of  this  descrip- 
tion is,  that  when  -'  ,-—  -  has  but  one  value,-—,  which  also 

=  -  ,  has  two. 


Conjugate  or  Isolated  Points. 

196.  Conjugate  or  isolated  points  are  those  which  have 
a  real  existence,  and  are  determined  by  the  equation  to  the 
curve  ;  but  from  which  no  branches  extend. 

Hence  if  x  =  a  andy  =  6  give  such  a  point,  then,r 


and  x  =  a  —  h,  will  make  y,  —  ,  and  the  other  differential 

coefficients,  impossible. 

dy  T      d?y    ^2 

Also  v  yi=f(x  +  li)  =  y  +  -rh  +  -r^-  —  +&c. 
y      J  ^         '     y     dx        dx*  1  .  2 

fry     hn 

+  ^4  •  —  +  &c.  . 

dxn  l...w 

is  impossible,  and  that  y  and  h  are  possible  quantities,  it  is 
evident  that  some  one  of  the  differential  coefficients  is  im- 
possible, when  x  =  a,  and  y  =  b. 

PROP.     At  a  conjugate  point,  if  the  equation  be  freed 

of  surds,  ^=2. 
'  dx     0 

For  differentiating  the  equation,  u=f(xy)  =  0,  we  have 

M|  +  ^=O  ............  (i), 

and  if  -j*-  be  not  impossible,  let  -^  be  impossible  ; 
.•.  continue  the  differentiation  of  (l),  (n  —  1)  times; 
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.-.  M  =  0;     .-.  from  (1)^=0;     ••-        =5, 

and  the  values  of  -^  may  in  general  be  found,  if  any,  by 
the  method  used  for  finding  multiple  points. 

Ex.1.     fl/-a8  +  fo'=0;     /.  2ayp-  3x*+2bx  =  0; 
3-r3  -  2fo?     0 


Now  x  =  0  gives  y  =  0,  while  p  =  A/  —  .     Also  since 

rx^b 

-,  if  x  =  0±h,  the  values  of  y  are  impossible, 


and  the  origin  is  therefore  a  conjugate  point.     The  same 
result  may  be  obtained  by  differentiating  the  equation 


W?;"- 


197-  The  comparison  of  this  example  with  Ex.  1.  in 
multiple  points  will  serve  to  explain  the  origin  of  conjugate 
points.  In  the  curve  ay2  —  xz  —  bx*  =  0 ;  two  branches  pass 
through  the  origin  and  meet  at  a  point  x  —  —  b,  forming  an 
oval,  while  in  the  curve  ay2  —  x3  +  bx2  =  0,  the  oval  dis- 
appears, and  no  curve  exists  between  the  values  of  x  =  0, 
and  x  —  b ;  these  cases  are  represented  in  the  annexed 
figures. 

BT 
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These  two  examples  will  shew  that  points  of  this  kind 
arise  from  the  vanishing  of  certain  portions  of  the  curve, 
owing  to  the  change  in  the  value  of  the  constants. 

Ex.2.    y-b  =  (x-a)*  Jx-  c;    a<c. 

If  x  =  a,  y  =  b;  but  if  x  =  a  ±  k,  k  being  very  small, 
so  that  a  +  k  is  <  c ;  y  is  impossible ;  .•.  x  =  a,  y  - 1),  deter- 
mines a  conjugate  point. 

In  this  example  if  x  =  a  ;  -j-  -  0 ;    but  if  q  =  -yj| ;   and 

if  the  equation  be  freed  of  surds, 

4  (x  -  of  +  6  (x  -  aY  (*  -  c)      0 
9  =  -  ylb  ^-5*f-%jr-*5 

1 8  ( x  -  a)3  +  1 2  (j?  -  a)  (x  -  c)  _  0 
p  ~0 

_  48  (a?  -  a)  + 1 2  (a  -  c)  _  1 2  (a  -  c) 


whence  we  see  that  yl  =f(x  =•=  h)  is  impossible. 

198.  In  general  we  may  remark,  if  there  be  a  surd 
which  vanishes  from  the  equation  y  =/(#)  if  x  =  a,    but 

which  becomes  impossible  in  -7^-  =  q>  (#),  there  will  be  a 
conjugate  point. 

Cusps. 

1 99.  When  two  branches  of  a  curve  touch  each  other 
at  a  point  through  which  the  branches  do  not  extend,  the 
point  is  called  a  Cusp. 

The  branches  have  at  this  point  but  one  tangent,  and 
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the  cusp  is  said  to  be  of  the  first  species  when  the  branches 
lie  on  opposite  sides  of  the  common  tangent,  and  of  the 
second  species  when  they  lie  upon  the  same  side. 

Hence  at  such  a  point  if  x  =  a,  ~  will  have  but 


one 


dx 

value;  but  if  either  a  +  h,  or  a- h  be  put  for  x,  -^  will 
have  two  values. 

If  the  values  of  -~  be  both  positive  or  both  negative, 

the  cusp  is  of  the  second  species ;  but  if  one  value  be  posi- 
tive and  the  other  negative,  the  cusp  is  of  the  first  species, 
for  the  deflexion  of  the  tangent  from  the  curve  is  measured 


Since  by  the  definition  the  branches  suddenly  stop  at  the 
cusp,  either  a  +  h,  or  a  —  h,  put  for  x,  will  make  the  ordinate 
and  the  differential  coefficients  impossible. 

Figures  (1)  and  (2)  exhibit  cusps  of  the  first  and  second 
species. 


(1)  is  called  a  ceratoid  cusp ;  (2)  a  ramphoid  cusp. 
Sometimes  the  cusp  is  of  the  form  below, 


TV 


in  which  (a  +  h}  and  (a  -  h)  put  for  x  give  real  values  for 
the  ordinate. 

These  are  discoverable  by  observing,  that  if  x  =  a  and 
y  =  b  give  the  point  P,  that  y  =  b-k  makes  x  impossible. 
Or  we  may  transform  the  equation  to  the  axis  of  y  making 
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•r=/"1(^);  and  find  the  values  of  *,  j-*    and  ^  at   and 
near  the  point  where  y  =  b.     Ex.  (y  —  2)3  =  (x  —  I)2. 

Ex.  1.     The  semi-cubical  parabola. 

*-*,  *-•£• 

Ja 


d.y    »    A 

dx=*V  a> 


If  x  =  0,  y  and  ~  =  0,  if  x  =  —  h,   they  are  both  im- 
possible.    But  if  x  =  h,   y  and  -^  have   two  values,  one 

positive  and  the  other  negative ;  the  axis  of  x  is  therefore  a 
tangent:  there  are  two  branches  to  the  curve,  one  above 
and  the  other  below  the  axis  of  x,  and  both  convex  to  it, 
but  the  curve  does  not  extend  through  the  origin  to  the 
negative  axis  of  the  abscissas.  The  origin  is  a  ceratoid 
cusp. 

Ex.  2.     Find  the  point,    when  x  =  a  in  the  curve  of 
which  the  equation  is  y  =  b  +  cxz+  (x  —  a)*; 


and^  = 


5.3 

2.2 


Let  x  =  a  •    .*.  y  =  b  +  ca*, 


N  M 


If  x  =  a  +  h ;   y  =  b  +  c  (a  +  A)2  +  Ai, 
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whence  in  consequence  of  the  index  J,  y  and  ~  have  each 
two  values,  and  those  of  —  are  both  positive,  and  since 

a  —  h  put  for  x  makes  y,  -f-  and   -JL  impossible,  the  point 

dx  dx 

is  a  ramphoid  cusp. 

Take  x  =  a,  y  =  b  +  ca2,  and  draw  a  tangent  through  P 
inclined  to  the  axis  of  abscissas  at  an  L  =  tan-12ca,  and  then 
draw  two  branches  above  the  line  through  two  points  Q, 
and  Qj,  where 

MQ=b  +  c(a  +  hy  +  k*,   and  MQ,=  b  +  c(a  +  h)2-h^ 
and  the  curves  will  be  represented. 

200.  There  are  also  sometimes  to  be  met  with,  curves, 
in  which  a  branch  having  reached  a  certain  point,  is  sud- 
denly arrested,  and  extends  only  on  one  side  of  the  point, 
such  a  point  is  called  a  stop  point,  "  Point  d'arret." 

Again,  two  or  more  distinct  branches  sometimes  meet 
at  a  point,  but  do  not  pass  through  it,  nor  mutually  touch 
there,  each  branch  having  a  different  tangent  Such  points 
are  named  shooting  points,  points  saillants. 

In  the  former  species  of  point,  y  =f(x]  suddenly  changes 
its  value,  or  from  being  real,  becomes  impossible;  in  the 

latter  ~  undergoes  a  similar  change,  i.  e.  from  one  value 

to  another  very  different  value.     These  are  of  rare  occur- 
rence ;  the  following  are  examples. 

Ex.  1.  The  curve  where  y  =  arlogar,  has  a  stop  point 
at  the  origin. 

For  x  =  +  0  ;      y  =  0  ; 
*  =  -0;      y  =  00, 

Ex.  2.       =         -1 


dt/  1         x 

-y-  =  tan-1  ---  -  -  . 
dx  x     x2  +  1 

If  x  =  +  0  ;     or  -  0  ;    y  =  0  ; 

du     TT  TT 

£-SJ     "Hi- 

Hence  the  origin  is  a  shooting  point,  the  tangents  being 
inclined  at  angles  tan-1  (1.5  708),  and  tan-1  (-  1.5708). 

201.     We  shall  conclude  this  Chapter  by  a  few  remarks 
on  tracing  curves  by  means  of  their  equations. 
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TO  TRACE  A  CURVE. 


(1)  If  it  be  possible,  let  the  equation  be  solved  with 
respect  to  one  of  the  unknown  quantities  as  y,  and  let  it  be 
put  under  the  form  y—f(x). 

Then  give  to  x  all  the  possible  positive  values  the  equa- 
tion admits  of,  and  so  determine  the  branches  above  and 
below  the  axis  of  positive  abscissas. 

Next  put  (—  x)  for  x  in  the  equation  y  =f(x),  and  in  the 
equation,  thus  transformed,  again  substitute  for  x  all  its 
possible  positive  values,  and  the  branches  above  and  below 
the  axis  of  negative  abscissas  will  be  determined. 

(2)  Find  whether  the  curve  has  asymptotes. 

(3)  Find  whether  the  branches  be  concave  or  convex 
to  the  axis,  and  the  nature  and  situation  of  the  singular 
points. 

These  remarks  refer  to  curves  having  rectangular  co- 
ordinates, but  if  the  equation  be  between  r  and  6,  give  to  0, 
values  from  0  =  0  to  0  =  2w,  and  draw  the  corresponding 
values  of  r ;  the  positive  values  of  r  at  the  angles  denoted 
by  6 ;  the  negative  values,  in  a  directly  opposite  direction, 
or  separated  from  the  positive  by  the  angle  TT.  Sometimes 
it  may  be  necessary  to  take  the  negative  values  of  0. 


,  trace  the  curve. 


A,  the  origin,  Ax  and  Ay  the  two  axes. 

1 
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Let  x  -  0  ;     /.  y  =  0, 

x<a;     .:  y  is  positive, 

x  =  a,  #  =  co, 

x>a<  2a,  y  is  negative, 

*  =  2«,  y  =  0, 

x>Za,  y  is  positive, 

x  =  co  ,  y  is  co  . 

Again,  let  -x  be  put  for  x; 

x  +  2a  .      , 
.*.  y  —  —  x  -  is  always  negative. 

To  draw  the  asymptote: 


=  x  —  a  ---  &c.  ; 

.•.  y  —  x  —  a  is  the  equation  to  the  asymptote. 

Take  .%  AB  =  a  =  AD,  and  the  line  BD  produced  is  the 
asymptote.  Also  take  AC  =  20.  Then  since  y  =  0,  both 
when  x  =  0  and  x  =  20,  the  curve  cuts  the  axis  at  A  and  C. 

Between  v4  and  B  the  curve  is  above  the  axis  ;  at  B  the 
ordinate  is  infinite  ;  from  B  to  C  the  curve  is  below,  from 
C  to  infinity  it  is  above  Ax.  Again,  since  if  x  be  negative, 
y  is  negative  ;  the  branch  on  the  left  of  A  is  entirely  below 
the  axis. 

.  ,      dy     x2-  Zax  +  Za2 
Also  -~  *  —  -.  -  ^  -- 
dx          (x-  of 

Let  x  =  a;  .*.  -j-  =  oo  ;  and  the  infinite  ordinate  through 
B  is  an  asymptote  ;  if  x  -  0  ;  ~  =  2,  or  angle  at  which  the 

curve  cuts  the  axis  at  A  is  tan"1  (2)  ;  if  x  =  20,  -?-  again  =  2, 

dx 

or  z.  at  which  the  curve  cuts  the  axis  at  C  is  =  t.  at  A. 

If  (a;2  -  2ax  +  202)  or  (a?  -  a)2  +  a*  =  0,  ,r  is  impossible; 
hence  there  is  no  maximum  or  minimum  ordinate. 
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'  da? 


(a?  -  of 


(x-  a) 


.'.  -7?  is  +  if  a:  <  a,  and  is  —  if  x  >  a. 
ax 

But  x  <  a,  y  is  +  ,  and  ,r  >  a  <  2«,  y  is  —  ;  and  ,r  >  2a, 
j/  is  +  ;  therefore  from  A  to  J5,  and  from  B  to  C  the  curve 
is  convex,  and  from  C  concave  to  the  axis. 
<Pv         2  a? 

If  x  be  "'       =          3  is  +>  but  y  is  ~;  therefore 


the  branch  from  A  to  the  left  hand  is  concave  to  the  axis. 
~+l      x+ 1 


Ex.  2.     Let  y* 


=  \J3    y 


x-l 
is  impossible, 


j?  <  1,  y  is  impossible^ 

a;=  1,  y  is  ±  co  , 

j;>  1,  y  is  possible  ±, 

j;  =  co  ,  y  is  oo  ± ; 
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therefore  there  are  two  infinite  branches  extending  above 
and  below  the  axis  of  positive  abscissas. 

For  x  put  -x;     .:  y  =  ±^/—  -  (,r2  +  ,r  +  l),  which  is 

»      OC  "4~  A 

impossible,  if  a;  be  <  1 ;  and  =0,  if  x—  1. 

If  x  >  1,  and  increase  to  infinity,  y  is  possible  ±  and 
increases  to  infinity;  therefore  there  are  two  infinite  branches 
which  meet  the  axis  Ax^  in  a  point  C,  if  AC=  1. 

To  find  the  asymptote: 


.•.  ^  =  ±  (,r  + 1)  gives  the  two  asymptotes. 

Take  AD  =  ADt  =  i,  and  Ac  =  J.  Join  cD  and  cD,,  these 
lines  are  the  asymptotes,  and  if  through  B  an  infinite  ordi- 
nate  be  drawn,  two  branches  of  the  curve  will  lie  within 
the  angular  spaces  formed  by  the  intersections  of  this  line 
with  cD  and  cD1  produced.  These  branches  of  the  curve 
will  always  lie  above  the  asymptotes,  since  the  ordinate  of 
the  asymptote  is  always  less  than  the  ordinate  of  the  curve. 

For  let  #!  be  the  ordinate  of  the  asymptote ; 


But  y+yl  is  +;    .-.  y-yl  is  +;  or  y>yv. 
Similarly  it  may  be  shewn  that  the  branches  which  ex- 
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tend  from  C,  above  and  below  the  axis  Cxl}  lie  between  the 
lines  Z^c,  and  DC  (asymptotes)  produced. 


To  find  the  values  of 


dy 
Tx' 


2logy  =  log  (x3  +  l)-log  (x  -  1)  ; 
3x*  l  2.r3-3ar*-l 


which  is  co,  if  ar  =  I,  or 

Hence  the  infinite  ordinate  through  5  touches  the  curve 
at  an  infinite  distance  from  Ax,  or  is  an  asymptote  ;  and  the 
curve  at  C  where  y  =  0  cuts  the  axis  at  right  angles.  Also 
since  the  numerator  2-r3  -  3tf*  -  i;is=  -  2  when  x  =  I,  and  is  =  3 
when  x  =  2,  there  is  some  value  of  x  between  1  and  2  which 


w 


11  make  ~  =  0,  or  y  a  minimum. 


Take  AN.  this  value, 
and  M P  and  Mp  will  be  minimum  ordinates. 

Ex.  3.     Let  r  =  a  (1  +  cos  0).     Trace  the  curve. 


Let  0  =  -  +  a  ;    .-.  cos  0  =  -  sin  a, 
and  r  =  a(l-sina),  or  r<a, 
a  =     ,  or  0  =  TT  ;    .'.  r  =  0. 


Let  0  =  (7r  +  a);    .'.  cos  0  =  -  cos  a, 

and  r  =  a  (1  -  cos  a),  which  increases  as  a  increases, 

and  r  =  a  when  a  .=  90. 

Let  0  =  ~  +  a  ;    .:  cos  (-£-  +  a\  =  +  sin  a  ; 
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.•.  r  =  0(1  -f  sin  a),  which  increases  as  a  increases,  and  when 
a  =  ^ ,  or  6  =  27r,  r  =  20. 

The  curves  in  the  first  and  fourth  quadrants  are  the 
same,  and  also  those  in  the  second  and  third  quadrants. 
If  -  6  be  put  for  6,  v  cos  (-  0)  =  cos  6 :  precisely  the  same 
curve  will  be  produced.  Take  AB  =  2a,  A C  =  AD  =  a,  and 
the  points  at  which  it  cuts  the  axes  are  determined. — This 
curve  is  the  Cardioid. 


Examples. 

(1)  If  y  =  ax  +  bx*  +  ex3;  there  is  a  point  of  inflexion 

lf  X  =  ~3c' 

/-i— * 

(2)  If  y  =  x  A/  -5 g,  trace  the  curve,  find  its  greatest 

ordinates,  and  the  angles  at  which  it  cuts  the  axis  of  x : 
x  =  a  N/^2  - 1 ;  the  angles  are  45°  and  90°. 

(3)  Trace  the  curves  defined  by  the  three  equations 

^To1 


In  (1)  origin  is  a  conjugate  point,  two  rectilinear  asymp- 
totes pass  through  the  origin,  and  two  infinite  branches  meet 
the  axis  of  x  at  =»=  a.  In  (2)  there  are  also  two  rectilinear 
asymptotes  perpendicular  to  the  axis  of  x  :  and  the  branches 
of  the  curve  are  included  within  the  asymptotes.  In  (3) 
there  are  only  asymptotes  perpendicular  to  the  axis,  the 
branches  of  the  curve  pass  through  the  origin  and  do  not 
extend  beyond  the  asymptotes. 

(4)    If  y  =  e00**,  there  are_two  points  of  inflexion  corre- 
sponding to  x  =  cos"1  (  -  Q~)  • 


(5)  y  =  "2  —  2  >  fr*106  tDe  curve  :  there  are  inflexions 
if  x  =  ±  —  —  :  also  when  y8  =  —$  —  -5  :  draw  the  asymptote 
and  find  the  point  of  flexure. 
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(6)  y=(x-Z}\/~    —  ;  trace  the  curve:   there  is  a 

V         X 

o 

conjugate  point  if  x  =  2  ;  and  y  is  a  minimum  if  x  =  —  . 

(7)  y3  =  ax2  -  x3,  a  cusp  of  the  first  species  at  the  origin, 

an  inflexion  if  x  =  a  ;  a  maximum  ordinate  if  x  =  —  . 

3 

a*x 

(8)  If  y  =  -5  -  2  ,  there  are  two  points  of  flexure  -when 

x  =  0,  and  x  =  atj3'J  the  curve  cuts  the  axis  at  45°,  and  the 
axis  of  x  is  an  asymptote  to  the  two  infinite  branches  ;  there 
are  maximum  ordinates  when  x  =  ±  a. 

(9)  If  y  =  —z  -  5  ,  the  curve  touches  the  axis  of  x  at 
the  origin,  there  is  an  asymptote  parallel  to  x:  and  two 

points  of  contrary  flexure  :  where  x  =  ±-p  • 

v3 

(10)  If  y*  =  x3  —  a3,  trace   the   curve;    there   are  two 
points  of  inflexion,  when  x  =  0,  and  when  x  =  a. 

(11)  Find  the  points  of  contrary  flexure,  in  the  com- 
panion to  the  cycloid,  when  x  =  a  (I  -  cos  6)  ;  y  =  ad. 

Two  points  when  x  =  a;  y  =  *=^  TO. 

(12)  Find  the  point  of  contrary  flexure  in  the  lituus. 


(13)  The  curve   defined  by  a*p=r*  has  a   point  of 
inflexion  at  the  origin. 

(14)  Determine  the  nature  of  the  points,  when  x  =  a. 

if  (i)  d/  -  by  =  (*  -  «)s,     (s)  (y  -  «y  -(,-  ay, 

(2)  (y  -  b)>  =  (*  -  a)*,       (4)  (y  -  xf  =  (x  -  a)', 
and  the  inclination  of  the  tangents  at  the  points  to  the  axis. 

(15)  If   x4  -  ax*y  —  ax\f  +  £  o'y2  =  0,   there  is  a  ram- 
phoid  cusp. 

/52 

(16)  If  r  =  jg  -  ,  there  is  a  point  of  contrary  flexure 

when  r  =  —  ;  there  are  two  rectilinear  asymptotes  and  an 
asymptotic  circle,  radius  =  a. 
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(17)  If  x*  -  0V  +  a*y  =  0,  there  are  two  points  of  con- 
trary flexure. 

(18)  Trace    x* .  (x  +  y)  =  a* .  (x  —  y)    and     draw     the 
asymptote. 

(19)  Trace  the  curve  r  =  a  (2  cos  6  ±  1).  The  Trisectrix. 
Like  the  Cardioid,  with  the  addition  of  an  interior  oval. 

(20)  Trace   the  curves  y  =  sin  x,  y  =  tan  x,  y  =  sec  x. 
The  circumference  is  supposed  to  coincide  with  the  axis  of 
x,  and  the  ordinate  is  the  sine,  tangent,  or  secant.     The  re- 
sulting locus  is   called,  the   curve   of  sines,   tangents,   or 
secants. 

(21)  Trace  the  curves  r*  =  a2  sin  20,  and  r  =  asin20. 
In  the  former  an  oval  in  the  1st  and  3rd  quadrants  :  in  the 
latter  an  oval  in  every  quadrant. 

(22)  If  r  =  ±  a  sin  3  6,  there  are  six  ovals. 

(23)  Trace  y3  -  Saxy  +  x3  =  0.  Make  x=r  cos  6,  y=r  sin  6 : 
an  oval  in  the  1st  quadrant,  an  asymptote  cutting  the  axis  of 
x  at  135°,  two  infinite  branches  in  the  2nd  and  4th  quadrants. 

(24)  Trace  y*a  =  x  (a  ±  x)*.     The   exterior  branch  is 
parabolic :  the  interior  has  an  oval  between  x  =  0  and  x  =  a. 

a 

(25)  Trace  the  curves,  (l)  r  =  a  tan  0 ;  (2)  r  =  2a  tan  -; 

and  find  the  position  of  the  asymptotes.  Asymptotic  sub- 
tangents  are  a  and  4a;  (1)  is  included  between  vertical,  (2) 
between  horizontal  asymptotes. 

(26)  Trace  the  curve  r  =  «0,  taking  both  positive  and 
negative  values  of  0. 

(27)  Find  the  asymptotes,  least  ordinates,  and  points 
of  flexure  of  y*x  =  (x  +  a)  (x  -  b}\ 

(28)  (x2  +  y2)2  =  kcfxy ;    a  double  point  at  the  origin, 
p  =  0  and  =  oo . 

(29)  (x2  +  /)3  =  4aV/ ;    a   quadruple  point    at   the 
origin. 

(30)  y  +  Zaxif  -  axz  ~  0 ;  a  triple  point  at  the  origin, 

p  -  ±  -p ,  and  =  oo  . 
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(31)  Given  the  base  of  a  triangle  and  the  exterior  angle 
equal  to  three  times  the  interior  and  opposite  angle  at  the 
base,  find  the  equation  to  the  curve,  which  is  the  locus  of 
the  vertex,  draw  its  asymptote,  and  find  its  maximum  or- 
dinate. 

(32)  In  the  diameter  AB  of  a  circle,  take  a  point  C ; 
draw  a  chord  AP,  and  an  ordinate  PN,  and  CQ  parallel 
to  AP,  meeting  NP  in  Q :  trace  the  curve  which  is  the  locus 
of  Q. 

(33)  A  rod  PQ  passes  through  a  fixed  point  A,  find 
the  equation  to  the  curve  described  by  P,  when  Q  moves  in 
the  circumference  of  a  circle  of  given  radius,  and  trace  the 
curve. 

(34)  Two  points  start  from  the  opposite  extremities  of 
the  diameter  of  a  circle  in  the  same  direction,  the  velocities 
are  uniform,  and  in  the  ratio  of  2  :  1  ;  find  the  locus  of  the 
bisection  of  the  chord  which  joins  the  position  of  the  points, 
and  its  polar  subtangent. 


CHAPTER   XIV. 
Curvature  and  Osculating  Curves. 


202.  WHEN  two  curves,  as  QPQlt  JKPPlf  cut  each 
other  in  the  manner  represented  in  the  figure,  the  values 
of  y  and  x  are  the  same  for  both  ' 

curves  at  the  point  of  intersection  ; 
i.e.  \iy=f(x)  be  the  equation  to  R/ 

the  curve  RPP»  and  y  =  <p(x)  the 
equation  to  QPQi,  and  AN  =  a, 
and  NP  =  b;  the  values  a  and  b  put 
for  x  and  y  will  make  the  equations 
I  =/(«)  and  b  =  <p(a)  true  equations, 
and  .-.«  =  >«.  —  - 


203.  But  if  for  xy  a  +  h,  be  written,  (or  as  we  shall  put 
it,  a;  •+•  h,)  the  values  of  the  ordinates  of  the  two  curves  no 
longer  become  equal,  and  their  difference,  which  is  repre- 
sented in  the  figure  by  PtQi,  is  equal  to  the  difference  be- 
tween f(x  +  h)  and  <f>(x  +  fi),  and  will  therefore  be  some 
function  of  h,  and  its  value  will  depend  upon  the  rela- 
tions existing  between  the  differential  coefficients  of  f(x) 
and  <J>  (x). 

For,  let  9l  =  N,Plt  y,  =  N&,  z  -/(a),  and  v  =  $  (x)  ; 
dz  ,     d*z    h2       d?z    h3 

'••y>=y+dxh+^T^+dJ27s+&c- 

dv  ,     d*v    k*       d*v    h3 


or  putting  Alt  A&  A3,  &c.  An  for  the  coefficients  of  h,  h2,  7^3, 
&c.,  the  distance  A  between  the  curves,  or  the  difference 
between  the  ordinates,  is  represented  by  a  series  with  as- 
cending powers  of  A,  so  that 

A3k3  +  A4k*  +  &c.  +  Ajin  +  &c. 


204.     First,  let  4  =  0;    .-.       -5*    or  the  first  dif- 

dv       ,  dz 
ferential  coefficients  are  equal.     But  -j-  and  ^-  represent 
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the  trigonometrical  tangents  of  the  angles  which  the  tan- 
gents of  the  two  curves  at  the  point  P  make  with  the  axis 
of  x.  Hence  at  such  a  point  the  ordinates  are  equal,  and 
the  tangents  are  coincident.  This  is  called  a  contact  of  the 
Jirst  order. 

205.  Let  not  only  Al  =  0,    but  A2  =  0,  then 

f  (*-*(*    #(*)_**(*)      and   J2/W     **M 

/w-w*  TT1  "ar*  •     ~dj~  ~dx*-- 

This  is  called  a  contact  of  the  second  order. 

And  in  general  the  curves  are  said  to  have  a  contact  of 
the  wth  order  when  the  first  power  of  h,  in  the  expression 
for  A  is  kn+i  ;  i.  e.  when  all  the  differential  coefficients  as  far 
as  the  (n  +  l)th  are  respectively  equal  in  both  series. 

206.  To  find  the  degree  of  contact  which  a  proposed 
curve  of  given  species  has  with  a  given  curve  of  known 
dimensions. 

Let  y=f(x)  be  the  equation  to  the  given  curve,  and 
yl  =  (p  (.TI)  the  equation  to  the  proposed  curve,  which  is  sup- 
posed to  contain  n  arbitrary  constants. 

Then,  to  determine  these  n  constants,  we  must  have  the 
n  equations, 


, 

•nd 


or  the  contact  must  be  of  the  (n  —  l)th  order. 

Thus,  let  it  be  required  to  find  the  degree  of  contact 
which  a  straight  line  may  have  with  a  given  curve;  we 
observe  that  the  equation  to  the  line  is  yl  =  axi  +  b,  and 
contains  two  constants  a,  b,  or  the  contact  may  be  of  the 
first  order. 

And  to  determine  the  straight  line  which  has  a  contact 
of  the  first  order  with  a  curve,  y  =/(•*). 

=       =  a        =        and  0-  = 


therefore   substituting  for   a   and  £,  yl  =-^-xl  +y-^  x~  ; 

or  y\-y~  j^(*i-«)  tne  equation  to  the  tangent;  or  the 

tangent  has  a  contact  of  the  first  order  with  the  curve  which 
it  touches. 
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COR.     Hence  no  straight  line  can  be  drawn  nearer  than 
the  tangent  to  the  curve. 

207-     In  the  circle  of  which  the  equation  is 


there  are  three  arbitrary  constants,  the  radius  R  and  the  co- 
ordinates of  the  centre  a  and  fl.  The  circle  therefore  may 
have  a  contact  of  the  second  order,  and  the  constants  may 
be  determined  by  means  of  the  equations 


The  circle  so  found  is  called  the  circle  of  curvature,  and  its 
radius  the  radius  of  curvature  of  any  point  in  a  given  curve. 

For  since  the  curvature  in  the  same  circle  is  uniform, 
while  it  varies  inversely  as  the  radius  in  different  circles, 
and  that  curves  are  geometrically  said  to  have  the  same  curva- 
ture, when  at  a  common  point,  they  have  the  same  tangent, 
and  ultimately  the  same  deflexion  from  the  tangent,  which 
conditions  are  fulfilled  by  the  circle  that  has  a  contact  of 
the  second  order;  this  circle  is  assumed  to  be  the  proper 
measure  of  curvature,  and  curves  are  said  to  have  the  same 
or  different  curvature,  according  as  the  radii  of  these  circles 
are  the  same  or  different,  and  the  curvature  in  general 


_  _ 
radius  of  curvature  * 
The  circle  of  curvature  is  also  called  the  osculating  circle. 

208.     To  find  the  radius  of  curvature,  and  co-ordinates 
of  the  centre  of  the  osculating  circle  to  any  proposed  curve. 

Let  y  =/(•*'•)  be  the  equation  to  the  given  curve, 
Rz  =  (xi  —  of  +  (y\  —  /5)2  the  equation  to  the  circle  ; 
.•.  differentiating  twice,  we  have 

.-.    0=(^-a)  +  (yI-/3).         ............  (1), 


changing  xv  into  x,  and  yl  into  y  ; 

O 
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V  +  & 


where  p  =  -r-  and  q 
ax 

This  expression  has  two  signs ;  but  if  we  call  the  radius 
positive,  when  the  curve  is  concave  to  the  axis,  or  when  q 
is  negative ;  and  if,  when  the  curve  is  convex,  or  when  q  is 
positive,  the  radius  be  reckoned  negative,  we  shall  always 


The   co-ordinates   a   and  /3  may   be   found  from  the 
equations 


and  the  circle  is  completely  determined. 

209,  In  the  annexed  figure, 
let  AP  be  the  given  curve,  PO 
the  radius  of  curvature,  and  0 
therefore  the  centre  of  the  os- 
culating circle. 

Also  let  AN=x;  NP  =  y. 

Then  An  =  a,  nO  =  —  /?: 


THE  EVOLUTE.  195 

PM  and  OM  are  respectively  called  the  semi-chords  per- 
pendicular and  parallel  to  the  axis  of  x\  for  if  we  describe 
the  circle,  of  which  the  radius  is  OP  and  centre  0,  PM  is 
half  the  chord  of  an  arc,  since  OM  is  perpendicular  to  it, 
and  OM  is  equal  to  half  the  chord  drawn  from  P  parallel 
to  AN. 

210.  The  point  0  changes  its  position  with  the  change 
in  the  place  of  P,  and  traces  out  a  curve,  which  is  called 
the  evolute  of  the  original  curve.    Hence  we  may  define  the 
evolute  to  be  the  locus  of  the  centre  of  the  circle  of  curva- 
ture, and  its  co-ordinates  are  a  and  /?. 

And  since  from  y  =/(.*);  p  and  q  may  be  found  in  terms 
of  y  or  x, 

c  a         1  +  P2  l+p2 

and  .'.  from^  —  p  —  --  —  ;    x  —  a=—    —.p; 

and  y  =f(x)  ;  y  and  x  may  be  eliminated  ;  therefore  there 
will  arise  an  equation  between  a,  ft  and  constant  quantities, 
which  will  be  that  of  the  evolute. 

211.  Since  x-a  +  (y-/3).       =  0; 


but  this  is  the  equation  to  the  normal  of  the  original  curve, 
drawn  from  a  point,  of  which  the  co-ordinates  are  x,  y,  and 
passing  through  a  point  whose  co-ordinates  are  a  and  /3. 
Hence  the  normal  passes  through  the  centre  of  the  circle  of 
curvature,  and  the  radius  coincides  with  the  normal. 

212.    The  radius  of  curvature  is  a  tangent  to  the  evolute. 

Resuming  the  equation  (x  —  a)  +  (y  —  /3)  .  -^-  =  o. 
Differentiate  it,  considering  ^,  /?  and  a  as  functions  of  x  ; 

•••'-      -.+--* 


da     d(3  dy  _  <    dy  _    *dx  _     da 

"'•  ~~dx~Tx'dx~    '     '''~dx~~7[3~~dp> 

dx 

-a--.       =0      or       -= 


.- 
02 
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which  is  the  equation  to  a  tangent  drawn  to  a  point,  ((3,  a), 
and  passing  through  a  point,  (y,  x). 

But  (ft  -y)  =  --  (a  -  x)  is  identical  with 


or  with  the  equation  to  the  normal  of  the  original  curve. 

Hence  the  normal  to  the  curve,  i.  e.  the  radius  of  curva- 
ture, is  the  tangent  to  the  evolute. 

213.     To  find  the  length  (s)  of  the  evolute. 

Since  R2  =  (x  -  a)2  +  (y  -  ft}2. 
Differentiate,  considering  R,  y,  x,  (3  as  functions  of  a, 

•-*£-<—  >£^-«2-{«-+  <»-»£} 


Divide  (2)  by  (1)  ; 

dR2  _        d^_d^ 
'"'   da*  da*  "'da*'' 

.•.  JR  =  *  +  c,  c  being  some  constant  length. 

Hence,  if  the  equation  to  the  curve  be  algebraical,  R 
may  be  found  in  finite  terms,  and  the  length  of  the  evolute 
found  ;  or  the  evolutes  of  algebraic  curves  are  rectifiable. 

COR.  Let  sl9  s2,  be  two  arcs  of  the  evolute,  from  its  com- 
mencement to  the  points  where  the  radii  are  -Rj  and  /?2  ; 

.*.  J?j  —  sl  =  Cy    Rz  —  s2^=Cj    .*.  R2  —  Rl=s2  —  $!  i 
let  s3  —  sl  =  a;    .'.  a  =  fi<t  —  JR1  ; 

or  the  difference  between  two  radii  of  curvature  equals  the 
length  of  the  arc  of  the  evolute  intercepted  by  them. 
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214.  From   this  property 
the  curve  has  derived  the  name 
of  evolute. 

For  if  we  take  a  string  of 
constant  length,  one  end  of 
which  is  fastened  at  B,  and  the 
remainder  is  made  to  coincide 
with  the  curve  COO^,  then  if 
the  string  be  unwrapped  or 
evolved  from  COO^,  it  will 
describe  the  curve  APPlt 
COB  is  called  the  evolute,  and 
APPt involute. 

From  this  construction  it  is  obvious, 

(1)  That  the  arc  00!  is  equal  to  P&  -  PO. 

(2)  That  0  is  the  centre  of  a  circle  of  which  the  radius 
OP  is  the  radius  of  curvature  to  the  point  P. 

(3)  That  PO  is  a  tangent  to  the  evolute. 

(4)  That  PO  is  a  normal  to  the  involute. 

215.  Another,  geometrical,  method  of  finding  the  ra- 
dius of  curvature  and  the  co-ordinates  of  the  centre  of  the 
osculating  circle  is  to  assume  that  centre  to  be  the  limit  of 
the  intersections  of  two  consecutive  normals. 

For  (y  -  /?)  =  -  -y- .  (x  -  a)  is  the  equation  to  the  normal, 

7 

or    *-a  +      -3.--0. 


Now  at  the  point  of  intersection,  a  and  /3  remain  the 
same  for  the  two  normals,  while  x,  y  and  -j-  vary,  since  at 

a  consecutive  point,  x  and  y  become  x  +  dx  and  y  +  dy ; 
therefore  differentiating,  considering  a  and  (3  as  constant, 

The  same  equation  that  has  been  before  obtained  to  find  the 
co-ordinate  (3  of  the  centre,  and  a  is  then  known  from 
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And  R  may  be  found  from  the  equation 

216.     Hence  to  find  the  radius  of  curvature  in  spirals. 

AP  the  spiral,  S  the  pole.  PO  a 
normal,  and  0  the  point  of  ultimate 
intersection  of  two  consecutive  nor- 
mals. O  is  the  centre  of  the  circle  of 
curvature. 

=  r,PO  =  R\      —  '0nPO=p, 


Now 
or  r2  =  r2  +  R2-2R.p;  for  PN=SY. 

Then  since  SO   and    OP   remain 
constant,  while 

SP  and  SY  vary,  and  since  p  =f(r)  ; 


dr3  'dp' 

If  OMbe  drawn  -L  to  PS,  or  PS  produced,  then  PM  =  J 
the  chord  of  curvature  through  S, 

SY         dr_  p  _       rfr 

217.    Evolutes  to  spirals. 

The  point  0  will  trace  out  the  evolute,  and  PO  is  a 
tangent  to  it,  and  SN  is  perpendicular  to  PO,  we  must 
therefore  find  the  relation  between  SO  and  SN. 


Now  r*  = 
and  Pl  = 


(1), 


dr 


andp=f(r) (3),  and  72  =  r.— 

between  these  equations  p,  r  and  R  may  be  eliminated,  and 
the  resulting  equation  will  involve  rlt  j0,,  and  constant 
quantities,  which  will  be  the  equation  required. 

Ex.     Let  the  spiral  be  the  equiangular. 

Here  p  =  mr ;    .:  R  =  — r-  =  —  . 
dp      m 

PI  =  Jr*  -  p2  =  r  Jl  -  m* ; 
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.-.  ri2  =  r2  +  R2  -  2Rp  =  r2  +  4-  2r2 

=  -2-r2  =  -2(l-rn2)=P±', 
m2  m2^  J     m2 


or  the  e  volute  is  a  spiral  similar  to  the  original,  and  de- 
scribed round  the  same  pole  S. 

218.  If  two  curves  intersect,  the  distance  A  between 
them,  measured  along  the  ordinate  is,  (when  x  becomes 
x  +  h) 

A  =  Atk  +  AJi2  +  A3h3  +  AJi4  +  A5k5  +  &c. 

If  we  put  (-  h)  for  h,  the  distance  At  between  them  at 
a  point  where  x  becomes  x  —  h;  is 

.-.  At  =  -  AJi  +  A2h*  -  A3h3  +  Aft  -  A5h5  +  &c. 

Now  since  h  may  be  taken  so  small  that  any  one  term  shall 
exceed  the  sum  of  all  that  follow  it  ;  we  observe  First,  that 
if  Al  =  0,  A  and  A!  have  the  same  sign,  or  that  in  a  contact 
of  the  first  order,  the  curves  touch,  but  do  not  intersect. 

Thus  the  tangent  does  not  cut  the  curve,  unless  Az  =  0, 
or  at  a  point  of  contrary  flexure. 

Secondly.     If  both   Al  =  0   and   A2  =  0,   or  the  contact 
be  of  the  second  order.     Then 
A=     Ah3  +  A 


which  have  different  signs,  and  therefore  if  the  osculating 
curve  be  below  the  given  curve  at  a  point  where  the 
abscissa  is  x  +  k,  it  will  be  above  it  at  a  point  where  x 
becomes  x  —  h.  Hence  the  circle  of  curvature  both  cuts 
and  touches  the  curve. 

There  is  however  an  exception  to  this,  when  the  radius 
of  curvature  is  a  maximum  or  minimum  ;  for  then  (as  we 
shall  see  in  the  next  article)  A3  =  0,  and  the  expressions  for 
A  and  Ax  have  the  same  sign. 

For  if  the  contact  be  of  the  third  order, 

A  =  AJt  +  A5h5  +  &c.     A!  =  Aft  -  A5h5  +  &c.  ; 

that  is,  A  and  Aj  have  the  same  sign,  and  therefore  the 
osculating  curve  does  not  cut  the  given  curve. 

Hence,  when  the  contact  is  of  an  even  order,  the  oscu- 
lating curve  both  touches  and  cuts  the  given  curve,  but 
when  the  contact  is  of  an  odd  order,  it  merely  touches  it. 
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219.     PROP.     When  the  radius  of  curvature  is  a  maxi- 
mum or  minimum,  the  contact  is  of  the  third  order,   or 


_      (14  p2)S      dR  ,  .  d»y 

E  =  -  -  sl£  :          =  o  :  and  let  r  =  -£  . 
-q  dx  dx3 


But  1  +p2  +  (y  -  (3)q  =  0,  and  if  there  be  a  contact  of 
the  third  order,  we  must  differentiate  this  equation,  and  put 
the  co-ordinates  of  the  curve  for  those  of  the  circle  ; 


.  - 

1+p2 

The  same  as  before,  and  therefore  when  A3  =  0  ;  for  the 
circle  and  the  curve,  or  when  the  contact  is  of  the  third 
order,  the  radius  of  curvature  is  either  a  maximum  or 
minimum. 

220.  If  q  =  0  ;  and  p  is  finite,  R  =  co  ;  this  takes  place 
at  a  point  of  contrary  flexure  ;  for  the  curve  changes  from 
convex  to  concave  ;  the  circle  of  curvature  becomes  a 
straight  line,  (the  tangent),  and  before  and  after  the  point 
the  radius  of  curvature  is  measured  in  opposite  directions. 


Examples. 

(1)     Find  the  radius  of  curvature  and  evolute  of  the 
common  parabola. 

2  _  dy  _2a     d*y  _    Za  dy  _     4a2 

V=     ax>        ~~  ~~  ~~ 
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/a  -  2a\ 
/.  3,r  =  a  -  20,  or  x  =  i  —  -  —  )  . 

But  •.•  y  =  4,ax  ;     .-.  (4a2/3)  *  =  ^  (a  -  2a)  ; 


the  equation  to  the  semi-cubical  parabola. 
(2)     In  the  Conic  Sections,  R  oc  (normal)3. 


N 


Normal  =  N=y,Jl  +  p2 ;     •'•  Jl +p*  =  — ; 

Now  if  the  vertex  be  the   origin,   and   the   axis   the 
axis  of  or, 

nx2  •     .*.  yp  — 


=  n(%mx  -f  n^c2)  —  (m  +  nx)*  =  —  m2; 

N' 


(3)     Find  the  radius  of  curvature  of  the  ellipse. 
b    —  -  b        x 


a  .  In*  -  .r8 


a  -  x 


2_ 
+      : 


..  . 

ba 

COR.     Let  RI  be  the  radius  at  the  vertex,  and  Rz  the 
radius  at  the  extremity  of  the  minor  axis  ; 
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the  length  of  the  evolute  of  the  elliptic  quadrant 


If  R  =  a  maximum;    -  3«/a2-eV.  <?x  =  0 ; 
.*.  x  =  0,  and  x2  —  -5 ;   but  x  =  -  or  >  a  is  impossible, 
and  -r^-  =  -  3e*Ja2  -  eV  -f  3e2.r  A  ^a2  -  eV 

therefore  72  is  a  maximum,  when  a?  =  0,  or  y  =  ±  6. 

Hence,  at  the  extremities  of  the  minor  axis  the  circle  of 
curvature  touches  the  ellipse. 

(4)     To  find  the  evolute  of  the  ellipse, 

y-/5  =  L±^  =  — 


f<t-t* 


try 


_  (a2  -  eV) 


(a) 
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(5)     Radius  of  curvature  and  evolute  of  cycloid. 


CB 


To  find  the  evolute. 


.'.  a  =  x+2j<2ay-y2; 


_ 
dx~ 


y 


dx     dx 
da  _       I'Za  -  y          /2#  —  (—  /?) 

Take  Am  =  xl=-/3^   and  mO  =  a=yl; 
da      dv. 


NOTE— ^OZ>  in  the  figure  should  be  a  curve. 
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The  equation  to  a  cycloid,  of  which  the  vertex  is  A,  and 
the  diameter  of  the  generating  circle  =  20. 

(6)     Find  the  chords  of  curvature  drawn  through  the 
centre  and  focus  of  an  ellipse. 

Since  if  CP  =  r,  and  CY3  _L  to  tangent  =p, 


dp 


Zpdr     2(a2  +  62-r2)     2  CD2 

.\  chord  through  centre  =  -*,  —  =  -  -  =->,>>-, 

dp  r  \jtr 

dr      2(a*  +  b*-r*)     2  CD2 
diameter  =2r  -,-  =—  -  -  -  =    „„   . 
dp  p  PF 

rf        2CD3 


COR.     The  diameter 

ab  . 

(7)     To  find  the  chord  through  the  focus. 
SP  =  r,   SY=p;  P>=~; 

.-.  2  log|)  =  log  62  +  log  r  -  log  (20  -  r)  ; 
2<fo      1          1  2a 

~ 


r     2a  —  r  ~  r  .  (2a  —  r)  ' 

,    dr      2r(2«-r)     2SP.HP     2CD* 
.%  chord  =  2»-T-  =  —  *  --  ^  =  --  -^  -  =     Ari  . 
^  dp  a  AC  AC 

(8)  Find  the  form  of  the  parabola  y  =  a  +  bx  +  ex*, 
which  has  a  contact  of  the  second  order,  with  a  given  curve 
at  a  given  point. 

Make  the  given  point  the  origin  :  then  the  equation  to 
the  parabola  becomes  y  —  bx  +  cx2  ;  and  let  y  =f(x)  be  the 
equation  to  the  given  curve,  from  which  find  p  and  q. 

But  from  above  -/-  =  b  +  2cx;   and  -^  =  2c  ; 
ax  ax 

.-.  p  =  b  +  2cx;    and  q  =  2c. 
But  at  the  origin  x  =  0  ;     .•.  b  =  p,  and  e  =  |  ; 


2       2    \         5          q*/      2q 
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+ 

2  q 

The  equation  to  a  parabola,  of  which  the  axis  is  per- 
pendicular to  the  axis  of  x,  the  co-ordinates  of  the  vertex 

—  £-    and  —  -  :  and  the  latus  rectum  =  -  . 
*q'  q'  q 

COR.     The  general  equation  to  the  second  degree,  or 
y*+(ax  +  b)y  +  ex2  +  ex  +f=  0, 

containing  five  constants,  may  have  a  contact  of  the  fourth 
order,  with  a  curve.  And  should  there  be  a  point  at  which 
a2  —  4c  =  0,  the  osculating  curve  is  a  parabola.  Immediately 
before  and  after  this  point,  a9  must  be  greater  or  less  than 
4e;  and  therefore  the  osculating  parabola  is  intermediate 
between  an  osculating  ellipse  and  hyperbola. 


Examples. 

(1)  In  the  cubical  parabola  where  a*y=a?', 

7?-     («4  +  9^)f 
6a*x      ' 

(2)  In  the  semicubical  parabola  where  ay2  =  x3; 

(4a  +  9*)*   /- 
~Qa  -  ** 

(3)  If  y2  +  xs  =  ax  —  ay  ;   an   equation   to   the  circle, 

R=° 
J* 

b* 

(4)  The  equation  to  the  hyperbola  being  yz=  —2  (x*-a2)  ; 

7?  _  \?x  ~a)    •  and  the  equation  to  the  evolute  is 
ab 


(5)     In  the  parabola  the  chord  of  curvature  through  the 
focus  =  4>SP  ;  and  the  length  of  the  evolute 
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(x*  +  a^ 
(6)     If  yx  -  a2,    "R--         2  3     ,  and  equation  to  evo- 


lute  is 


(7)     The  equation  to  the  catenary  is  2y  =  a  (ea+e  •)', 
shew  that  the  radius  of  curvature  is  equal,  but  opposite,  to 

the  normal.     R  = . 

a 


(8)  If  r  -  a  (I  +  cos  6) ;  the  radius  of  curvature  =  -~     ; 

\J 

and  chord  =  —  . 

(9)  In  the  spiral  of  Archimedes,  the  radius  =  the  chord 
of  curvature,  when  r  =  —j=  . 

(10)  The  evolute  of  the  epicycloid,  of  which  the  equa- 
tion is  p2  =  e*.—2 3,  is  another  epicycloid, 

e  —  a 

22  2 

7*1  —~  d-t  a 

*•  *  e2  —  a2  '  i      e  ' 

(11)  Find  the  chords  of  curvature  drawn  through  the 
centre  and  focus  of  an  hyperbola. 


(1°)     If  r  =  CP;  chord 


(12)  If  y  j^/  l  +  ^2=c,  be  the  equation  to  a  curve 

(the  Tractrix) ;  the  equation  to  the  evolute  is  ~-  =  ^~ 
(the  Catenary). 

(13)  In  the  focal  distance  SP  of  a  parabola,  take  SQ 
—  PN;  find  the  equation  to  the  locus  of  Q,  and  the  radius 
of  curvature. 

0 
;    r  =  2atan-. 


7?  _ 
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(14)  Determine  that  point  in  a  cubical  parabola,  where 
the  curvature  is  the  greatest :  and  the  point  in  the  common 
parabola  where  it  is  Jth  of  the  greatest  curvature. 

0)*  =  T^>       (2)*  =  S«. 

(15)  If  a6  =  Jr2-a2  -  a  see'1  (  - ),  (the  involute  of  the 


circle),  shew  that  p  =  Jr2  —  a*  ;  and  find  the  equation  to  the 
evolute. 

(16)  In  the  parabola  if  D  be  the  point  where  the  axis 
intersects  the  directrix,  and  P-/V,  QM  be  ordinates  of  cor- 
responding points  in  the  parabola  and  evolute,  prove  that 
3DN. 


(17)     If  A.  be  the  angle  which  the  normal  makes  with 
the  axis  of  x  in  the  ellipse,  then 


(18)     In  the  curve  (hypocycloid)  of  which  the  equation 
is  x3  +  y*  =  a3;  the  equation  to  the  evolute  is 


(19)     Let  R  and  RI  be  the  radii  of  curvature  of  the 
extremities  of  two  conjugate  diameters  of  an  ellipse,  then 


(20)  When  the  angle  between  the  radius  vector  of  a 
spiral  and  the  perpendicular  on  the  tangent  is  a  maximum 

R  =  -. 

P 

(21)  Two  normals  at  two  points  in  a  parabola,  on  oppo- 
site sides  of  the  axis,  the  ordinates  being  as  1  :  2,  intersect 
in  the  evolute. 


CHAPTER  XV. 
Envelopes  to  Curves,     Caustics. 


221.  WHEN  a  curve  touches  a  series  of  curves,  all 
described  after  a  given  law,  the  former  is  said  to  be  an 
envelope  of  the  latter  ;  these  latter  are  of  a  given  form,  and 
the  problem  is  to  find  the  touching  curve  or  envelope. 

For  the  better  explanation  of  this  application  of  the 
Differential  Calculus,  let  us  suppose  that  it  was  required  to 
find  the  equation  to  the  curve,  touching  any  number  of 
equal  circles,  whose  centres  are  in  a  known  curve. 

Then  if  y  and  x  be  the  co-ordinates  of  the  touching 
curve,  a  and  (3  those  of  the  centre  of  one  of  the  circles 


But  (3  and  a  are  the  co-ordinates  of  the  known  curve; 


(1). 


Now  if  we  suppose  a  to  receive  an  indefinitely  small 
increment,  the  equation  (1)  will  belong  to  an  equal  circle, 
the  centre  of  which  is  indefinitely  near  to  that  denoted  by 
equation  (1)  ;  and  the  two  circles  will  intersect  at  a  point  of 
which  the  co-ordinates  are  ultimately  x  and  y  ;  and  similarly 
proceeding  with  a  third  and  other  circles,  we  may  conceive 
the  touching  curve  to  be  formed  by  the  continual  intersec- 
tions of  these  circles  :  and  to  determine  its  equation,  which 
must  be  independent  of  a,  a  must  be  eliminated  between 
the  equations  {y  —  <j>  («)}2  +  (x  —  of  =  r2,  and  the  equation 
which  indicates  that  we  have  passed  from  the  consideration 
of  one  circle  to  the  other,  that  is,  the  differential  of  the 
equation  (l),  taken  with  respect  to  a. 

Hence  we  may  conclude,  that  if  V=J(xya)  =  0  represent 
the  equation  of  one  of  the  given  curves,  the  touching  curve 
may  be  found  by  eliminating  a  between  the  equations 

7=0,  and  ^=0. 

dV 
222.     That  7=0,  and  -7-  =  0,  are  simultaneous  equa- 
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tions,  may  be  also  thus  shewn.     Resuming  the  equation  to 
the  circle. 

Let  a  +  Sa,  and  {3  +  B/3  be  the  values  of  a  and  /3  in  the 
consecutive  circle  ; 


therefore  by  subtraction, 

(*  _  „)•  _  {X  -  (a  +  laff  +  (y  -  /3)2  -  {y  -  (ft  +  3/3)}*  =  0, 

or  Sa  {2  .  (x  -  a)  -  Sa}  +  3/3  {2  .  (y  -  /3)  -  S/3}  =  0, 


or 


Now  make  Sa  =  0  ;  and  8/3  =  0;  then  the  point  of  inter- 
section of  the  two  circles  becomes  a  point  in  the  touching 

*/} 

curve  ;  J-  becomes  the  differential  coefficient  of  /3  with  re- 


ca 


spect  to  a,  or  £-,  and  2  (a;  -  a)  +  2  (^  -  /3)  -j-  =  0,  which  is 

the  differential  coefficient  of  (*— a)s+(y— /^)2=r2  with  respect 
to  a,  between  which  two  equations  a  may  be  eliminated. 

PROB.  I.  Find  the  curve  which  shall  touch  all  the 
straight  lines  denned  by  the  equation  y  =  ax  +  r  Ja*  +  I ,  r 
being  a  perpendicular  of  constant  length  from  the  origin 
upon  the  lines. 

Differentiating  with  respect  to  a ;  x  and  y  being  constant, 


ra                       r 

~  i                            f\  .        « 

V"  +  1 

Va2  +  1                  * 

a 

1       r2            r2-*2 

a: 

•••^2=^-1=-?-;     r> 

=7^ 

,                       j« 
and  ^/a2  +l=-a-  =  - 

^*        \ 

r 

fc^tf'' 

/.  y  =  ax  +  r  Jo?  + 

1 

a?                r2               r*-x* 

.   /^ 

.*.  y2  +  a?  =  r2,  the  equation  to  a  circle. 

PROB.  II.    A  given  straight  line  slides  between  two  rect- 
angular axes,  find  the  curve  to  which  it  is  always  a  tangent. 

Let  c  be  the  length  of  the  line,  a  and  b  the  parts  of  the 
axes  cut  off  in  any  given  position  of  the  line ; 

P 
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...  1+1=1,  and  a2  +  b2  =  c2; 

x      y  db  db  db         a 

•'•  ~2 +  r2  -j-  =  0,    and  a  +  b—  =  0;     .-.  "-=-.^; 

«       o    aa  da  <ln         h' 


.-H-^*-^-" 

/  f      M  j     ^      f      f 

.'.  (,r3  +  #3)~  =c,   and  ar+^3  =  c3. 

PROB.  III.    If  a"+bn=cn,  the  equation  to  the  envelope  is 

PROB.  IV.  Find  the  curve  which  touches  all  the  lines 
denned  by  y  =  mx  +  Jrn^a2  +  b2 ;  a  and  b  being  constant. 

PROB.  V.  Find  the  curve  which  touches  all  the  ellipses 
described  round  the  same  centre  and  with  coincident  axes, 
the  rectangle  of  the  axes  being  a  constant  area  (m2). 

x2     y2 
Here  -=  +  TZ  *=  1 :  and  ab  =  m2 : 

a2     b2 

.\  Ixy  =  m2,  the  equation  to  the  rectangular  hyperbola. 

PROB.  VI.  Find  the  equation  to  the  curve  whose  tan- 
gent cuts  off  from  the  axes  two  lines  the  sum  of  which  =  c. 

PROB.  VII.  Find  the  curve  which  touches  all  the  curves 
included  under  the  equation  y  =  x  tan  6 -. ^.  6  being 

4:k  COS    6  ' 

supposed  variable. 

xs  =  4>h(h—  y). 

PROB.  VIII.     Find  the  curve  when  ADm  =  c"1-1 .  AT. 

PROB.  IX.  Find  the  curve,  when  the  rectangle  con- 
tained by  two  lines,  drawn  perpendicular  to  the  axis  of  x, 
one  from  the  origin,  the  other  from  a  given  point  in  the 
axis,  to  meet  the  tangent,  is  =  b2. 


EXAMPLES. 
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PROB.  X.  Find  the  curve  whose  tangent  cuts  off  from 
the  axes  a  constant  area;  the  axes  being  first  rectangular, 
secondly  oblique. 

PROB.  XL  Find  the  same  as  in  problem  73  when  h  and  0 
both  vary;  but  mz=  h2  sin3  0.  cos  0;  ma  being  a  constant  area. 

64>m2 


PROB.  XII.  Two  diameters  of  a  circle  intersect  at  right 
angles,  find  the  locus  of  the  intersections  of  the  chords  join- 
ing the  extremities  of  the  diameters,  while  the  diameters 

perform  a  complete  revolution.     Ans.  x*  +  y*  =  —  . 


Caustics. 

223,  By  the  same  method  as  that  used  in  the  preceding 
article,  the  equations  to  the  curves  formed  by  the  intersection 
of  rays  reflected  by  a  surface,  or  refracted  through  a  me- 
dium may  be  found.     These  curves  are  called  Caustics. 
Some  of  them  may  be  practically  exhibited  by  means  of  a 
ring  of  metal,  placed  on  a  sheet  of  paper  and  held  towards 
the  rays  of  the  sun :  the  curved  part  of  the  sugar  tongs  may 
be  thus  used. 

224.  PROB.     Rays  of  light  fall  perpendicularly  to  the 
axis  of  x,  find  the  equation  to  one  of  the  reflected  rays,  and 
the  equation  to  the  curve  of  their  intersection,  or  the  Caustic. 
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QP  one  of  the  incident  rays, 
Pq  a  reflected  ray,  making  with  the  normal  PG, 

tqPG=t  GPN. 
AN=x,   6  =  tNPG, 

NP  =  y,    Y  and  X  the  co-ordinates  of  Pq ; 
.-.   Y-y=m(X-x')  is  the  equation  to  Pq. 
But  m  =  tan  Pqx  =  tan  (90  +  26)  =  -  cot  20 

dy 
,  where  ]>  =  -£-> 


the  equation  to  the  reflected  ray. 

Now  differentiating,  Y  and  X  being  constant,  and  q= 


from  y  =/{*)  the  equation  to  the  curve  AP,  p  and  q  may 
be  found  in  terms  of  y  and  x:  then  between  (1),  (2),  and 
y  =f(x),  y  and  x  may  be  eliminated,  and  the  equation  be- 
tween Y  and  X  or  the  equation  to  the  Caustic,  may  be 
found. 

COR.  1.  If  the  incident  rays  proceed  from  A,  the  origin 
of  co-ordinates,  we  shall  find  by  a  similar  method  that  the 
equation  to  the  reflected  ray  is 


~     = 


COR.  2.     To  find  the  length  Pp  of  the  reflected  ray. 

PJ*--  (*-*)•+  cr-, 
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r5  (Art.  209), 

1th  the  chord  of  curvature 


the  length  of  the  reflected  ray 
perpendicular  to  the  axis  of  x. 

Hence,  we  may  construct  the  caustic:  take  OP  the 
radius  of  curvature,  draw  Pp  =  J  the  chord  J_  to  ,r,  and 
making  with  OP  the  same  angle  that  NP  does,  then  p  will 
be  a  point  in  the  caustic. 

Ex.  1  .  Let  the  rays  fall  perpendicularly  to  the  axis  of 
the  parabola. 


P  V 

-*-  =  a;  +  Z-  =  3x-     .-.  x=iX, 
q  2a 

4>az  _       a  _  x  —  a 
y*  xx 


^ 
q  ~ 


=  y  —  y- 

x 


3a  -  x 


whence  the  caustic  cuts  the  axis  at  the  origin  and  at  a  dis- 
tance Qa  from  the  origin. 

Ex.  2.    Reflecting  curve  a  cycloid ;  rays  parallel  to  the 
diameter  of  the  generating  circle. 
x;     NP=y; 
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.'.  X=,r-£  =  tf +  -  Jzay-y*. 
q  a 


.•.  y=a-Jd*-aY. 


(2); 
(3). 


From    1= 


the  equation  to  a  cycloid  of  which  the  diameter  of  the  gene- 
rating circle  is  a,  and  therefore  the  base  =  AB. 

225.  When  the  pole  S  of  a  spiral  is  the  focus  of  inci- 
dence, to  find  the  length  Pq  of  the  reflected  ray,  and  the 
Caustic. 


PO  the  radius  of  curvature  -R, 


SY  =  p,        Pq     =  P; 

q  being  the  point  of  intersection  of  two  consecutive  reflected 
rays,  and  therefore  a  point  in  the  caustic. 

Now  S,  0,  q  may  be  supposed  to  be  fixed  while  P  moves 
through  an  indefinitely  small  arc. 
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Also  #02  =  r*  +  R2-2Rr  cos  6  ............  (l). 

(2); 


.*.  r-jz-Rcos6  -ja  +  Rr  sin  6  =  0, 
do  dv 

p  -£  -  R  cos  6  -j§  +  Rp  sin  6  =  0  ; 
da  aa 


^  (p-JKcos  6)  =  -RP  sin  0. 
But  r  +  />,  for  a  very  small  variation  of  P,  is  constant  ; 

.-.  -j^---ja'y  hence  by  division,  we  have 
dv         dv 

p      R  cos  6  -  p  Rr  cos  0 

r  =  r-Rcosd  '     *""  p  =  2r-R  cos  0  " 

But  jfi!  cos  0  =  ^  chord  through  S  =  p-r-; 
dr 


p 

-=-•••  -- 


I       d  (,      p*\ 

=   -J-  I  l°g  —  /5 

r      dr\   &  rr 


whence  p  the  length  of  the  reflected  ray  may  be  found. 
226.     To  find  the  equation  to  the  locus  of  q. 
Join  Sq  ;   draw  Sy  J_  to  Pq. 
Let  Sq  =  rl;     Sy=Pl; 


r,2=  r2  +  p2  -  2r/o  cos  20 


(2); 


whence  from  the  given  equation  p=f(r);  and  from 
p  =  $  (r),  p  and  p  may  be  found  in  terms  of  r  ;  and  from 
(1)  and  (2)  r  may  be  eliminated,  and  the  equation  found 
between  p^  and  r1?  which  is  the  equation  to  the  caustic. 


216 


CAUSTICS. 


Ex.  4.  An  indefinitely  small  reflector  is  placed  in  a 
circular  ring.  Every  other  point  of  the  ring  is  luminous,, 
find  the  caustic. 

r2 
Here  p  =  —  ;   2a  =  diameter  of  ring  ; 


_ 
4a2 

d 


Hence  the  caustic  will  be  a  circle,  the  diameter  — . 

3 

Ex.  5.     Let  the   reflecting   curve   be   the   equiangular 
spiral. 

/  i      fP*\     i  i 

p  =  mr;     —  =  #rr;     logl  —  )  =logr  +  logwz"; 


or  the  spiral  is  a  similar  equiangular  spiral. 


227.     When  rays  of  light  fall  upon  a  plane  refracting 
surface,  find  the  equation  to  the  caustic. 


QR  an  incident  ) 
US  a  refracted 


BAC  the  surface; 
A  the  origin  of  co-ordinates  ; 


y  =  —  x  tan  0  +  C  is  equation  to  Rq. 
But  #  =  0;  y=  AR=atanO=C; 
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.•.  y  =  -xta.n<p  +  ataiid  .....................  (l), 

also   sin  6  =  m  sin^  ........................  (2), 

since  the  sines  of  the  angles  of  incidence  and  refraction  are 
in  a  constant  ratio. 

If  now  0  and  (f>  be  supposed  to  vary  slightly,  while  y 
and  x  remain  constant,  the  intersection  p,  of  two  of  the 
refracted  rays  will  be  found,  and  p  will  be  a  point  in  the 
caustic. 

^          ..      xdcb        add 
From  (1)    •  —  ;-  =  —  - 
cos2</>     cos20' 


(2)     cos  6d6  =  m  cos  <p  . 


-i; 


Make  -, 


®l    /*\i 
-W"1' 

hyperbola,  of  which 
If  m  be  <  1,  the  caustic  will  be  the  evolute  of  an  ellipse. 


the  evolute  of  the  hyperbola,  of  which  the  centre  is  A  and 
focus  Q. 


CHAPTER  XVL 

Change  of  the  Independent  Variable. 
Lagrange's  Theorem. 


228.  IN  the  preceding  pages,  we  have  in  general  as- 
sumed, that  x  is  the  independent  variable,  and  have  derived 
the  differential  coefficients,  from  the  equation  y  —f(x). 

We  now  proceed  to  find  what  values  must  be  put  for 

i>  ~A>  7T^>  ^c>  wnen^  is  the  independent  variable;  and 
dx  dx  dx 

afterwards,  find  what  must  be  substituted  for  the  same 
quantities,  when  both  y  and  x  are  functions  of  a  new 
variable  0. 

229.  PROP.     If  y=f(x);  and  .-.  x=f~\y);  find 

du     d2u  .  ~dx     d2x 

~  ,  -;—    &c.  in  terms  of  -j-  ,   —  -=  ,  &c. 

dx     dx*  dy     dy2' 

Let  y  become  y  +  k,  when  x  becomes  x  +  h  ; 

dy  .      d*y    h2       tfy    h3 
.'.  k  =  -f-  h  +  -j£  -    -+-~i      ^  +  &c  .........  (1). 

dx         dx2  1.2      dx3  2.3 

But  since  x  +  h  =f~l(y  +  k)  ; 

,_dx        d*x    k2       tfx     k3 

-dyk  +  dfl.2+df'^3  + 

therefore  substituting  for  h  in  equation  (l),  we  have 
,     dy  (  dx  .     d2x    k2       d*x    k3 


&C. 

dy  dx        (dy  d?x_     d?y  dj?\   k9 
dx'  dy        \dx  '  dy2  +  dx2  '  dy  2)  1  .  2 
[d?x_dy_        dx  cfy  d2^     d*y  d*\    kz 
(  djf  dx  +     dy  '  dx2  '  df  +  dx3  '  dy3  j  2  .  3 
&c.; 
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y  cPx     d*y  <W_  d*x     d*y  rf*3 

'        +      a'~°''     '''       2+      *'s 


or  putting 

p,  </,  r*  &c-  for  the  differential  coefficients  when  y  =/(#), 

Pi>  q»  fi,  &c  ............................  when  #  =f~l(y); 


Also,  since  -7-:j.-fL 
3 


13  =  0,  or  ^--  -^-+  rpf  =  0; 


and  similarly  may  other  coefficients  be  found. 

230.     Take  the  expression  for  the  radius  of  curvature. 


=O_±P!> 


«#  -q 

da? 


,  and  if  *=/-'(,?); 


.    PJ1+g)§_(p.'+l^ 


_£i 
Pi3 


<7i 


.V2 


Ex.     Let  v2  =  *•««' , 

4m" 

<ir  _  y        c?2j:  _  1 

dy~Pl~2m'    dy*~^l~2n 

(i  +  i)» 

\        4m2/        (4m2  +  ^2)f  _  2  .  ( 

"T"  4m2 

2m 


.-.  72  = 


220  CHANGE   OF  THE 

231.     If  y  =/(0),  and  x  =  <£  (0),  to  express  ^| ,  ^  ,  &c. 

.  dw      dx     cPy     d?x 
in  terms  of  -^  ,  -35- ,  -~ ,    -^ ,  &c. 

Let  y  +  k,  6  +  m,  and  ^r  +  h,  be  corresponding  values  of 
y,  6,  and  ,r ;  therefore,  by  Taylor's  Theorem, 

fJ-JI  H^/*t  t**n%  ffiai  rt-v»3 


dx         dzx     m2       d?x     m3 


dy         d2y      h*        dzy      k3 
But        k=-?-h  +  -f{.  --  +  -y4.  --  +&C. 
dx        dx*    1.2     dx3    2.3 


. 

dx    \dd         dd2    1.2 
1       d?y  (dx*          dx    d?  x 


dy    dx         (dy    d*x     d?y    dx2\     m2 

£-Tem+\^-de>  +  dJ-dF)-Tr2  + 

dy 

dy  _  dy    dx  dy  _  dd 


dd 


dd2~dx' 


dx?~          do? 
dd2 
dx    dsy     dy 

~ 


4& 

and  similarly  may  ^  be  found. 
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232.     The  expression  for  the  radius  of  curvature  being 


\M* 

dy  dsx  dx  cPy 
cPy  ~dd'W2~dd'dd2 
dx* 


dd'dd2     d&    d6a 

233.     Let  x  =  -  r  cos  d  and  y  =  r  sin  d,  find  R,  r  being 
a  function  of  d. 

dx         .  dr     dy  .        dr 

-fa  =  r  sin  d  —  cos  d  -^ ;   S/r  =  **  cos  d  +  sin  d .  -^  • 

d2x  ndr  „   cPr 


dr 


cPr 


'  dd2     dd2 
dy_#x_dx    dfy 
dd  dd2     dd'dd2 


. 

dd2  ' 

dr*_ 
d6* 


dr* 


Ex.  1.  Let  r=asin0,  the  equation  to  the  circle  from 
a  point  in  the  circumference,  0  being  the  angle  between  the 
tangent  at  origin  and  r,  and  a  the  diameter  ; 
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Ex.  2.     Let  r2  =  a2  cos  20,   the   equation   to   the  Lem- 
niscata ; 

dr         a2  a*         I       r4" 

•"•  -JZ  = .  sm  20  = .  A  /  1  -  —. ; 

dd         r  r     V         a4 

,     dr^_  ,     ^4~r4_fl4 
'*'  r  +^0"2~r         72         r2' 
d*r     a2     .    ^_2^cos2(? 
du       r 


_o*  /       r^\_2^    if 
r3  \       oV       r    'aa; 


,_ 


rV         a6        a 
~~m 


r* 
Ex.  3.     Transform  the  equation 

<V__^_   dV         y  ___ 
rf^     l-J°dx     !-«•"   ' 
into  one  where  0  =  cos"1  or  is  the  independent  variable. 

x  =  cosd;  /.-J  =  -sina;  ~  =  -cos0  =  -o-, 

<ly^_dy  dd_       1      c?y 
dx~td'dx~~  sinfl'dtf' 
d?y  _  <fy  d*x     tfy        1  dy 

,  <py    d  e2    dx  '  de2    dd2    sTnl  •  cos  *  de 

an     dx*~          d^_  sin2^ 

dd2 

I       d2!/     cos  0  dy     cos  0  dfy        ^     _ 
'*  t~'+'      +       2=    ; 
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234.     Find  jR,  the  arc  being  the  independent  variable. 


i+ 
\l+dJ  ds2  dy2 

R=          <fy      'and^=1  +  d?' 

"2? 

But  if  x  and  y  be  functions  of  s, 


and-"-| 


"     .     _.    .    — Tf. 

ds  ds2      ds  d&  ' 
multiplying  the  numerator  and  denominator  by  ds3, 


~  dytfx-dxtfy' 

where  dy,  dx,  d?y,  and  dfjc  are  the  first  and  second  differ 
entials  of  y  and  x  with  respect  to  s. 

1       d    dzx     dx     * 
23o. 


_  _ 

'  R2  ~  ds2  '  \ds2)        ds'ds'  ds2  •  ds2     ds2  ' 


ds2         \ds2      J  ds  '  ds*     ds  '  ds2    ' 
dx*     dy*  dx  d2x     dy  d*y 

v     +    =1;  •v-*--° 
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COR.     Let  d*x,  and  cPy  be  put  for  the  second  differen- 
tials, and  multiply  the  numerator  and  denominator  by  dss, 

R  * 


Ex.     Find  the  radius  of  curvature  to  the  catenary. 

]~2  -  «  i      (s  +  Js2  +  c2\ 

Here  x  =  *Jc2  +  s2;    y  =  c  log  (  --  ^  --  j  , 

dx  s  d  c2 


-cs 


c4+cV  c2 


.-.  R  = 


236.     Next,  let  u  =f(x,  y),  to  find  ^-,  and  ^-  in  terms 

of  r,  and  0,  when  x=  $  (r,  0)  ;  y  =  ^(r,  0). 
dw  _du    dx     du   dy 
dr  ~  dx '  dr      dy'  dr' 
du  _  du  dx     du   dy 
de  =  dx'dd+d^'de; 

du   dy     du    dy  _  du    fdx   dy     dy   dx\ 
•'*  dr''^d~'dd''Sr~dx'\d^'dd~dr'd0)9 
du   dx     du   dx        du  ,fdx  dy 
~~'  '~ 


du 


du   dy     du   dy 
~ 


dx     dx   dy     dy   dxy 
~'~ 


INDEPENDENT  VARIABLE.  225 

du  dx  du  dx 
du  _  Hr'~dd~'dd'dr 
dy  dx  dy  dy  dx  ' 

Tr'dd~"dr'd0 

237.     These  values  are  much  simplified,  when 
x  =  r  cos  6  ;    and  y  =  r  sin  0. 


dx 

Te  =  - 

dx  dy     dy  dx 
•••Jr-M-Tr-de=r 

du      I  (du  Q     du      .      \ 

•'•  -j~=~  lT~-rcos^~'jo  '81110) 
dx     r  \dr  dd  J 

du          n     du  sin0 


du     du     .    n     du  cos0  .  . 

j-=-7-.sm  0+  -^.  -  ............  (2). 

dy     dr  dd      r 

Ex.1.     Transform  x-  —  y  -7-,  to  variables  6  and  r: 
when  x  =  r  cos  6  ;    y  =  r  sind. 

(1)    xo:  =  r-r-.  cos0.  sin  0  +  —  -r. 
dr  do 


(2)    x^r. 

du        du     du    .  .  ,.          ...      du 


Ex.  2.     If  j-2  +  -7-2  =  0  ;  transform  it  when  x  =  r  cos  0, 
aor     dya 

and  y  =  r  sin  0. 

,n.    du     du     .    .     du  cos  0     T_ 
From  (2),  -j-  =  -j-  .  sin  0  +  ^  .  -  =  F,  suppose  ; 

d?u_dV_dV    .         dV  cos  0 
"'         ~        "       'J        +' 


dV     cFu  d*u    cos  0     du  cos  0 

But  -7-  =  -j-j  .  sin  Q  +  -,Q,  .  -  -  -7^.  —  -  , 
dr      dr2  dddr      r         dd     r* 
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dV      d2u      .          du  d2u    cos  6     du    sin  0 


r 

d*u      .         d?u     cos20    d*u     cos20    du 


sin  0  .  cos  0 


f  _ePu   _  1    du  ) 
'  lS*Wr~r''50J  ' 


Similarly,  or  by  changing  0  into  --  6. 

d*u  .    d2u     sin20    d2u     siV0    du 

-J-5  =  COS*0  .  -7-2  +  —f-  .  -J2J  +  -  .  -y 

cta2  ^r2        r-       £?02         r       dr 

2  sin  6  .  cos  0     (  dau       1    du 


d?u      1     d?u      !_    du  _ 

+'+''~ 


238.  Transform  the  double  integral  $$Vdxdy  into  one 
where  r  and  0  are  the  variables,  x  and  ^  being  the  same  as 
before. 

v  ,r=rcos0;    ^=rsin0; 

.*.  dx  =  cos  0  .  dr  —  r  sin  0  .  d0t 
dy  =  sm0.dr  +  r  cos  0  .  d0. 

Now  since  in  integrating,  one  of  the  quantities  y  or  x  is 
supposed  to  vary,  while  the  other  is  constant,  let  dx  =  0; 

/.  0  =  cos0.dr-rsiji0.c?0, 
dy  =  sin  0  .  dr  +  r  cos  0  .  d0  ; 
.*.  sin  0.  dy  =  dr  ;  eliminating  d0  ; 
.*.  if  dy  =  0  ;     dr  =  0  ;     .*.  dx  =  -  r  sin  0  .  d0  ; 

=  -  r  sin  0  .  dd  x  -.  —  =  -  rdrdQ  ; 
sm0 


an 


Thus  if  V=  ex*  +  ^;    />*'  + 

Ex.  3.     If  ^+^2  =  0,  and  x*  +  yz=r>,  transform  to 
equation  in  which  r  is  the  independent  variable. 


d2  u      1    du 
Ans.  i~2  +-•  j- 
^r2      r    dr 
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ix.  4.     If  -,-a  +  ,U2  +  jU2  =  0;     ra  =  x2+y*  +  z2, 

,        d2u     2    C?M 
then  -j-o  +  -  •  -j-  =  0. 
ar4*     r    ar 

T/,  d*u     dzu     d?u 
L.X.  5.     If  -T-j  +  T-J j  +  T— 2  =  0  ;   and 

x=rcos0;    #  =  r  sin0  .  sin0;     z  =  r  smd  .cos^; 

transform  into  a  function  of  r,  6,  (p ; 

assume  p  =  r  sin  0  ;   and  use  Ex.  2 ; 

...  r^M  ,      lg      ^  ,     1        ^  .(5ing.^)-Q. 

See  Camb.  Math.  Journal,  Vol.  i.  p.  121 ;  and  O'Brien's 
icts. 

Ex.  6.     Transform  ffiVdxdydz,  to  a  function  of  r,  0,  0, 


fcJ|W 

Tracts. 


Lagrange's  Theorem. 

239.     Let  «=/(#),  where  y=z  +  x$(y),  and  g  is  in 
dependent  of  ,r  ;  required  u  orf(y)  in  terms  of  a?. 
By  Maclaurin, 


where  Z70,  Z7U  C^?  &c.  are  the  values  of  w,  —  ,    -—  ,  &c.; 

dx     dx" 

when  ^r  =  0. 

First,  if  x  =  0,  y  =  z  ;    .-.   170  =/(z). 

T.T       <^u      rfw    <7y          ,  du     du    dy 
Now  -j-  =  j-  .  -j1  ,   and  -j-  =  -=-  .  -f-  . 
dx     ay    ax*  dz     dy    dz 

But       =,.^).      +  *W,  where  ^ 
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And  so  may  £7"3  be  found;  but  to  find  Un, 


rf-»n 

assume    .  n_i  = 


\dx 


'  dx"     dx.dz"~l 


£7,= 


Hence  if  the  assumption  be  true  for  n  - 1,  it  is  true  for 
n ;  and  it  is  true  for  n  =  1  and  n  =  2 ;  therefore  it  is  univer- 
sally true,  and  writing  Z  for  Jf  t  we  have 
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dz* 


,&c 


4-&C 
which  is  the  theorem  required. 

COB.     Iff(y)=y  or  y  be  required,  then 
,  and 


(1), 


Ex.  1. 

equation. 

Here 


**— a7iTW> (2)" 

3  —  ay  4-  b  =  0 ;  find  y  or  the  root  of  the  cubic 
-  4-  - .  y*f  and  taking  series  (2), 


Ex.  2.     In  the  same  example,  find  yn. 

Here  Z  =  n^r"-1,  0(z)  =  2s,  and  using  series  (l) ; 
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1.2.3 

1      n(n  +  5)   b*  J. 
a          1.2     *  a4 '  a3 


Ex.  3.     Find  log^,  when  1—  y  +  ay  —  0. 
,  and  ?4  =  log^; 


a  +  (2A-l)         +  (9  A2  -  6  A  +  2)  .  j-         +  &c. 

Ex.  4.     Let  ^  =  m  +  e  sin  t/,  find  y. 

Here  *  =  wz,  x  =  e,  <p(y)  =  sin  ^,  and  /(s)  =  z,  Z  =  1  ; 


if  x  =  0;     .*.  {</>(2)}2=  sin2^; 
t^g"  =  2  sin.3:  .  cos  2  =  sin  2z  =  sin  2/n  if  x  =  0, 


^  (z)}3  =  sin3  z  ;     .-.  =  3  sm*z  cos  a, 


6  sin  z-9  s'm5z  =  f  (3  sin  3z  -  sin  z)  ; 
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G  C*  C3 

.•.  y  —  m  +  sin  m .  -  +  sin  2w  . \-  f  (3  sin  3m  —  sin  ni) 

1  1    .  ti  M   •   O 

+  &C. 

Ex.  5.     Let  xl  =  ay  +  by3  +  cy3  +  ey4  +  &c.,  find  y  in  terra 
of  arj. 


a  general  formula  for  the  inversion  of  series. 

<fo  .      cPw    A2       d3  u    h3 
Ex.  6.    Let  ,  +  a-A  +  2?  —  +  ^-3  — 


find  ^  in  terms  of  M,  and  its  differential  coefficients. 

„     du     d*u     cPu 

for  —  ,    —  ,    —  ,  &c.; 

M      1/qh*      rh3  \ 

----  (  3  —  +  -  +  &c.  )  : 
\2       2.3  /' 


„     du     d*u     cPu 
Put  p,  q,  r,  &c.  for  —  ,    —  ,    —  ,  &c.; 


p 
1 


p     p3    2  ^5       2.3 

If  «  be  a  root  of  an  equation  u  =  0  ;  and  x  an  approxi- 
mate value  of  a,  so  that  x  +  h  =  a;  the  preceding  series  may 
be  used  to  find  a  near  value  of  the  root  ;  and  it  has  been  thus 
used  by  Lagrange.     Thus  if  u  =  x*  —  2x*  +  4>x  —  8, 
,         (  u  3x*-l          u2 

I  2s  .  (,r3  -  x  +  1  )      24  .  (.r3  -  *  +  1  )3  *  2 
21;g4-12.ra-6.r-f  3     u3  ) 

26.(a;3-^+l)6       273+     C*  I  J 

3  23 

whence   if  x  =  -;     .'.    u  =  --  ^;     a  =  x  +  h  =  1.6l    nearly; 

and  if  1.6l   be  put  for  x,  a  more  correct  value  may  be 
obtained. 


END    OF    THE    DIFFERENTIAL    CALCULUS. 


THE 

INTEGRAL    CALCULUS. 


CHAPTER  I. 

1.  THE  Integral  Calculus  is  the  inverse  of  the  Differ- 
ential,   its  object  being  to  discover  the  original  function 
from  a  given  relation  between  the  differential  coefficients 
and  functions  of  x  and  u.    At  present  we  shall  only  consider 

the  case  in  which  the  first  differential  coefficient  -j-  is  an 

dx 

explicit  function  of  x,  as  </>'  (x),  and  u  •—  <p  (x)  is  required. 

2.  The  process  by  which  u  is  found  from  -=-  is  called 

integration,  and  when  performed  is  expressed  by  prefixing 
the  symbol  fr. 

Thus  if  ^  =  0(,r),  u  =  fx.(j>(x)+  C. 

Also  since  if  -7-  =  $  (#) ;     .*.  du  =  <p  (x) .  dx, 

u  is  found  by  prefixing  the  symbol  j,  thus  u  =  f(f>  (x)  .dx+C, 
for  since  /  is  the  initial  letter  of  summa,  the  integral  is  said 
to  be  the  sum  of  the  differentials  of  the  function. 

Hence  fy(x).dx,  and  fx(}>(x)  are  identical:  also  since 
fdu  =  u,  we  see  that  /and  d  indicate  inverse  operations. 

A  constant  quantity  C,  is  added,  since  constant  quan- 
tities connected  with  the  original  function  by  the  sign  ± 
disappear  in  differentiation  :  and  therefore,  when  we  return 
to  the  original  value  u,  an  arbitrary  quantity  as  C  is  added, 
which  must  be  determined  by  the  nature  of  the  Problem. 

3.  The  simplest  case  is  when  —  =  axm. 

'Letu=Axn  +  C;  .'.  ~  =  nAxn~l  =  axm ; 
djc 

.'.  a  =  nA,  and  m  =  n  —  \;     .*.  n  =  m  +  1 ; 
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or  to  integrate  a  monomial,  add  unity  to  the  index,  divide  by 
the  index  so  increased,  and  add  a  constant. 

COR.  1.     Also   if  ^  =  ax-™  =  ^,  u= ^L_._L+C, 

dx  xm '  m  - 1   of"-1 

which  may  be  derived  from  above  by  writing  —  m  for  772. 

COR.  2.     The  general  formula  fails  when  m=—  1,  for 
then 

a .  X1'1  a     „ 


1-1  0 


T>     ^    T 

But  it  m  =  —  1.    —  =  -  =  «.-. 
cfo     or          x 

fl  ^  •  G°P  X)  f    J  1  /^ 

-  =  a. — Vj         ,•     .-.  a.  I  -  =  a.loga:+  C; 
x  dx  jxx 


Now 

the  true  value  of  u  may  be  thus  derived  from  the  general 
expression,  if  C  be  first  determined. 

For,  suppose  u  =  0  when  x  =  b  ; 

...  0=- — -  +  C,   or  C  =  -^— ; 

m -  1  m  +  1 

xm+1  -  bm+l  _  0 
m  +  1     ~~  0' 

=  a  log  j  =  a  log  x  —  a  log  b  =  a  log  x  +  C ; 
4.     Since  if  u  =  log {/(*)}  =  log  (2),  where  *  =/(*), 

+  C. 


. 

Or,  if  there  be  a  fraction  in  which  the  numerator  is  the 
derivative  of  the  denominator,  the  integral  is  the  logarithm 
of  the  denominator. 

„  T       du         x         .       2x 

Ex.1.    Let-j-=-  -  5=i--  --  «; 
rfo:      1  -f  a^          1  -f  a;2 

.'.    M  =  i  .  log  (1  +  X*)  =  log  Jl  +  X1. 


dr 
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=  p  +  q  +  r  4-  &c. 

or  the  integral  of  the  sum  of  any  number  of  differential 
coefficients  =  sum  of  the  integrals  of  each  differential  coeffi- 
cient. 

Ex.  3.     Let  ~  =  Axm  +  Bxn  +  Cxp  +  &c.  ; 
dx 


.:  u  =  Afxxm  +  BftX*  +  Cfj*  +  &c. 

A  7?  C 

=  _£_  a?"  +  -2-  a?*  +  -^-  a**  +  &c. 
m  +  l  n  +  i  p  +  l 

6.     If  -^  =  zm.  —  ,  where  2  is  a  function  of  x,  find  u. 
dx  dx 

Since  if  u  =  2"*1  +  C,    ^  =  (m  +  l)sw.  ^  ; 

^  =  ^- 
Jx      dx     m  +  l 

or  to  integrate  a  function  of  this  description,  increase  the 
index  by  unity,  divide  by  the  index  so  increased,  and  by  the 
differential  coefficient  of  the  quantity  under  the  index. 


Examples  of  Simple  Integration. 


du  ax* 

(1)     Let  5  =  «>;     .-•«  =  — 


(2)  Let        =      = 

dx     x2  -I 

(3)  Let  ^  =  ax1  ;     .-.  ti  =  -^-  .  flaf 

</j;  m  +  ?^ 

(4)  Let  ^  -  (aa;n  +  i)*"^"-1,    du  =  (axn  + 

Let  z  =  axn  +  b;    .'.  dz  =  naxn~ldx  :    .*.  du  =  —  z"  dz; 

1    f   „  .s^1  (fl^+i)"6* 

.•.  u  =  —  /  z  =  -  —     __  - 
najz         na.(m  +  l)     mz.(w-fl 


na 


du 
-r 
dx 
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du 


(6)  -7-  =  (axn  +  b)m.  xr,  m  being  a  whole  number. 

Expand  (axn  +  b)m,  multiply  each  term  by  xr,  and  inte- 
grate them  separately. 

(7)  -T-=  -, f-rr,  m  and  n  being  whole  numbers. 

ax      {a+  ox) 

%  —  ft  1 

Let  a  +  bx=--z;     .:  x  =  — y— ;    dx  =  -rdz; 
(z-dT  dz 

_      _v /^       .._  ._  // //  • 

~    ft",  z"    '  6   " 


,  r  A-f 


Expand  (2-0)™,  and  integrate  each  term  separately, 
first  dividing  by  2". 

(8)     -j-  =  — — j— r-  .  m  and  n  being  integers. 

dx     xm  (a  +  bx)n 

For  x  put  — ;     .•.  -j-  =  —  -5 , 

z  dz        z 

du  _  du  dx         1    du  2w+*-» 

""  dz  =  dx''dz  =  ~l?'dx  =  ~(az  +  by; 

r   z*"**-* 

which  resolves  itself  into  the  preceding  case. 

d 


w  = 


(13) 

(a  +  fa:  +  at*)"*1 
>«  +  1 
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When  the  index  of  x  in  the  numerator  is  not  less  than  that 
in  the  denominator,  divide  by  the  denominator, 


.*.  w  =  -^~-^-*-^  —  tan   a?. 
5        o 

7-     Integrate  the  following  differential  coefficients. 

(aa*+b)'.a*. 


(10)     («x  +  6^.       (11)  j-,.       (18) 


IT?" 

The  results  may  be  tested  by  differentiation. 

8.     In  the  four  succeeding  chapters  the  functions  will 
be  integrated  in  the  following  order. 
(1)     Rational  fractions  of  the  form 
Axm~l  +  Bxn  +  Cxp  +  &c. 


l  +  &c.  ' 

(2)  Irrational  quantities. 

(3)  Exponential  and  logarithmic  functions. 

(4)  Circular  functions. 

The  integrals  will  be  then  applied  to  the  areas  and 
lengths  of  curves  ;  to  the  volumes  and  surfaces  of  solids  of 
revolution. 


CHAPTER  II. 
Rational  Fractions. 


9.     EVERY  rational  fraction  may  be  represented  by 
A  X1*-1 


for  the  index  of  x  in  the  numerator  can  by  division  be  made 
less  by  unity  at  least,  than  that  of  x  in  the  denominator. 

This  fraction  may  be  separated  into  others  of  a  simpler 
form.  Now  the  denominator  may  be  composed  1st  of 
simple  factors  all  different.  2nd.  Some  of  the  factors  may 
be  equal.  3rd.  It  may  contain  quadratic  factors,  with 
impossible  roots.  4th.  It  may  be  an  assemblage  of  all 
these. 

10.  First  let  -p.  be  a  fraction  where  V  is  the  product  of 
n  factors  each  different,  so  that 


TT        A  A  A 

Assume  ~  = l—^  +  -, ^— %  +  -, ^-r  +  &c.  + 


.-.   U=Al(x-a2y:(x-a3)...(x-an)+A2.(x-al).(x-a3).(x-a4) 

Successively  make  x  =  alf  a2,  «3,  &c. ;  and  let  Uai9  Ua^ 
Ua3,  &c.  be  the  corresponding  values  of  Z7; 

.'•  Caj  =  AI  («j  —  a2)  (ai  —  a3). ..(ai  —  0B), 

?7ai 

or  ^I=T — - — v-7 — ^ — c . 

Z7L  Ua« 

Similarly,  ^^y-  -y-  -sr^r^  and^3=  3- 


A      f        l  A      (          l  A      f         1 

i  \  v}  -  Al  / ;: — T  +  ^2    T — 7" +  ^3 1  "^ — ^"+  &c- 

L\r/          /•*—«!          J,^-a3          J*x-a3 
A,,  log  (j  -  ax)  +  ^f2  log  (a?  -  a2)  +  4,  log  (or  -  tf 3)  +  &c. 
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11.     Let  some  of  the  roots  be  equal,  viz.  m  of  them  =  a, 
or  let  (x  -  a)m  be  a  factor  of  V. 

Letr=(x-a)mQ. 

U         A  B  C  P 

Assume  -^  =  7  --  ;-,  +7  --  ;—  ^  +-.  --  r—  +  &c.  +-~; 
V     (x-a)m     (x-a)"^]      (x-a)™-'  Q' 

.-.  U=AQ  +  {B.(x-a)  +  C.(x-ay  +  &c.}  Q  +  P  (x  -  a)m. 
Let  x  =  0,  and  let  Z7a,  Qfl  be  the  values  of  U  and  Q  ; 


Hence,  as  the  right-hand  side  of  the  equation  is  divisible 
by  (#-#),  the  left-hand  side  is  also,  let  the  division  be 
effected,  and  let  U1  be  the  quotient; 


Again,  make  x-  «,  and  we  have  B  =  ~7y>  and  proceed- 

ing in  the  same  manner  we  at  length  arrive  at  P,  which  is 
either  constant,  or  a  function  of  x  ;  if  the  latter,  the  case 
is  reduced  to  that  of  the  preceding  article. 

To  illustrate  these  methods,  we  will  take  two  examples*, 

du 
Ex.1.    Integrate 


a-»-7*+l  A          B          C 

*• 


-6x2+llx-6     x-1     x-2     x-3' 
=  A(x-2}(x-3)  +  B(x-l)( 

Let  a?  =  1;/.  l- 


U 

2  ; 


!fx-3 
In  these  and  the  following  examples  the  constant  will  be  omitted. 
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=  log 

Ex.  2.     Integrate  -j-  =  -. —7 — 5 . 

dx      (x  +  3)(x  +  I)2 

2.r-5  A  B          P 

(x  +  3)(x+l)2~(x  +  l)2+H+l+x  +  3; 


Let 


Let  *  +  l=0;     .'. 


^12.     Next,  let  V  contain  quadratic  factors  having  im- 
possible roots. 

(1)     Let  V  Contain  two  impossible  roots  only,  and  let 
(a;  -  a)2  +  /32  be  the  quadratic  factor  ; 


U       Mx  +  N 
Assume.-.       =  2 
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Put  x  =  a 
Then  U  becomes  Uv  +  Vz  J^l,  and  Q  becomes  Qj 

Substituting  and  making  the  sum  of  the  possible  quan- 
tities =  0,  and  also  the  coefficient  of  j  —  1  =  0,  M  and  N  may 
be  found.  Or  if  P  be  first  found,  subtract  P{(x  -  a)a  +  /32} 
from  each  side  of  the  equation  ; 


„       A7         -.-  . 

.-.  Mx+N  =  —          ^Q  —  '-         i  is  known; 

V  Mx  +  N  P 


_,     .  du        Mx  +  N       .  ¥ 

To  integrate  -=^-_^2,  let  ^-a  =  ^; 

</M  _  du  _  Mz  +  Ma  +  N  _    Mz       Ma  +  N 
''''dz~~dx~  "" 


/-=  -  ^2      Ma  +  N          , 
M  log  ^2  +  /32  +  -    —  tan-1    - 


=  Mlog  J(x-ay  +  j3a  +  Ma^Ntair1 

du     MX  +  N 
COR.     If  a  =  0,  or  -j-  = 


jy  x 

u  =  M  log  Jx2  +  (3*  +  -g  tan-1  ^ . 

C?M      a:  —  3  x—  3 

Ex.  3.     Let  -j-  =  -=  —  =  7^ 
rfar     o^  +  l      (x 


x-3        A         Mx  +  N 

r  ~. 


X3+l        X+l        X*-X+l' 

A(x*-x+l)+(x+l)(Mx+N), 
l;    .'.  -4  =  3A,  or  A  =  --; 
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f  x-3  _     4  f     1         1  f    4,x-5 
Jx  x3  +  1  ~~     3  ]x  x  +  I      3  Jx  x2  -  x  +  I ' 


„,     .  rfw        4,r  -  5  4*  -  5 

To  integrate  -7-  = 


dx     x*-x  +  l      /       IV     3* 


Let*  —  =  z;     .-.  -T-=J^J  and 
2  dx     dz 


f 

A 


*z-3 


—  ~7^tan~ 


Y%  -  T         A        HUf 

Ex.  4.     Let  -J-  =  T TVT Q^,  3 — r 

dx     (x+  l)(x  +  2)2(x*+  1 

X^Ct        Tr  =—  T~     r"    Jl  v  o   "P  ~ 


+  P.  (x  +  l)(x  +  <>)*, 

B.5.(l-2)  =  -5B,  i.e.  5  =  -- 

5 


I8x3  +  23x*  +  I8x  +  8) 
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Divide  both  sides  by  (x  +  2)  .  (or  +  1),  or  a?  +  3x  +  2  ; 

5x2  +  Sx  +  4< 


25 


Let  ar  =  -2;     .-.  -     =  5C;     •'•C'  =  -; 
a  2  , 


50 


/•cr=i   r_L__If  _  ?__AfJ_  _L  flf 

'*JxF~2'J^+l      67.(«+*        »J.*+1      50'J.r1 


13.     If  there  be  T?Z  quadratic  factors,  each  =  (or  —  a)2  +  /32, 
assume 

[7          3/0;  +  ^  M.x  +  N,  P 

_  _  __  i     _  _    i    A^-o      i     _  . 

r      {(*  -  a)2  +  /32}"1      {(*  -  a)2  +  /32}""-1  Q  ' 

.-.  U=  {Mx  +  N+  (MlX  +  N)l(x  -  a)2  +  /3s]  +  &c.}  Q 


first  find  (M.  x  +  N),  by  putting  (x  -  a)2  +  (3s  =  0  ;  subtract 
(.Ma  +  #).Q  from  27;  divide  both  sides  by  (o;-«)2  +  /32; 
then  proceed  similarly  to  find  Ml  and  JVj. 


Ex.  5.     Let  -^  = 


Let  x^J^l; 
.-.  1  =  (Mj~l+N).  (^I 
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Let  x  = 

^- 

r-Mi=t,  and  N&M^O;   .-.  .V1=i,  and 
*^1;     .-.  l  =  Px2;     .'.  P  = 

£_-\    x~l     i 
•    ~      > 


14.     To  integrate  the  fraction  -(1  \*>  divi^e  it  into 


two  others,  ^y,  and  ^1^. 


And 


but   I  y-a  —  -ra  is  a  particular  case  of  /  —^  —  -—  which  has 

JX\X    +  L)  Jx  {X    +  I  ) 

not  yet  been  integrated. 


Integration  by  Parts.    , 

15.     The  method  usually  given  for  the  integration  of 
l  j~i — ;p—  is  called  the  integration  by  parts,  which  is  very 

general  in  its  application,  and  which  we  now  proceed  to 
explain. 

*1  ,     *P. 


dq       d 

• 


if  any  differential  coefficient  can  be  divided  into  two 
parts,  one  of  which  is  a  function  of  x  as  p,  and  the  other 
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is  the  differential  coefficient  of  a  known  function  q  ;  then  u, 
the  required  function,  is  equal  to  the  product  of  p  and  q, 

minus  the  integral,  of  q  multiplied  by  •£•  .  The  utility  of 
this  method  depends  upon  q  -j-  being  less  complicated  than 
the  original  function  p  -^  . 

Ex.  1.     Let        =  x3(l  +  xa)5  =  a*x(l  +  xj  ; 


(1+.E2)7 


12  84 


12 


_(l  +  ^)6/6^-l\ 

12    \  7  ;* 

(?M  1 

16.    Integrate       =.. 


*  +  1  3? 


+  I)"-1     (x*  +  1)"     (ar5  +  1)"     (x*  +  1)"  ' 


dp  _        dq  _ 
=a?;          =    ;         ~ 


, 

1 


_  ___ 

*    ,  («•  +  I)"     (2w  -  2)(j?2  +  I)"-1     2m-  2  M**  +  I)" 


__ 

'     ,  (Xs  +  1)»      (2»  -  2)  (*2  +  I)"-1      V      2  »  - 


RATIONAL  FRACTIONS.  245 

Ex.  2.     Let  n  =  4,  or  let   I  —^  —  -^  be  required. 


I    i    ^i     *    +  *  r    i 

J.(a*+lY     4*(^+l)2     4  M^  +  l)8' 


i  /•    i 


1)3  +¥7d'(^2+ 1)2  +  274j6' 


2.4.6 
17-     To  integrate  -^  =  ,,  *   ,Nn. 


-l 


_ 
(1  +  ^c8)"  ~  (2»  -  2)  (1  +  a:2)"-1      2w  -  2   ,  (1  +  ^r2)1-1" 

a  formula  of  reduction  by  which  the  original  integral  may 
be  made  to  depend  upon 


f 

J* 


or 


according  as  wz  is  an  odd  or  even  integer. 

18.     To  integrate  functions  of  the  form 
xm 


and 


(a  +  bx  +  cx*)n  '        a:m(a  +  bx  +  cx*)n ' 

In  these  cases  the  trinomial  a  +  bx  -f  e,r2  must  be  reduced 
to  a  binomial ;  and  then  the  integration  may  be  effected  by 
methods  already  given :  we  will  first  however  shew  how 
the  function  may  be  integrated  when  m  =  p  and  n  =  1. 
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du 

19.     Integrate  -,~  = 
ax 
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1 


CX*' 
1 


a  +  bx  +  ex2 


fs+* 

\c     c 


X+X2 


Let  or  +  —  =  z  :    .*.-=- 
2c        J         rfz 


,     „     bx     a 

and  a;2  +  —  +  - 
c       c 

du  _du  _ 
dz     dx~ 


a      bz 

— -„ 

c      4c2 


<!>  Let^^'or 


But 


20.     To  integrate 


+  &r  +  ex2)" ' 
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Let  x  +  —  =  z,   or  x  +  a  =  zi    if  a  =  —  ; 


.  f      *"      =  i  f  («-«)• 
•;,(«+  bx  +  ex1)"   <••"  *.  (**  *£•)"' 


(1)     Let?>|J;   then^-J^  may   be  found   by 
the  method  used  in  Art  16. 


must  be  integrated  by  partial  fractions. 

21.     To  integrate  —-.  -  ^  -  -=r-. 
o;m  («  +  6j?  +  ex2)" 

,    4          I  dx          1 

Let  x  =  —  ;     .'.  -j-  =  --  -.: 
z  rfs         js*  ' 

duldu         1  a** 


f 

A(« 


which  is  the  case  of  the  preceding  article. 
22.     To  integrate  *  =  -^  ;  and  *j 
Since  when  n  is  an  even  number, 


1)... 

continued  to  the  factor  x*  -  2x  cos  (  -   -  J  TT  +  1  ; 

and  when  n  is  odd, 

x*-l  =  (x-  l)(x2  -  2x  cos  —  +  !)(*•  -  2x  cos  —  +!)... 

continued  to  the  factor  x*  -  2x  cos  -  TT  +  1  ; 

n 

and  v  the  factors  of  or"  +  1  =  0  are  contained  in 

+  1 
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we  may  integrate  these  differential  coefficients  by  resolving 
them  into  partial  fractions,  having  simple  and  quadratic 
factors  for  their  denominators. 

23.     Let  n  be  even,  then  since 

*»-  1  =(*  -  1)  (x  +  l)(^-2xcos  —  +  1), 


n 


where  x2-2xcos—  -  +  1  represents  all  the  quadratic  factors  ; 


tt 


.-.  log(#n-l)=log(,r-l)+log(a:+l)+log(^-2,rcos 


Zx  -  2  cos 
1  n 


n 

27W7T 


Of1  -I        X-l        X+l  2        n  27H7T 

xs  -  2x  cos  --  +1 
n 


2ar  —  2x  cos 
nx  xx  n 


~l          X-l          X+l  2 

ar  —  2o?  cos +  1 


Now  subtract  n  from  the  left-hand  side  of  the  equation, 
and  on  the  right  side,  unity  from  each  simple  factor,  and 
two  from  each  quadratic  factor  ; 

27H7T 

2  -  2x  cos  — 
n  I  1  n 

'  xn-l~x-\      x+l  2mir        * 

x  —  2x  cos  —  —  +  1 
n 

2WZ7T 

°s" 


The  last  integral  is  of  the  form  I    t^aQ*      >  an<^  *s> 


or  since  3  =  sin—  - 
n 


" 


[      1          1  ,      x-  1      2f  .    27W7T          /  n 

I =  -  log  — \  sin tan"1!   ^—— 

),xn-l      n        a+i      n(         n  I      sin  ?^ 
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277Z-7T  /  2m7T  I 

-  cos  -  log  ./  a2  -  2,r  cos  --  +  1  >  . 
24.     The  method  is  the  same  when  n  is  odd. 
The  same  method  applies  to  ~  =—  _;  and  n  odd, 


H  even,  a;"  +  1  =  (x2  -  Zx  cos  —  -  IT  +  1)  ; 

n 

whence  giving  proper  values  to  m}  u  may  be  found. 


Examples. 


+  7  -  FT7  -  TT  loff  (x+b)+  -—  -  r-r^  -  r  loff  (j?  +  C) 

(a-b)(c-b)  '     (a_c)(6-c) 


Sx  +  1 


3     1          2 

+  25     g 
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5x  +12 


Zx 


BiTI 


log 


1       1  5       1 


Z'x-l 


EXAMPLES. 
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(23) 


-f  * 


(35)     I ^ 3  =  ---,.\ogJa  +  bx  +  cx* 

v     '     Jxa  +  bz  +  cx*     c      c 


bx  +  ex3 ' 
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(36) 
(37) 
(38) 
(39) 
(40) 
(41) 


3(1 


_Y2ar  +  l 


1  +  X        1          _, 

\-x~~  2ta 

x2          \.x-a       1          .x 
-4  =  —  log H tan"  - . 


/.  x      f          2* 

( 42 )  I =  cot" 

Jx2x*  +  2x*+l 

C     x*  \  xz 

(43)  /  -. = ^log  - 

v     J    hat+1      4/2     &  x* 


(44) 


(4,5)      j  _J — =  i  Ing^     1^'r     **- -=  tan"1^ 


r  yfi 

(46)     I  3  being  =  0,  when  x  =  0,  is  when  x  =  1 


<«)  inTb)=loWil?- 

(48)  li(TT^)=logAyr5- 

(49) 


(50) 


1        _6_,      /a  +  & 
"  3+2     g 


-log 


CHAPTER  III. 
Irrational  Quantities. 


25.  THESE  functions  will  be  treated  in  the  following 
order  : 

(1)  Those   which   are  the   differential   coefficients   of 
known  functions. 

(2)  Those  which  may  be  reduced  to  rational  functions 
by  means  of  obvious  substitutions. 

(3)  Those  which  must  be  referred  by  means  of  For- 
mulas of  Reduction  to  known  integrals. 

26.  I.   If  u  =  sin-1*, 

du          1  1 


du 


TT    '       l  ^  1  f  1 

u  =  Fsm-1*,    -j-  =    .  ;    .-.  I  —  —  ===  =  V  sin-1*, 

<W         2x-a?  J*2x-a? 


du 

=sec~lx,    -r- 


COB.     Since     -  sin'1- 


Similarly 

* 


=  -sec-1  - 


27.     II.   Next,  to  integrate : 
1  1  1 


if—-      -          -  du- 
~  " 


Let 


*•-!' 

2  log  x  =  log  a3  -  log  (z*  -  1) ; 
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dx          dx  dz 


1  1 


2+1 


log 


28.     Since 


=  log(x  +  JxFTa?)  +  C. 


On  TZ- 

29.     If   -=-  - 


Let 


=  z2-a2-)     .-.  2  log  ,r  =  log(z2-a2). 
1  1 


xjx*  +  a*     z2  ~  <? 

±./Y_L__   M=i.log 

2a  Js \z  —  a      z  +  a/      2o 


z  —  a 

z  +  a 


^V^=^-log 

+  a  +  a     Aa 


30.     Hence,  if  ^  =        *      gj  w=^  .  Ic 
J*  /Ja  +  bx  +  ca?8     ,/c  I       /a     6~      2 

A\/  r  +  r-37-1--1 


J_ 

7° 

1 


_ 
4c2 


4>ac  —  o2 
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which  being  of  the  form  I     . ; 


255 


1     i      if        b  a     bx     J\       %c        I 

7=  .  log  <  (x  +  —  +  »/-  +  —  +  &*]    ,  } 

c       8l\       2c     V  c       c         Jjlac-l*) 

2car  +  b  -f  2  J c ,Ja 
~ 


32.    Also 


})          I  .  =     —7=    I 

Jxja  +  bx-cx*     Jc\       fa     bx 
J*Vc+T~ 
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= Jaz*  +  bz  +  c+  —.1     . 

av  2a  J'J^T 


du 
35.     Integrate  -7- 


(a  +  bx)tjc~+~ex 


/ 2  —  c  ae—bc  +  bz* 

Let  z  =  Jc  +  ex ;     .'.  x  = ;  a  +  ox  =  — 

e  e 


du 


Zz 


2 


dz     (ae  —  bc  +  bz2)z  '  e 
(1)     Let  ae  >  be ; 


2 

X 


.tan"1- 


'ae  —  be 


Jbjae-bc  \jae-bc 

(2)    Let  ae  <  be,  and  let  — j- 


_ 

~ 


1 


36.     Integrate        = 
^ 

1  1  /I 

Let  o  +  to-; 


ea2     2ore       e 
c  +  ex  =  c  +  -;-£  —  ,-  +  y^-s 
6*1       62      6V 

•  (^2  -  2az  +  22)  by  substitution  ; 
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37.     Integrate  -^  =  — 


Let  Jc  +  ex2  =  xz ;     .-. 


z  —  e 
zdz         c 


.-.  du 


z*- 
z*-e          dx 


az*  —  ae  +  bc'xz' 

z*-e  1         cdz 


'x*'  (z'-e)* 
dz  1       dz 


az*-ae  +  bc~     a 
the  integral  will  be  either  an  angle  or  logarithm. 

38.    Integrate  d,  - 


(Art.  31). 


39.  Integrate  -v-  =  X(a  +  6.r)%  X  being  a  rational  func- 
tion of  x. 

T^          T  z*  —  a          ,  dx     q    (t_. 

Let  a  +  6^  =  ^;     .-.  j;  =  —  7  —  ,  and  -J--=TZ*~  , 

b  dz     b 

=  |Z. 
b 

%<i  _  ^ 
where  Z  is  the  value  of  X,  when  —  7  —  is  put  for  x. 

du  _  P. 

40.  Integrate  -y-  =  X  .  (x  +  Jl  +  x*)  *  ,  where  X  is  either 

a  rational  function  of  x,  or  of  .r  and  ^/TTP. 
Let  x  +  Jl  +  j?  =  z?;     .'.  I  +  x*  =  z**- 
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and  ^1  +  x2  =  z1  +x  =  1  (sfl  +  sr<); 


Z  being  the  value  of  X,  when  ^(&  -  2"^)  is  put  for  x 
41.     Integrate         when  it  is  either 


-a  .          -  or 


(i  -  o  /-  1      (i 

In  the  former,  make  2tfw-  1  = 


Qr 


0). 


therefore  by  dividing  (2)  by  (1), 
1         dx 


du  dx        du       z?m~2 
l-e-       --  or  ~~  ~  •  — 


In  the  latter,  let  2xm-l=22m;    xm~l      =  s8*1-1, 


and  l-a:'n=l- 

a?"1"1       dx  _du  _  Qz*"-2 
''  (l-xm)z  ~dz~dz~l-z?m' 

These  formulas  were  rationalized  by  Lexell. 


Binomial  Differential  Coefficients. 

42.    To  integrate       =  x^1  (a  + 


It  may  be  rationalized  when  —  or  —  +  —  is  an  integer. 

n       no 
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, 


which  is  rational  if  —  be  an  integer,  and  easily  integrable, 
by  expanding  the  binomial. 


(2)     If  -  be  a  fraction.  Let  a  +  bxn  =  xnz*  ; 

a  a^ 

•        <*»**  _  _  **»"*  __  _  _  • 

"  *                 ~~ff        L  >  ~                       ™  * 


m  .    dx       qan    *           z**-1 
.  x    l .  -7-  =  -  -^ . 


which  is  rational  when  —  h  -  is  an  integer,  and  easily  inte- 
grable  if  —  +  -  be  a  negative  integer. 

43.     We  have  assumed  that  m  and  n  are  integers,  but  if 
they  be  fractions  as  -  and  —  .     Make  y^i  =  x  ;    /.  x1  =  vrs\, 

S  7*j 

!j 
and  xs\  =  vr\s.     Also  w  is  assumed  positive,  for  if  not,  let 

#  =  -;  .*.  o?~"  =  wn. 
Ex.  1.    Let       =* 


Let 


Here  TW  -  1  =  3,  and  w  =  2  ;     •*.  —  =  g  =  2. 
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, 
Here  -  =  -TT,  and      =  -i;     .'.  -+     =  -2. 

-  ' 


Vl+^'Jl+j'        \_ 
«        i    Ztf          J~ 


Ex.  3.     Let  —  = 


TT        m     p      1      1 
Here  —  +  ^  =  ---  =  0. 
7*      q      n     n 


Let    ,.    1- 


.-.  n  log  £  =  -  log(l  +  2")  ;     .'.  -  -- 


'  dz     xz'dz         l  +  zn' 
which  may  be  integrated  by  partial  fractions. 

44.  This  method  of  substitution  is  seldom  adopted,  the 
integration  by  parts  being  more  generally  useful,  we  shall 
henceforth  confine  our  attention  chiefly  to  it. 

45.  Ex.    £=     ** 

dx 


IRRATIONAL   FUNCTIONS. 


261 


by  putting  #z  —  2, 
reduced  either  to 


m  m 

—  4,  &c.  for  m,  the  integral  may  be 


_ 

or,  to  -l  —  x*,  or  sin"1^  according  as  m  is  odd  or  even. 

f      *4 
Ex.     Let   I     /         .  be  required.     Here  m  =  4. 

Jx*jl—  X 


C; 


1.3   .     l 


46.     To  find  the  general  value  of  the  integral. 
(l)     Let  m  be  even  =2», 


let  P2B=       , ,,    and  O,n  ,= 

Lvl-* 

t  0*,          1 

.-.  P2  =  — 

2 

X    2n-2  =  —  77 


2n-2  —         rt      _  g   **2n-3 
1 


C-2n-5  ~    ^  T  -1  2n-6J 

„   where  P0  =  sin"1  x  ; 


*  Since  *-- Wl-** 
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(2/z  -  2)  (2»  -  4)  ......  4.2 


^_,        r 


If  the  integral  =  0,  when  j?  =  0.     Then  C  =  0,  for  Q2n_,, 
Q2n_3,  &c.  each  =  0. 

If  x  =  19  Q2n-i>  Qsn-a,  &c.  each  =  0,  and  sin"1  •*  =  ^  ; 
from  g°0---5...  3.1 


p 
2n-1J 


(2)     Let  m  be  odd  and  =  2w  +  1  ; 


andPt 

•'•  P2"+1  =  -{^TTQ2''+ 


2rc 


. 
C 


>ra  +  l)(2w-l)(2»-3)...5.3 


li-J+C. 


If  P2n+1  =  o  when  x  =  0,  since  then  Q2n  =  0  ; 


.... 


(2w  +  1)  (2/i  -  1)  (2»  -  3).  .  .  5  .  3 
whence  by  subtraction, 

2tt  .  (2re-  2)  (2«  -  4).  ..4  .  2 


&C. 
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Let  x  =  1  ; 


/' 

Jx 


2».(2n-g)...6.4.g 

x     l  -  a*        to  x=  1  J  ~  (2w  +  1)  (2w  -  1).  .  .7  .  5  .  3  ' 

COR.     If  n  be  infinite,  we  may  make  P2n  =  P2»+i> 

TT   1.3.5.7,  &c.  =  2.4.6.8,  &c. 
3F  2  "2  .  4'.  5  .  8,  &c.  ~  3  .  5  .  7  •  9,  &c.' 

TT  _  2  .  2  .  4  .  4  .  6  .  6  .  8  .  8,  &c. 
3r2  "1.3.3.5.5.7.7-9,  &c.' 
which  is  Wallis's  Theorem  for  the  length  of  the  circle. 


47. 


(a2  -  x*)*  =  a*  .  (a2  -  *2)-  x2  .  (a2  -  x>)     ; 


xftf-aff       na*      [.  f       „,==? 
.-.  w  =  -^  -  --^-  +  -  -  .  /  (a  -  ^  )     ; 
n  +  1          n+1  JS 

by  which  M  is  reduced,  n  being  odd  to  fx(a*  -  x*)*. 

Also  f  («•  -  *>)J  =  /7^=p  -  /-T5&-; 

J*  JX»Jtl      -  »*•  Jx\a  * 


If  the  integral  be  required  between  x  =  0  and  x  =  a; 
oxi      *(?       1    Tra2 
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du  1 

48.     Integrate  T-=  — 77 


Here      =,  and 


dp        m+l 

'*•  35     "'  and 


/"  1 

J-xm+sT+ 


+  a? 


m+i 

For  m  +  2  put  TTZ; 
1  1 


l  +  x2     m- 


and  the  integral  may  be  reduced  either  to  I  —  -  ----  -, 

/**l+^ 


-  or 


also 

and 


,  according  as  m  is  odd  or  even  ; 

a? 

=  log  --  ____    , 


49.     Integrate 


1  _  _  /•          x  f    I     ^N/^Zi 

.arJj^l-J.arvJj-l  ~)xxm+1'        ~dx 


7. ^/P^Y - 
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.   f i =    *     V^T      m      r       i 

"  ]xxin+2Jxz-L      m  +  l'    a:™*1        m+  I  ' ]xxm  J~x*~^i' 
therefore,  writing  m  for  (m  +  2), 

JL_  1       N/*2  - 1      ^-2 


amd  therefore  u  may  be  reduced,  wz  odd,  to 

— ,  =  sec"1  x,  and  TW  even,  to  /  - 1  =  V^J  _ . 

EXAMPLE.     Find   /  j= 

b&jf-l 


.  r      1     =i.N/^-rr  i  g  /s^:rT  1 1>3ccc-iJ 


£?M  ^m 

50.     Integrate  -7-  =    . 


I   S/-P 


t 
h 


i: 


«-H 
'2ax~-a? 


Now 


a  —  x 


therefore,  substituting 

m  f        X       .  =-jf 
JXfj2ax-x* 

f         x™  xm-l,j2ax-x2     2m -1 

"jtjzax-x^  ™  m 

by  which  w  may  be  reduced  to 


/, 


Fsin"1  - . 
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The  last  term 


(2m-  1)  (2m-  3)  (2m  -5).  ..3.  la: 
m.(«-l).(m-2)...2.1  a' 

51.  If  u  =  0,  when  x  =  0,  and  its  value  be  required 
when  #  =  20.  Then,  since  all  the  terms  vanish  when  x  =  0; 
.-.  C  =  0:  and  when  #  =  20,  all  the  terms  of  the  form 

xm~l  J-2ax  —  x*  vanish  ;  but  V  sin""1  —  =  IT  ; 


TT  .  a  . 


m 


52.     Integrate   -r=— 


'  dz 


which  is  easily  integrated. 

53.     Integrate  -j-=  -j= 
dx     Ja  + 

xm 


.     Letx  =  -; 


j  x  >k/  w     i     \si**     i^  i/**/  M  **  *  •*  ^v  ' 

/•  2"1 

which  may  be  made  to  depend  upon  I     .  • . 


54.     Integrate   -j- 
dx 


Let 


=  1.         ^_     1  ^?=     — — ^— - 
2 '       '  dz~     z*'  dx        £  tjaz2  +  bz  +  c 
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l  +  bz  +  c' 
which  may  be  integrated  by  the  preceding  method. 

55.  Integrate  ~=  . . 

dx        r  —  T   /9^     r* 

y  <>  ~  X  ^  £UX  —  X 

(l--T' 

1  1    V       c) 

Jc  —  x  Jzax  —  x*  ,Jc  J%ax  —  or3 

1  1  1   x     1.3  x3 

=  ~r'~7=^=*'^  2*c  +  2~4V+       ^ 

and  thus  u  depends  upon  |  — =^ ;  this  integral  is  met 
with  in  Mechanics. 

56.  Lastly  to  prove  Bernoulli's  series  for  fxu. 
Since  fxu  =  ux-  [  x-^, 

du     x*  du     j   ,     <tfu 

x*    d?u  .  d?u 


dau 


,r3      d*u          x4        dsu 
_.___._ 


Ex.     Let   M  = 


'  1.2...  »* 


2bx  +  c, 


,     and  -;  .  =  0  : 
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3ax4+2bx3+cxa 


ax 


+  ex 
* 


•* 


ca? 


bx3      ax* 
--- 
34 


Examples. 


CD 


2ja  +  bx 


(3)       f  -=?==  = -I 

J^Xfa+bx        a 


2  .      Ibx-a        2  ,      /bx—a 

=  -=  tan~\  / =  — —  .sm~  A  /  — = — 

Ja          V      a         Ja          V     bx 


x2j4>+3x 


a+bx  +     b 

S 


-Ja 


(7)    /-(I^i" 

(8)       \x—\^ 

J    -V.i  ft  -4-n.r  iz 

(9) 


+  ^*10g' 
3 


a+bx—Ja 


o  «\f  V.  /I  -4-  9.r  4- 1  / 


128\         2 
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(16) 
(17) 


35 


(20) 


f~L_ 

•'>  +  4*°)'~ 
(22)   /Xi-a^^ 

(23)       f  -  ^= 

•''i  +  x2* 


(25) 

(86) 

(27) 
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(28) 
(29) 
(30) 
(31) 
(32) 
(33) 
(34) 

(35) 
(36) 

(37) 
(38) 
(39) 
(40) 
(41) 
(42) 
(43) 


f-      -1=      ==-tan-(Y 
i*l-xl-2x  \     m     J 


f  -         l  =  log(2,r  +  1  +  2,/rTtfT**). 

1  i^-A 

a-=  sin-1  ( — -j^j . 


f-     i    =.co^.fl^ 

j'r+iBc^ii?       v 


f 

•'' 


sin   . 


''(a  + 

(45) 
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(47) 


/J  , 

'/«/«.*  j..*8^        a*J 

(50) 


x  +  a 
(2ax  +  a:2)t        tfjzax  +  3? 


x  +  a 

i*J%ax  +  x* 


(51)  f  1  -    «-( 
*'(t+«         *      31 

(52)  f 1 

« 


4>ac  -  3b* 


8cV' 


W  i      / 
rlog| 


+  2 
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(58)     Rationalize  the  integrals 


in  (1)  make  x  =  212,  and  in  (2)  make  (1  +  x)  =  2*. 

<»>  Ww-i--^ 


f  i  ^        =  log  ./ 

J^a:V     a2  -a;2  VVy 

/^ 
V    a8- 


where 


1      1 

make  a?  —  =  - 
x     z 


(62) 


CHAPTER  IV. 

Integrals  of  Logarithmic  and  Exponential 
Functions. 


57-     THESE  functions  are  of  the  form  X  (log x)\  X.a*} 
where  X  is  a  function  of  x. 

58.     Integrate  faX .  (log  x)n. 

Let  LX=P,    LP.-  =  Q,    and    fxQ.-  =  R. 

x  x 

Then  JlX(log  x)n  =  P(log  x)n-n.fxP.  (log  j:)"-1 .  -  , 
andf^. 

j  or 


P(log  *)•  -  »  .  Q(log  *)- 
+  n  .  (n  -  1)  .  R  .  (log  a:)"-2  -  &c. 
59.     /, 


and  in  this  manner  may  the  integral  be  reduced  to 

jf»+i 

Lxm  =  —  —  ,  if  n  be  a  whole  number, 
m+  1 

r»n+l  n 

and  .-. 


(m  +  I) 

Every  term  of  the  integral  vanishes  both  when  x  =  0  and 
x  =  1,  except  the  last,  which  vanishes  only  when  x  ±  0  ; 

T 
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fromo:  =  0)          1.2.  3.  ..(»-!). 
= 


/•       J£ 
60.     Integrate  I  ^  -  ^  ,  n  a  whole  number. 


. 

d.log*         ] 

-----! 


X.x  1        /       dx 

.log*) 


.x_ 
dx 


*'•  L  (log  of     (n-1)  (log  a?)-1  +  ft  - 1  '  J,  (log  a:)"-1 ; 

if    p   -     -*•*     ,  i    r_A_ 

Jf,  (log  a:)?-1      (TI  -  2)  (log  A )-2      »  -  2  *  A  (log  *)"-2 

where  Q= — '    ,  '   '  \ 
dx 

-Xx Px 

(n  —  1)  (log  .r)""1      (TZ  —  1)  (w  -  2) .  (log  or)""8 

*=*•  ^ c,c 

i-  1)  (»-2)  (n-  3)  (log or)1-3 


/"     -X^ 
in  this  manner  the  integral  may  be  reduced  to   I  ^ — — . , 

which  cannot  be  integrated  except  by  a  series. 


61.    Find   [77-^5. 
Mlog*) 


/*         WI+l         ^ 

I   7i \2  ==   §    /i     \o  ==  T \~  (1H  •{-  i)  •  I  ~^ • . 

J*  (log  xf     ]x  (log  x)2      log  x  ./,  log  j? 

Let  log  x  =  z  •     .*.  x  =  e*,   and  ,rm  =  e1"* ; 

.-.  r  ^  =  f*"td*=f**tf 
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(m  +  1)V     (m  +  l)V 
* 


O+l)2(log,r)2  , 

^  --  _          -  +&c. 


COR.    If  m  =  0,  we  have 


62.     Integrate  f,a*.X,  X  being  a  function  of  x. 
Since  —  =  <z*  log  a  =  Aa'  ;     .:  /X  =  ^  .' 
Xcf 


Ex.  1.    Let  fxxm.ax  be  required. 


-a*  A          a* 


1  ~  (n  -  2)  x-2     w  -  2  V 
f  -a' 


T2 


276  INTEGRAL  CALCULUS. 

A'aT 


-&c. 


A3*3 


Also    /-    '  l 


X 


A'a*      A3*3 


Ex.  3.     Find  f  -  .  log  ( 

JxX 


log  (a  +  bx)  =  log  a  (1  +  -  x)  =  log  a  +  log  (1  +  -  a) 
6V     iV      6V 


.-.  I  -  log  (a  +  bx}  =  logo;,  log  a 

(b        b2x2     b*x3     6 
+  U^"2V+3V-4 

Ex.  4.     Find  J>"*. 

(nx  loff  «rY      (na?  loff  a:)3 
a:"J  =  l  +  ^loga?  +  i     ^|       +     1>2.g 

/.  /^M  =  a?  +  n  .pp  log  x  +  y7^  . 


Hence,  the  integration  depends  upon  fxxm  (log  o?)m,  Art.  59; 

£ 

2 


&c. 
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and  arranging  the  terms  according  to  the  powers  of  log  ,r, 


r  „__  nV      - 

~     2  +    33         44  +    55  " 

nxz      n*x* 


+  &C. 

COR.     Since  a?m  (log  a:)"  =  0  ;  both  when  x  =  0,  and  x  =  1  ; 
from  a:  =  0  )  w      w2     n3     n4      0 


and  if  n  =  1,  pr*  between  the  same  values 


This  last  integral  gives  the  area  of  a  curve,  defined  by 
y  —  xxt  included  between  two  ordinates,  each  =  1,  one  drawn 
through  the  origin,  and  the  other  at  a  distance  =  1  from  it. 

Ex.5.     Je^.      ^ 


-e*  /JL_ 

2~  '(1  +  ^ 


63.     Find  fa-*2  between  t  =  -  co  and  /  =  co  . 
Now  by  Art.  46,  between  #  =  0  and  x  =  1,  we  have 
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the  limits  of  t  being  -  co  and  0  ;  now  let  q  = 


2 


Now  making  5  =  0,  in  which 


but  as  the  value  of  the  integral  is  the  same  for  t  positive  as 
t  negative;  /.  the  integral,  from  2  =  0  to  £  =  co,  =-^J^y 
.•.  from  t  =  —  co  to  tf  =  +  oo ;     J]e~*=  JTT. 


Examples. 


(1) 
(2) 

(3) 
(4) 


]*  (log  x)3        2  (log  xf     2 .  log  x 

!,  *     "   •    ' 


25  f_*!_ 

2  '  )*  lo    x  ' 


'log  x     4-^/logj; 


.{1 


1.3 


,„, 

(7) 

(8) 
(9) 


8  logo:      (8.  log*)8 
+  _l_^_  +  &,}. 
r_j> 

-  24r  +  24}. 
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(10)     J>e^=2*V*V- 
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^^ 
Ajx     (     1          1.3         3.5        3.5.7 


(14) 


09) 


(20) 


1  n 

m  +  l      (m  +  2)s 


(m  +  3)3      (m  +  4)4 


CHAPTER   V. 
Circular  Functions. 


64.     THESE  are  of  the  form  sin"0,  cosnO,  (sin0)m.  (cos0)B, 
- ,  and  X .  sin~X  where  X  is  a  function  of  x ;  these 


(sin  ey 

may  be  integrated  by  parts,  and  be  reduced  either  to  known 
or  more  simple  functions  such  as, 

sin  0,  cos  0,  —  ^  >  tan  0>  cot  0*  -r—  Q  ,  -  H  ,  and  -  .   .    .  . 
cos20  sm  0    cos  0  '          cos  0  sin  0 


Also  (1)     /0sin0  =  -cos0.  (2)     /0cos0  =  si 

(3)  '  f-^=tan0.  (4)      (  JL-sr- 

J0cos20  Josm26 


(5) 
(6) 


'   and 


/•     1     _  f     sin0      _  j  f  /    sin0  sin  0    \ 

*  '     Jesin0  ~  Je  1  -  cos20  "  ¥  J  Al  -  cos  0  +  1  +  cos  0J 


-  cos 


cos'- 


__   __=1     _  \ 

*'     J0cos0~Jdl-sin20     2jMl+sin0      l-sin0J 


T         1          _  /"  sin20  +  cos20  _  f  sin0      /"  cos0 
^     JesiiT0^oi0  "  jl   sin  0.  cos  0  "  Jecos  0     Jesin  0 
=  —  log  cos  0  +  log  sin  0  =  log  (tan  0). 
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66.     Find   fxX .  siirlx,  where   X  is   a   function   of  x. 
Make  fxX=P,  and  then  integrating  by  parts, 

/p 
.         g, 

f      P  . 

and    I  — has  been  integrated. 

Ex.      I  -  sin"1*.     Here  P  =  -  Jl-x2  '> 

r        '   —i  i 

=  —  Jl—x2.  sm~lx  +  x. 
Similarly  may  fxXcos~lx  be  integrated. 


67.  To  integrate        = 

Let  /, 

-1^  -f  ^-^ . 

flu 

68.  Integrate  -^  =  sinB0. 

Integrating  by  parts,  since  sin"0  =  sin""1 6 .  sin  6; 
.:  fesmnO  =  /sin"-1 6 .  sin  0 

=  -  sin"-1  e.cosd  +  (n-l).fe  sin"-20  cos20 ; 
and  putting  l-sin20  for  cos20 
=  -  sin"-1 0  cos  0  rf  (n  -  1)  . /0sin"-20  -  (n  -  1)  /0sinn0  ; 

.     .     .         sin"-10.cos0     n-l   .  .      2Q 
.:  fe .  sm"0  = — + /0sm"-20, 

a  formula  by  which  J^sin"0  may  be  reduced  to  —  cos  0,  or  0, 
according  as  n  is  odd  or  even. 

Suppose  n  to  be  even  or  =2m,  to  find  the  value  of 
/a(sin0)2w  between  0  =  0,  and  0  =  -. 

Let  /,(sin  0)2"1  =  P2m ;     sin2-1 0  cos  0  =  Q^., ; 

P  l     Q        ,  2m~1  p 

"    '  -*~-- 
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But  Q2m_!  =  0  both  for  0  =  0  and  0  =  -; 
..  p    =  2m  ~  *  p       .      .    p       =  ^m  -  3 

_(2m-l).(2m-3)    . 


2m.(2m-2) 


.... 

* 


2m.(2m-2).4.2 


2. 4. 6. ..2m         "'2 
69.     Integrate  -^  =  cos"0. 


(n  -  1)  .  fe  cos 
=  cos"-^  sin  0  +  (n  -  1)  fd  cosn~2d  -(n-l)je  cos"0 

cos"-^  sin  0     n  -  1  r 
=  —  —  +  -    —  fa  cosn~30, 

w  w     " 

a  formula  by  which  fe  cos"0  may  be  reduced  to  sin  6  or  6, 
according  as  n  is  odd  or  even. 


70.     Let  ~  =       *       .     Since  sin2a  +  cos20  =  1  ; 

_  rsin2a  +  cos20 
~JQ     (sin0)« 


,        cos20  cos  0 


__ 

\^e)n  ~~(n-l)  (sin  0)"-*  ~  ^1    fl  (sin  0)"-1  '* 
__  cos0  /          1    \  r        1 

(ra  -  1)  (sin  0)'-1  +  \   ~  n^l)  J0  (sin  0)"-2 


cos0 


a  formula  by  which  n  may  be  diminished. 

V\     71  •     If  -^  =  , 7rr-  ,  then,  as  in  last  article, 

a0      (cos  0)" 


- 

- 
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sin20  sin0  If     cos  6 


r    sm20  sm  6  1C     cos  0 

je  (cos  6)a  =  (n  -  1)  .  (cos  0)"-1  ~  n  -  1  Je  (cos  0)-1  ; 

K-2  r        1 
(n-l)(cos0)n-1  +  w  -  1  J0(cos 


_  sn 

~ 


72.     Let    -72i  =  (sin  ^)m  (cos  0)">  TO  an^  n  both  integers, 
(sin  0)m  (cos  0)"  =  (sin  0)m  cos  0  (cos  0)"-1  ; 


/    |  »-l\^"'  +  '»;(  =  (sin  fl)""-'  (cos  g)-' 
\       m-t-lj     ~  m  +  1  m  +  1 


(sin  ft**1  (cos  0)"-1      n-1 

.-.  u  =  ^  -  ^  —  2  --  1  —  +  _    —  .  j:  (sm  0)m  (cos  0)"-2, 
m  +  n  m  +  n  Je^        J 

a  formula  by  which  the  integral  may  be  reduced  to 
fe  (sin  0)m,  or  fe  (sin  0)m  cos  0. 

73.    Let        =          ( 


n"1-^  sin  0  _         (sin  0)"1-1  ?n-l  t  (sin  0)1-2 

(cos0)n     ~  (w-l).(cos0)"-1~'  w  -  1  Je  (cos  0)"-2  ' 

a  formula  by  which  the  integral  is  reducible  to  a  known 
form. 

74.     Let  ^=0B.sin0. 

J00"    sin  0  =  -  0"  cos  0  +  »  ./0"-1  cos  0, 
/66-lcos  0  =  +  0"-1sin  0  -  (w  -  1)  /d0"-2sin  0, 
/e6-3  sin  0  =  -  0B-2cos  0  +  (n  -  2)  /^"^cos  0, 

&c.      =  &c.  &c. 

/fl0"dn  0  =  -  0"  cos  0  +  W0"-1  sin  0  +  n  (n  -  1)  0n-3cos  0 
-  n  (n  -  1)  (n  -2)  0n~3  sin  0  -  &c. 
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COR.     Similarly  may  fddncos6  be  found  and  shewn  to  be 
=  0"  sin  0  +  W0"-1  cos  0  -  n  (n  -  1)  0n~2  sin  0 
-  n  (n  -  1)  (n  -  2)  0"-3  cos  0  +  &c. 

75.     Let   ^=0-»sin0  =  S^; 

sin  0  sin  0  If  cos  0 


,      cos  0  cos  0  1       r  sin  0 


sin  0  sin  0  cos  0  1  fsin  0 


sin  0  cos  0  sin  0 

•+&c. 


by  which  the  integral  may  be  reduced  to  I  -  —  ,  (if  n  be  an 

Je    ' 

integer)  -jf  {  i-^  + 


COS  0 


/"COS 

similar  method  applies  to  I  —  ^ 


76.     Integrate  sin  m8  .  cos  w0,  sin  m6  .  sin  w0,  and  cos  m6 
.  cos  w0  ; 

v  sin  m0  .  cos  nd  =  J  .  {sin  (wz  +  n)  0  +  sin  (w  —  w)  0}  ; 

.    (  cos  (m  +  n)  6     cos  (m  —  n)  6  ) 

.-.  f0(sin7H0.cosw0)  =  -i  .<  —  ^  --  —  +  -  ^  --  —[. 
Je^  *   \       m  +  n  m-n       J 

Also  since  cos  m0  .  cos  w0  =  J  .  {cos  (?w  +  ;z)  0  +  cos  (m  —  n)  0}, 
and  sin  w0  .  sin  nd  =  ±  .  {cos  (m  —  n)  0  —  cos  (m  +  n)  0}  ; 

...      ,     (  sin  (m  +  w)  0     sin  (m  —  w)  0  ) 
.-.  /,  (cos  md  .  cos  w0)  =  A  .  <  -  —  —  +  -  i  --  —  >, 

Jdv  y          \7w-i-n  m-n        J  ^ 

,  r  ,  .       n   .      «v          ,     (  sin  (»z  +  TZ")  0     sin  (m  —  n)  0  ) 
and  ffl  (sin  w0  sin  n0)  =  -  A  .  <  -  -  -  -  ---  -  --  '—  }  . 

(       m  +  n  m-n       ) 

COR.     Similarly  if  -^  =  sin  (a  +  md)  .  cos  (6  -f  w0), 

put  for  sin  (a  +  mO)  .  cos  (b  +  w0)   its  equivalent  expression 
£  [sin  {a  +  I  +  (m  +  «)  0}  +  sin  {a  -  b  +  (m  -  n)  0}]. 
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77.     Integrate  (tan0)m,   and  (tan  0)~m. 

(tan  0)m  =  (tan  0)m-2  {1  -t-  tan20  -  1  } 


fe  (tan  Or°= 


&c.  &c. 


. 

TW  —  1  m  —  3  TW  —  5 

by  which  M  is  reduced  either  to  0,  or  J^  tan  0  =  —  log  cos  0. 

+  tan20  -  tang0 


7ft 


•I 


(tan0)wl 

and 


!-  1  f        1 

r*        (w-l)(tan0)m-1     ;0tan0 


-  3)  (tan  0)' 

•    f       1  1 

*  '  Je  (tan  0)m  '       (TTZ  -  J  )  (tan  0)"-' 

_  1  ___  1  _      , 

+  (m  -  3)  (tan  0)"1-3     (m  -  5)  (tan  0)"-5  + 

and  thus  u  may  be  reduced  to  0,  or  I  -  —  -  =  log  (sin  0). 

79.    /X*  sin  for. 

e^sin  lex     k    c  ^  /<x 

/xeMsm^  =  ---  .J.c**cos*dE  ............  (1), 

and  J^cos  Ara?  =—  ^  -  +  -  ./,e^  sin  &r. 

^ 
Multiplying  by  -  ,  and  transposing, 

k 


.........  (2). 
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Adding  (1)  and  (2), 


(k* 
l+-2 


.sinkx  —  k  coskx^ef" 
—- 


cos  x 


80.     To  integrate  ~  = f 

dx     a  +  b . 

' 1 

a  (cos2 1  +  sine 0  +  b  (cos2 1  -  sin2  |) 


sec", 


(a  +  b) .  cos2  -  +  (a  -  6). sin2  -     a  +  b  +  (a  —  b).  tan2  - 


Let   2  =  tan.-; 


du 

•'*  dz 


(1)    Let  a>6;     .-.  «  =  •      " g 

2  J     /^6  ^     j:) 

^?r?tan  tv^^^11^}- 

(2) 


/b  +  a 
V  6^~ 


81.    Similarly  may 


be  found. 
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C     d(bcosx) 

AI        f       sinjr  1  I  <fo  1    i      /        r 

Also    I ; —   —  =r  f  — 5— —  =  —  7.  log  (a  +  6  cos-r), 

Jxa+bcosx     bJ*  a  +  b  cos  x         b 

,    f      cos  x  f  a  +  b  cos  or  —  a 

J*a  +  b  cos  #  ~~  Jx  b 


b(a  +  b  cos  x) 

f/i_£._  _j i    x  a  f     i 

Jx\b      b'  a  +  b  cos  x  f      b     b  Jx  a  +  b  cos  x ' 


82.     Integrate  -^  = — ! 

rfor     a  +  ^ /- 


sec8* 


f  1 

J*a  +  b(cosx)* 

[          sec*x  1  ,(     I    a  \ 

I  -  5—      —  ¥-=-T=^..tan-1(A/  -  -.tana;). 
J*a  +  b  +  atan2x         a2  +  ab  \V  a  +  6  / 


83.     If       =  -   -  .  =       ..       =  —_2 

cu     a  +  6  tan  a;  02      1  +  z2 


f-     ^ 

]*  (1  +  z2)  ( 


Let  u  = 


a  +  6  tan  a?     ;»  (1  +  2s)  (a  +  6s) 

=  -3 — 75  {6 .  log  (a  cos  JT  +  b  sin  #)  +  ax] 

T f  C?M        a'  +  &'cos  x 
dx     (a  +  b  cos  x)m ' 

A  sin  x  f    B  +  C  cos  x 


(a  +  6  cos  a:)"1-1    '  J*(a  +  b  cos  j?)m~ 
.*.  differentiating  and  omitting  the  denominators, 

«'  +  b'cos  x  —  A  cos  j;  (a  +  b  cos  a;)  +  (m  —  1)  ^46  sin2x 

+  (B  +  C  cos  #)  (a  +  b  cos  x) ; 
.-.  (wz  - 1)  Ab  +  Ba  -  a'  +  (Aa  +  Bb  +  Ca  -  b^cos x 

-  {(m  -  2)  A  -  C}  cos2*  =  0, 
.  ab'-ba!  „     aa'-bV 


(abr  -  ba'}  sin  x 
.*.  M=  y 


(m  -  1)  (a2  -  b2)  (a  +  b  cos  a?)"-3 
(m  - 1 )  (aa'  -bb')  +  (m-  2)  (abf  -  a'b)  cos  x 
(m  - 1)  (a2  -  b')  (a  +  b  cos  j:)'"-1 
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COR.  1.     If  b'  =  0  and  «'=!,      I- r^ 

J*  (a  +  b  cos  x)m 

_  I  (       -  b  sin  x 

~  (m  -  1)  (a2  -  b3)  \  (a  +  b  cos  a:)"1-1 

/(m  -  1)  a  -  (m  -  2)  b  cos  x  ) 
(a  +  b  cos  a:)TO~1  /  * 

COR.  2.     If  a'  =  0  and  6'=  1 : 


(a  +  b  cos  a:)"* 

_  1  (       asin,r  f  (772— l)b— (m-2)a  cos  a: ) 

=  (7«~l)(a2-62)  I  (a+bcosx)m-l~J*       (a  +  b  cos  x)™-1        J  ' 

85.     Integrate  fx(a  +  b  cosx)m   by   means   of  multiple 
arcs. 

(a  +  b  cos  x}m  =  an(l  +  -  cos  x)m  =  am(\  +  n  cos  xj" ;     n=  -; 

n       / — 
but  (1  +  n  cos  x)m  =  {1  -f  -  (^V-1 


wzw-         n   , 

1  +  wn  cos  a:  +  —  ^  -  -  .  —  (2  cos  2,r  +  2) 
1.2         4 


, 

J  .  A  .  O  O 

).(w-2).(7w-S)   w4.  ^       c 

'  v          y  v  --  -  -^  (2  cos  4^  +  8  cos  2,r  +  6)  +  &c. 

X  •  Jv  *  v  •  4  J.O 

&c. 


7wm-        2     7?z-.m-.-. 
where  ^0=  1  +  -^-^  n«+  -  g.2.4.4  "  +    °' 


to  find  ^2,  ^43,  &cv  take  the  logarithms  and  differentiate; 
TTZW  sin  a;        Al  sin  j;  +  2^42  sin  2a?  4-  3^3  sin  3x  +  &c. 
l+ncosx"        ^0  +  AI  cosx  +  A2cos2x  +  &c. 
Then  v  sin  j:  cos  a  j;  =  J  {sin(a  +  l)a;  —  sin(a  —  l)x} 
cosx  sin  ^x-\  {sm(/3  +  l)x  +  sin  (/3  -  l)ar}  ; 
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therefore  multiplying  out  and  arranging  the  terms  accord- 
ing to  the  sines  of  the  multiple  arc  ; 

2A  m   ,    x   . 

0  =  (Al  +  —~  n  -  mA0n  +  —  A2n)  sin  x 

1  t        3A,        m   .        in 
+  (2Aa  +  -Aln+-^-n--Aln  +  - 

2  A        4>A4        m  A        m 
+  ~A2n  +  —n--Aan  +  ~ 

&c.; 


hence  if  ^0,  A^  are  known,  the  other  coefficients  are  also 
known. 


similarly  we  may  find  the  coefficients  when  m=-  \, 
the  latter  case  is  useful  in  Physical  Astronomy. 

du 

87-     Let  -y-  =  log  (1  +  n  cos  x). 


lnf      1.3n4      1.3.5n6 

22      2.44      2.4.66 

3  n3      3  .  5  n5 


U 
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1  n2      1 .  3  n*      I  .3.5    nG 
where^  =  22+2T44+^476'6 


1.3  1.3.5 


-1; 


dA0_ 


l 


and  C  =  log2,  for  A0  =  0,  when  72  =  0; 

2  -  2  Jl-n 


1.3    n3      1.3.5    n5 
—  ._+__^._ 


2 


1  .  3 


1  .  3  .  5    n 


n*Jl-nz     n*> 


.  „ 
.-.if 


and  to  find  J2,  J3,  &c.  differentiate  (l); 


. 


n  2  2 

=  x  log  — =r-T  +  ZN  sin  oj JV* .  sin  Zx + N3 .  sin  3x  -  &c. 

Q  A7  O       O  Q        Q 


COR.    If  n=l ; .-.  N=l,  and 
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.-.  =  log  2  +  2  log  cos  | ;  hence  putting  Zx  for  x, 

log  cos  x  =  log  1  +  cos  Zx  -  J  cos  4,r  +  J  cos  6,r  -  &c. 

And  n=-l;  .:  N=-l,  and  Iog(l-cos#)  =  log2-2logsin| 

=  -  log  ±  -  2  log  sin  | ;     .-.  putting  2*  for  or, 

log  sin  a?  =  log  ^  —  cos  %x  —  \  cos  4#  —  J  cos  6x  —  &c. ; 

.*.  /„  log  cos  ^  =  x  log  ^  +  ^  sin  2x  -  —  sin  4o?  +  — ,  sin  6'a;  -  &c. 

ft\ogsmx  =  a?log|  —  ^  sin2.r— — —  sin4or  —  — — ^  sin  60?  —  &c. 

2  «  4*  o  .  u 

and  /,  log  tan  ,r  =  -  sin  2x  -  T  sin  60?  -  &c. 


Examples. 
\  ».  (i)  /«  (sin  0)3  =  -  3  •  (sin  e)*  •  cos  a  -  §  cos  e. 

v    (2)    /a  (cos  a)3  =  J  .  (cos  0)2  .  sin  0  +  f  .  sin  0. 


r/        m«  5 

(4)    /,(cos0)« 


(5)  /e  (sin0)3  .  (cos  0)2  =          {(sin  0)4  -  J  (sin  0)2-  §}. 

(6)  j  (sin  0)2  (cos  0y  =  (sln  ^  C°S  ^  +  1  sin3  0  cos  0 


(7)    /9  (sin  0)«  (cos  0)3  =  {  ^)!  +  ^  f  (sin  0y. 
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5(coie)>  ""  15(cos  6)s     15  .  cos  0 


/- 
J<, 


(sing)5  1     j(sin0)*     4(sin0)*      8l 

<,(cos0)2~~cos0l       3  3        "' 


(cos  6Y 


(sin  a)2,  (cos  0)3       I  2  (cos  a)2 


r  i  is 

Je  (sin  0)4  (cos  0)2  =  "  ¥^oi"0  (sm0)3  "  3 
/,     (16)     /9(tan0)4=Jtan30-tan0-f  0. 


(1  8)     fa  63  .  cos  0  =  03  sin  0  +  30*  cos  0  -  60  sin  0  -  6  cos  0. 

(sin-1  a:)2 
09)  ^ 

(20) 


(21)        -—  „  tan-1  a:  =  a:  tan~J  ar  -  £  (tan-1  a:)2  -  log     l 
7*  1  +  «s 


(23) 


&  sin 
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''     (24)      /,- 
/,    (25) 

it    -r  •* 
/o*?\         f  1  1  I  /      /8 

'    ^     '     L  a  cos2  0  +  6  sin2  0  =  ~T~ '  VV  a 

1  sin  0 


(27)  /.7T 


cos  6 


_ 

a*—ba\a+bcosx       Jxa+bcosx  I  ' 

(29)     /a  (cos  20)^  cos  6  =  J  sin  0  (3  +  2  cos  20)  ^cos  20 

3 


/o/^\         I ^  Io0*      I 

J^,v/sin2a-sin20  '  \cos  0  +  ^sin8  a  -  sin2  0> 

from  0  =  0) 

to  0  =  a  J  ' 
(31)     j^ e2^008^,  (where  J  =  log  a),  between  x  =  0,  and  x=ir 


f  (  from  #  =  0    )          k 

(32)      I  e-«.  sin  ^  <  -          -  >  =75  -  s  . 

v     J     J,  (      to  x  =  co  )      k*  +  a* 


CHAPTER  VI. 

Application  of  the  Integral  Calculus  to  determine 

the  Areas  and  Lengths  of  Plane  Curves,  and 

the  Volumes  and  Surfaces  of  Solids 

of  Revolution. 


88.     WE  have  seen  in  the  Differential  Calculus,  that  if 
y  =f(x)  be  the  equation  to  a  curve,  and  A  the  area  of  a 

portion  ANP,  that  -7—=  #=/(•*)•     Hence,  when  the  equa- 

tion to  a  curve  is  given,  its  area  may  be  found  by  finding 
the  value  of  /*/(#),  and  this  integral  may  in  general  be 
found  by  means  of  the  rules  given  in  the  preceding  chap- 
ters. If  the  equation  to  the  curve  be  between  polar  co- 
ordinates, then 


**-**.  .  ,_K 

J0  ~2'     "  A-Jo2' 


It  is  sometimes  convenient  to  substitute  z  for  <p  (x)  ;  but 
then,  since  y  =/(^), 

dA_dA    dx__    dx^ 
dz  ~  dx  'd^~^dz' 


89.     Again,  if  s  represents  the  length  of  a  curve,  of 
which  the  equation  is  y  =/(#), 


since  -j 
a, 

where  ~  may  be  found  from  y  =/(#). 

90.     Also,  if  V  and  £  respectively  represent  the  volume 
and  surface  of  a  solid  of  revolution,  since 

dV 
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91.  A  constant  must  be  added  to  each  of  these  inte- 
grals, the  determination  of  which  depends  upon  the  nature 
of  the  particular  problem. 

As  an  illustration,  let 
the  area  ABDbe  required, 
the  nature  of  the  curve 
A  NP  being  known  by  the 
equation  y=f(x),  where 
AN  =  x,  and  NP  =  y. 

Let 


dA 


To  find  C,  we  observe  that  if  x  =  0  the  area  =  0 ;  if 
therefore  at  the  same  time  (j>(x)  =  0 ;  ..*.  C  =  0, 

and  ANP  =  0  (or),   and  ABD  =  $  (a]  ; 

the  same  result  would  be  obtained  had  we  successively  put 
x  =  Q  and  x  =  a  in  equation  (l),  and  subtracted  the  former 
result  from  the  latter.  This  process  is  called  integrating 
between  the  limits  of  x  =  0  and  x—  a,  and  is  commonly 
represented  by  the  symbol  /0°/(tf);  the  first  limit  being 
placed  below,  the  second  above  the  sign  of  integration. 

To  take  a  second  instance,  let  the  area  DBCE  be  re- 
quired where  AC  =  b ;  putting  a  for  x  in  equation  (1), 

area  ABD=<f>(a)  +  C, 
and  area  ACE  =  <p  (6)  +  C ; 
.-.  area  BDEC  =  <j>(b)-(}>  (a). 

Hence,  if  the  value  of  an  integral  u  =  <b(x)  be  required 
between  two  values  a  and  b  of  x,  omit  the  constant,  and 
having  put  a  and  b  successively  for  x  in  <p  (x),  subtract  <j>(a) 
from  (f)(b).  This  is  called  integrating  between  the  limits  or 
values  a  and  b  of  x,  and  the  integral  so  found  is  called  a 
definite  integral,  and  is  expressed  by  fabf(x). 

We  have  already  found  definite  integrals  in  the  pre- 
ceding pages,  and  if  we  use  the  symbol  mentioned  above, 


-    Art-  (50)  ; 
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.0 

/ 
/- 


Art.  (63),  and  some  others. 


When  C  is  not  determined,  the  value,  (j>  (,r)  +  (7,  is  caldel 
the  general  integral. 


Areas  of  Curves. 

92.     To  find  the  areas  of  curves,  or  to  integrate 
dA  dA     r* 


Ex.  1.    To  find  the  area  of 
the  circle. 
CN=x\ 


CA=a 


a    .     .  x     x    f—*  si 

=  —  sin    -  +  -  Ja  —  x  +  C. 
2  a      2V 


C  =  0,  since  area  =  0  ;    if  x  =  0  ; 
sin"1  -  can  only  be  approximated  to,  by  means  of  an  infinite 

series,  but  if  x  =  o,  it  =  —  ,   and, 


quadrant  ACB  = 

.*.  area  of  the  circle  = 
COR.  1. 


and  when  a:  =  a,   ANP  becomes  a  quadrant ; 
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The  two  definite  integrals  f0"Jas  -  x3,    and  J'JZax  -  a?, 
should  be  carefully  remembered. 

Also  fxja*-  xs  being  =  CBPN,  where  CN  is  some- 
times called  the  cosine  to  radius  CA  ;  .'.  fxja2  —  a?  is  called 
a  circular  area  of  which  cosine  =  x  and  radius  =  a  ;  and 
fr  J%ax  —  a?  in  which  AN  =  JT,  is  called  a  circular  area,  of 
which  ver.  sine  =  x  and  radius  =  a. 

If  AN=  the  diameter,  the  area  ANP  is  a  semicircle ; 


Also  v  /0~\/a2  ~  **  =  area  °f  tne  second  quadrant ; 


COR.  2.     To  find  the  area  of  the  sector  ACP. 
Let  A  =  area  ACP;    6=^  ACP; 


a*6 


a6     radius  x  arc 

¥=    —  - 


Ex.  2.     To  find  the  area  of  an  ellipse. 
The  centre  the  origin  ;  CN=  x  ;    NP 


elliptic  quadrant  =  - 

aj  a      4         4 

.*.  area  of  ellipse  = 
Had  the  vertex  been  the  origin,  and 

elliptic  quadrant  =  *  f'j^i^f  =  -  —  =         . 
oJo  a    4         4 

Ex.  3.     To  find  the  area  of  the  common  parabola. 
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.«.  area  =  I   y  =     *     x%  =  §  2  Jmx  .  #  = 

Jo  3 

=  §  of  circumscribing  rectangle. 
Ex.  4.     To  find  the  area  of  the  Witch. 


=  2a\  Jzax  -  x*  +  a  ver-sin-1-  1  +  C. 

aj 

And  area=0,  if  a?  =  0;    .-.  C=0; 

.*.  area  =  2«  •!  J<2ax  -  a?  +  a  ver-sin"1-  >  . 

rz  ) 

Let  x  =  2a  ;    /.  area  =  2a  x  a  .  TT  =  2ira*. 

Ex.  5.     Find  the  area  of  the  hyperbolic  sector  CAP. 

Sector  CAP  = 

A  CAT-  area 

Let  CN=x\ 


la 
andO  =  -  —Aoga+  C;    v 
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'x  +  Jx*- 
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sector 


Ex.  6.  Find  the  area  of 
the  portion  PNMQ,  PQ  being 
an  arc  of  the  rectangular  hy- 
perbola, axes  the  asymptotes. 


Here  yx  =  — 


=a    and 


'=f-M;- 


COR.    Since  ^=^;    •••  A  CNP=  A  CQM; 

.-.  sector  CPQ  =  area  PNMQ. 
Ex.  7.     Find  the  area  of  the  cycloid. 
d       J'*ax-  ** 


Origin  from  the  vertex,     _ 

cix 


also  •••  if  x  =  0,  y  =  0  ;  if  x  =  2a,  y  =  ira  ; 

a  .1-1 

y  —  semicycloid  =  2-Tra2  -  \  -nc? 


i: 


.'.  cycloid  =  37ra2  =  3 .  area  of  generating  circle. 

Ex.  8.     The  area  of  the  cissoid  = . 

Ex.  9.     Area  of  the  conchoid  = 
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Ex.  10.  In  the  com- 
mon parabola,  to  find  the 
area  ASP. 


^s 
2a  a 


1  +  cos  e          ,  0 ' 
2 


Ex.  11.     The  area  of  the  lemniscata  =  a2. 

Ex.  12.     Find  the  area  of  the  spiral  where  r  =a6". 

dA     ,          - 


£^__L  "~l.         ^  -     1 
dr  '   dr 

ncT  Znc 

1  n       — 

A  •*•  '*  4"* 


..         ~.——  , 

i     2»+  1 

2wa" 
and   C  =  0,  ifA  =  Q,  whenr  =  0. 

COR.     Let  n  =  1,  or  the  spiral  be  that  of  Archimedes  ; 


if  JK  =  r  when  0  =  2-r ; 
therefore  area  of  spiral  in  first  revolution  =  — —  . 

o 

The  area  after  two  revolutions  of  the  radius  vector  is 
when  6  =  4>ir,  or  when  r  =  ZR.  But  before  r  =  ZR,  it  will 
have  made  two  revolutions,  and  therefore  have  twice  gene- 
rated the  area  from  r  =  0  to  r  =  R. 
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Consequently  we  must  subtract  the  area  described  in  the 
first  revolution  from  that  in  the  second  ; 


3        - 

And  the  space  between  the  arcs  of  the  first  and  second  areas 


At  the  wlh  revolution  r  =  nR, 
.......  (*-l)th  ..........  r  =  (n- 

TT  (nR)3-(n-l)3l? 

.•.  area  after  n  re  volution  s  =  —  .—        —  ^=  -  -  - 

o  JK 

—{«•-(»  -IN- 

Area  after  (n  +  1)  revolutions  =  —  —  {(n  +  I)3  —  n3}  • 

o 

.'.  space  between  the  arcs  after  n  +  I  and  n  revolutions 


3  <5 

=  n  times  the  space  between  the  first  and  second. 

Ex.  13.     Find  the  area  of  the  involute   of  the  circle, 
where  r*-p2  =  aa. 


. 

dr 


Ifp  =  2-7ra;  A  =  ^  <jr3a2,  or  subtracting  ira2,  the  area  of 
the  involute  exterior  of  the  circle  after  one  unwrapping  of 

the  string  =maz(—-  --  1  )  . 
\  o  / 

Ex.  14.     Find  the  area  of  the  curve  of  which  the  equa- 
tion is 

y3  -  Saxy  +  x3  =  0. 
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The  curve   has    a   nodus   APMQ,  Ay  and  Ax  being 
tangents. 


xM 


Let  y  =  xz;     /.  2  =  y-  =  tan  PAN; 

.-.  x*z*  -  3ax*z  +  x*  =  0  ; 
3az  Saz2 


and  since  x  is  =  0,  for  each  of  the  branches  APM  and  JQAf, 
this  will  happen  if  z  —  co  or  =  0. 

dA     dA  dx          dx 


Now 


dz      dx'  dz      " '  dz 
dx     3a.{l  +z3-32 


(1  -  223) 


•Uf 


32s1 


Let  2  =  0  ;     .-.  C  =  -  ™  ,  and  let  *,=J  at  M; 


area 


Integrating  z  =  co  and  z  =  ^  for  the  branch  APM, 
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.-.  the  nodus  APM  Q  =  area  APMm  -  area  AQMm  =  — 
If  the  area  of  the  nodus  only  be  required,  then, 

since  tan  6  =  -  =  z  :     /.  -T-  =  cos2  0  ; 
x  dz 

dA      ,    9dd     .   ,       2Q     a* 

.-.  ^  =  ^-=1^0  =  -; 


2 
integrating  from  z  =  0,  to  z  =  oo  :  area  =  -—  . 

Ex.  15.     To  find  the  area  of  the  evolute  of  an  ellipse. 


We  might  put  y  =  xz;  but  better  thus  : 
Let^  =  cos30;     .'.l^sin'fl;    ^  =  -3a  sin  d  .  cos20; 
dA     dA  dx       dx 


A  =  3a/3.J^sin40cos20;  the  limits  of  which  are  0  =  -  and 
0,  since  those  of  x  are,  0  and  a. 

cos0sin60      1  .   . 


r  • 
Now  J0s 

o  o 


= 

.-.  f  °  sin40  cos20  =  -  1  f  °  sin60  =  -  1  x|4^  •  -  ; 
J,r  5;,r  56.4.22^ 


A         i,  i                Siraft      3      (a* - 
.•.  4iA  =  whole  area  = — —^  =  -  ?r  i 
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Ex.  16.    The  same  substitution  applies  to  find  the  area  of 


For  making  x  =  a  cos2n+10 ;     /.  y  =  ft  sin2n+10, 
^  =  -  (2»  +  1)  a  cos2"0  sin  0  ; 

.-.  A  =  -  (2w  +  l)a/3  f  sin2n+£0  cos2n0 
"2 

=  -  (2»  +  1)  ay5  f  {sin2n+20  (1  -  sin20)n} ; 

2 

whence  expanding,  -.-  /°sin2»0  =-  (*»-»•(**-*)•'•*•*    * 
*      Jn  2».f2»-2)...4.2       2' 


_ 


2.4...(2»  +  6)  2.3        *2.4...(2»+8) 

"  darea= 


« 


*-  ira/3,  the  result  obtained  in  the  preceding  example. 


The  lengths  of  Curves. 

93.     To  find  the  lengths  of  curves,  or  to  integrate 


Ex.  17.     Find  the  length  of  an  arc  of  the  parabola. 


*  /.  ./i 


C  f 

rt+^l^s^J 

Jxjx*  +  mx    Jxjx2  +  mx    Jx 


+  mx  +  —  log  (x  +  ^  +  ^/o?2  +  mx)  -f  C. 
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f%x  +  m  +  2  Jx2  +  mx 


m 


.:  s  =  Jx*  +  mx  +  ~ 

Ex.  18.     Find  when  curves  included  under  the  general 
equation  y  =  ax~n  are  rectifiable. 

dy     m     ==?  [      I       m2a*     «=5 

-£-=-ax*  ;      .:s=l  ./!+ — s-.o:    "    ; 
dx      n  JiV  nz 

which  is  integrable. 

(1)     When  - — -—  is  an  integer  =  r, 

m  1  ml  2r  + 1 


(2) 


+  i  =  an  integer  =  q, 


m  1  m         2 

or  --  1  =  -  .   or  —  =  — 

n  2q-l'          n      2q 


Let  r=l,  2,  3,  &c.     q  =  1,  2,  3,  &c.; 

246 
T'  3'  5' 

—  =  - 


m     3     5     7     0 
•••«=I'  V  6'&c< 


Ex.  lp.     Let  —  =  -  ;  (the  semi-  cubical  parabola) 
i     Jx  /-      2 


If  *  =  0, 


Ex.  20.    Find  the  length  of  the  cycloid. 


xx 


and  C  =  0,  since  ^  =  0,  when  o?  =  0; 
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therefore  s  =  2  zax  =  twice  the  chord  of  the  arc  of  the 
generating  circle,  corresponding  to  the  arc  of  the  cycloid. 

Hence  the  cycloid  is  rectifiable. 

If  x  =  2a,  s  =  Z  J^a*  =  4>a,  or  the  length  of  the  semi- 
cycloid  =  twice  the  diameter  of  the  circle. 

Ex.  21.     Find  the  length  of  the  arc  of  an  ellipse. 


y  =  -J"*-**;  ±=~^ 


f       nt      ^^2  r        i       p2pS 

I    V "    ~  cor  I    nj  L  —  e  &  f,p  . 

1  ^-r =  a  \  v  .  ,  (if  x  =  za) 

*•  Ja*-x*          h  ^/TT?  k  } 


Vf-^8    l~      *""        2.4"          2.4. 

/MJBl 
. 
/s/1  -  s2 

If  the  quadrant  be  required,   we  must  integrate  from 
o:  =  0  to  x  =  a,  or  from  2  =  0  to  2  =  1,  but  then 

TT   -1.3.5 (2w-n 


therefore  elliptic  quadrant 


ira 


1.3 


P 


1.32.5 


2  "*       22         22.4          22.42.62 
a  series  rapidly  convergent  when  e  is  a  small  fraction. 

(3)     To  find  the  same  by  circular  functions. 
Let  x  =  a  cos  0  ;     .'.  y  =  b  sin  0,     v  a:  is  <  a  ; 


-  (a2  -  62)  cos2  0  =  a  Jl  -  <?  cos2  Q 
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Now  fe  cos2"  6  =  sin  0 .  cos2"-1  0  +  (2»  - 1) .  J&  cos2-2  0 .  sin2 


sin  0  cos2""1 0     2re-l 


and  sin  0  cos21*-1  0  =  0,  when  0  =  0,  and  0  =  - ; 


71 

calling  I 

Jn 


2w  2«(2»-2) 

>w-l).(2rc-3)...3.1    TT 


1  .3    TT       „      1.3.5    TT 


1  _2     1.3   _4     1.32.5      ,    1.38.52. 


Ex.  22.     Find  the  length  of  a  hyperbolic  arc. 


o^-a2 
,  \/  ^  J"i  '  (if  ^  =  ^), 


g?_    /i-iJ—-!!!       1         1-1-3       1        p      \ 
SCi  "If  («/     2.4  •  (ez)4     2.4.6  '  (es)6"  *C'  /  ' 


the  limits  being  x  =  a;  O;  =  OD,  or  2  =  1;  SJ=OD; 
now  every  term,  except  the  first,  depends  upon 
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I  1        Jf^l      m-9, 

9CTI     m-l'    s"1-1        jw-l"     „     v_ 

/22_  j 

and  v  m_1      vanishes  both  when  z  =  1,  and  2  =  co  j 

r* i_  =sec-i2==!:. 


But 


1       1  .  1      1 


+k^'^22.l-^t-?+&c^ 

Now  the  equation  to  the  asymptote  is  y  = — ; 

.*.  length  of  asymptote  =A/  ^  +  — r  =  ^\/  — 2 —  =  e<r  =  a€S> 
But  ae   /  -___  -  ae^/z3  -  l  =  «e^  from  2r  =  1  to  z  =  co . 
If  therefore  /  be  the  length  of  the  asymptote, 


1  .  1  .  38.  52    I    &     \ 
+  22.42.62.8  'e7  r 


Ex.  23.     Find  the  length  of  an  arc  of  the  logarithmic 
curve. 
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Ex.  24.     Find  the  length  of  an  arc  of  the  Lemniscata. 
r2  =  aacos20,     and  s 
1 


=  f  ^  I  +  r2 


i.s  4    i.s.5 


Integrate  from   0  =  45°   to   0  =  0  ;     or  from   s  =  0   to 
2=1; 


2' 


i  i. 


r1     2*      _  1  .3  TT  /"  x      s6          1  .3.5  IT 

Jo  TT?-  274*2  s    dJorr?-2T4T6-2; 


.  33  .  5*  . 


72 
2  "        }' 


.  42  .  62      22  .  4s  .  62  .  82 
The  whole  length  of  the  lemniscata  =  4*. 

Ex.  25.     To  find  the  length  of  the  involute  of  a  circle. 

Here  r*  -/  =  **;    **          *          r 

a 


p       a   fis 

=  —    ss  —  ,  (7 

2a     2 


dr 


If  0  =  2-7T,  or  the  string  be  unwound  once,  s  =  2irsa. 

If  0  =  2n-7r,  or  the  string  be  unwound  w   times  length 


Ex.  26.  If  the  radius  of  the  circle  be  unity,  and  6  be  a 
circular  arc,  0,  the  length  of  its  involute,  02  the  length  of  the 
involute  of  0,,  &c.,  prove  that 


310 


LENGTHS  OF  CURVES. 
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Then  <  PQp-  <  P.Pp,;     .-.          =     -l 


2.3.4 

.-.  6  +  0j  +  03  +  &c.  =  6  + 1  02  +  -i-  03  +  &c.  =  e0  -  1. 


2.3 


The  Volumes  and  Surfaces  of  Solids  of 
Revolution. 

94.     To  find  the  volumes  and  surfaces  of  solids,  or  to 
integrate  the  functions 

dV  dS  r      df 


Ex.  27.     To  find  the  volume  of  a  cone  with  a  circular 
base. 

Let  a  =  altitude,  b  =  radius  of  base. 
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Then  if  the  vertex  be  the  origin  and  the  altitude  the 

/»  & 

axis  of  xy  y—-x'3 


AndF=Oif.r  =  0;     .-.  C=0;     .-.  r=-J- 

Let  x  =  a;    .:  whole  cone  =  -  =  J  of  a  cylinder  of 

o 

the  same  altitude  and  on  the  same  base. 

Ex.  28.     Find  the  volume  of  the  paraboloid. 
y2  =  4>mx  is  the  equation  to  the  generating  curve  ; 


g 

But  7r^3j?  =  volume  of  a  cylinder,  base  =  iry*  and  altitude 
.:  paraboloid  =  ^  circumscribing  cylinder. 

Ex.  29.     Find  the  volume  of  a  sphere. 
Here  y*  =  Zax  —  x2  ; 


and   F=0ifa?  = 


0;     .-.  F=  *a?  (a  -  1  1  . 


2          4 
Let  a-  =  20  ;    .•.  sphere  =  4?ra2  (a  -  -  a)  -  -  ira3. 

o     '         o 

Since  circumscribing  cylinder  =  2a  .  -n-a2  =  2?ra3  ; 
.•.  sphere  =  f  of  circumscribing  cylinder. 

Ex.  30.  Find  the  volume  of  the  prolate  spheroid  (formed 
by  the  revolution  of  an  ellipse  round  its  major  axis). 


=  -  Trb2a  ;   from  x  =  —  a,    to  x  =  +  a. 
3 

If  the  solid  content  of  the  oblate  spheroid,  which  is 
formed  by  revolution  round  the  minor  axis  be  required, 
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take  the  minor  axis  for  the  axis  of  x,  and  the  major  for 
that  of  y. 

Then  in  equation  (1)  put  y  for  x  and  x  for  y,  we  have 


=  -  7ra2&  ;    from  .r  =  —  6,    to  ,r  =  +  5  ; 

O 

/.  prolate  spheroid  :  oblate  spheroid  ::  b  :  a. 
COR.     Sphere  on  major  axis  :  prolate  spheroid  ::  a2  :  62, 
sphere  on  minor  axis  :  oblate  spheroid  ::  bs  :  a*. 

Ex.  31.     Find  the   solid  generated  by  the  conchoid 
round  the  asymptote. 

Here  xy  =  (a  +  x^^b'^  —  x2  ; 

and  since  the  curve  revolves  round  the  axis  of  y; 

abs 


Let  ^  =  0  ; 


Ex.  32.  Find  the  volume 
generated  by  the  revolution  of 
the  cissoid  round  its  asymp- 
tote. 


Now 


VOLUMES  OF  SOLIDS. 
T=  irfxy*  =  ic*x  -  27T 
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Eut 


.:  whole  solid 


id=jy  =  7r.2a.^-=7r2< 


Ex.  33.     Find  the  solid  generated  by  the  revolution  of 
the  semi-cycloid  round  its  base. 


Make  the  base  the  axis  of  x;     .-. 

dx 


But 


r     .y3     =_j 

J  Jiay-p 


y 


--fr^yJz^y9 


3.5 
2.3 


'-sin"1  - : 


ver-sm 


Ex.  34.     Find  the  solid  generated  by  the  revolution  of 
the  cycloid  round  its  axis. 


and  y  =  a  (6  +  sin  6)  ;   x  =  a(l-  cos  9)  ; 
.:  V=7ra3/e(0  +  sin  0)2  sin  0 

=  Tra3/^2  sin  0  +  20  sin20  +  sins0}, 
whence  integrating  from  0  =  0  to  0  =  TT  ; 


Ex.  35.    To  find  the  volume  of  a  conical  figure,  the  base 
of  which  is  bounded  by  a  given  curve. 
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From  A  draw  AD  perpendicular 
to  the  base,  and  =  a.  In  AD  take 
AN=Xj  N  being  a  point  in  a  sec- 
tion be,  parallel  and  similar  to  the 
base  BC. 

Let  A  =  area  of  the  base, 
S  =  area  of  section  be ; 

S      bN*     AN*     x* 


x*         ,dV 

—, .  and  -7- 
a  dx 


f*x*=^  +  0>   and  C  =  °'> 


— ,  =  -  —  =  base  x  J  of  the  altitude. 
3d  3 

COR.  This  proposition  is  manifestly  true  for  a  pyramid 
of  any  base. 

Ex.  36.  To  find  the  volume  of  a  Groin ;  a  solid  of  which 
in  this  instance,  the  sections  parallel  to  the  base  are  squares, 
and  those  perpendicular,  bounded  by  a  given  curve. 

Let  the  given  curve  AD  be  a  quad- 
rant 


therefore  generating  area  =  (2y)2  = 

dV 

.'.  -7—  =  4w 
dx 

/  ~3\ 

la3,    if  x 


a. 


Again,  v  generating  surface  =  perimeter  of  square  =  8y  ; 

dSf          ds          i4 *         a 


And  similarly  may  the  volume  and  surface  be  found, 
whatever  be  the  curve  APD.  Also,  if  the  base  be  any  other 
figure,  of  which  the  area  is  a  function  of  y,  as  a  circle,  a 
parabola,  a  triangle,  &c.  and  APB  be  a  curve  of  which  the 
equation  is^  =/(.*},  the  surface  and  volume  may  be  found. 


SURFACES  OF  SOLIDS. 

Ex.  37.     Find  the  solid  generated  by 
parabolic  area  round  its  ordinate. 


MP=y, 
PN*_CN    (a-x)*  _b-y 
AB*~CB;       a2  b    ; 
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M 


15 
The  double  of  this  is  a  parabolic  spindle. 

Ex.  38.  Find  the  vo- 
lume and  surface  of  the 
solid  generated  by  the  cir- 
cle BQP  round  an  axis 
ANx,  in  its  own  plane. 

Let  AO  =  b,     OB  =  a, 
MQ  =  y,    OM=x. 
Then  surface  generated  by  QP 
=  TT  (NP*-NQ?)  =  <* {(b  +  y)* 
dV 


Ex.  39.     The  surface  of  a  sphere. 

dy 


=  0,  if  x  =  0 ;  .*.  C  =  0 ;  .  •.  surface  of  a  segment  = 

.•.  surface  of  sphere  =  2?ra .  2a  =  47ra2. 
Ex.  40.     Convex  surface  of  a  paraboloid. 
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and  if  x  =  0,  S=0;  .-.  C  =  -| 
.-.  surface  =  - 

o 


Ex.  41.     Surface   generated  by  a   semi-cycloid   round 
its  base. 


4  32 

/.  surface  by  semi-cycloid  =  2-n- .  -  (2a)2  =  — 

Ex.  42.     Find  the  same  when  round  the  axis. 
The  vertex  the  origin,  -~-  =  */  -      —  . 

Surface  =  27rJ^  -j-  =  2-rr  \ys  -  fxs  —^  > ;    s  = 


from  x  =  0  to  #  =  2«,  or  y  =  0  to  y  =  ira, 


8-n-a 


r      4  ) 

.  <  TT  —  -  >  . 


Ex.  43.     To  find  the  surface  of  the  prolate  spheroid. 


SURFACES  OF  SOLIDS. 
C  _  v^a    J   *    -i  (€X\       €X       I         ^X* 
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from,r=-a 
to     ,  =  +  , 


Let  e  =  0,  or  spheroid  become  a  sphere ;    .•. 

o 

and  surface  =  Sira*  {1  +  1}  =  47ra2. 

Ex.  44.     To  find  the  surface  of  an  oblate  spheroid. 

*t  CN=x, 


=  yi  NP=y, 
dS  ds 


dS  ds 

or  -7-  =  S-TTJ:  .  -j-  ; 


.  dS 

dx  dx 

Make  Ja*  —  x 


V-eV 

-x*  ' 

;  •  and  c  =  -  ; 


=  C-ire{zlJc2  +  z2  +  c*  log  (z  +  Jz*  +  c2)}. 
From  a?  =  0  to  a?  =  a;  or  from  sr  =  a  to  z  =  0, 
-  .  a  +  Ja*  +  c2 


.-.  surface  = 


.  j  a  Jc^Ttf 


+  <? 


+ 


which  =  47rfla,  when  e  =  0,  or  if  the   spheroid  become  a 
sphere. 
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(45)  How  much  of  the  Earth's  surface  may  be  seen 
by  a  person  elevated  the  -th  part  of  the  Earth's  radius 
above  it. 


(46)  Find  the  length  of  the  curve,  where  $  +  y  *  =  (fi. 

s  =  6a. 

(47)  If  h  =  height  of  a  parabolic  frustum,  a  and  b  the 
radii  of  the  ends,  shew  that 

Frustum  =—  .(a*  +  62). 

a    -       -- 

(48)  Find  the  area  of  the  catenary,  y  =  -  (e1  +  e  a). 

Area  =  a  Jy*  —  a*. 

(49)  The  area  of  (x?  +  /)2  =  aV  -  by  is 


(50)  The  area  of  a  parabolic  segment,  cut  off  by  any 

2 

chord  =  -  of  circumscribing  parallelogram. 
o 

(51)  Content  of  sphere  :  content  of  greatest  cone  in- 
scribed on  it  ::  27  :  8. 

(52)  Find  the  content  of  the  least  paraboloid  about  a 
given  sphere. 

(53)  The  area  of  the  nodus  in  the  curve  defined  by 


(54)  Find  the  area  of  x*y*  -  a4/  =  a8. 

a"J 

Area  =—  < 
2  ( 

(55)  In  a  parabola,  the  area  included  between   the 
curve,  its  evolute,  and  its  radius  of  curvature. 
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(56)  If  the  subtangent  of  the  logarithmic  curve  =  that 
of  the  spiral,  0  =  - :  the  arc  included  by  two  radii  of  the 

spiral  =  arc  included  by  two  respectively  equal  ordinates 
of  the  curve. 

(57)  Find  the  length  of  the  spiral  of  Archimedes. 

r    f-r. 2     a    ,      (r  +  Jr2  +  a2\ 

s  =  —  Jr*  +  a*  +  -  •  logf y )• 

2av  2       &\        2a         / 

(58)  The  length  of  the  epicycloid  after  one  revolution 
of  the  generating  circle  =  8  -  (a  +  6),  and  the  area  between 

the  epicycloid  and  the  circle  =  irb2  Is-i J  . 

(59)  The  volume  generated  by  the  revolution  of  the 
Witch,  round  its  asymptote  =  47r2o3. 

(60)  The  area  of  the  curve  in  which 

(a2  —  ba)  sin  0  cos  0  TT         , .  2 

os2~0 '  1S  ~  2  ^  ~   '  * 


(61)  If  equidistant  ordinates  be  drawn  in  the  hyper- 
bola between  the  asymptotes,  the   contents   of  the   solids 
generated  by  the  included  areas  round  the  asymptote,  will 

be  as  the  fractions  -± ,  _L  ?  _L  f  &c. 

(62)  In  AP  the  chord  of  a  semicircle  take  AQ,  =  PN, 

then  area  of  curve  traced  by  Q  =  ^— -  . 

o 

a 

(63)  If  r  =  a  sec  - ,  the  area  included  by  the  curve, 
the  asymptotes  and  tangent  at  vertex  =  4a2. 

(64)  If  A  =  area  of  a  logarithmic  spiral  from  r  =  0,  to 
r:  A!  that  of  the  locus  of  intersections  of  perpendiculars 
from  origin  on  tangents,  with  tangents,  A2  of  the  curve 

a. 


similarly  described,  A  +  Ai  +  A2  +  &c.  =  A  .  I  — p~  1 ;  ^  —  loge 


CHAPTER  VII. 
Differential  Equations. 


95.  IN  the  integrations  which  have  been  performed  in 
the  preceding  Chapters,  the  differential  coefficient  has  either 
been  a  given  function  of  one  of  the  variables,  or  else  has 
been  expressed  in  such  terms  of  the  two,  that  by  a  very 
evident  process  it  has  been  reduced  to  a  function  of  one 
only.     We  now  proceed  to  integrate  differentials,  when  the 
differential  coefficients  and  the  variables  x  and  y  are  mingled 
together. 

96.  Differential  equations  are  divided  into  classes,  de- 
pendent upon  the  order  and  degree  of  the  differential  coef- 
ficient. 

Thus  an  equation  involving 

dy     d*y     tfy  dny 

Tx'    d&'   ~dx~3>          ~dJ>' 

is  called  a  differential  equation  of  the  wth  order  and  of  the 
first  degree,  while  one  containing 


is  said  to  be  of  the  first  order,  and  of  the  wth  degree  :  and 
finally,  an  equation  in  which  are  to  be  found  the  nth  powers 
of  the  differential  coefficients  and  the  mlh  differential  coef- 
ficient, is  named  an  equation  of  the  mth  order  and  the  »* 
degree. 

We  shall  begin  with  that  class  in  which  the  first  power 
of  the  first  differential  coefficient  is  alone  found. 


Differential  Equations  of  the  first  Order  and  the 
first  Degree. 

97.     These  are  included  under  the  formula 


where  M  and  N  may  be  any  functions  of  x  and  y  ;  we  shall 
however  in  the  first  place  treat  of  homogeneous  equations. 
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98.     Let  M  +  N  -^  =  0,  be  a  homogeneous  equation,  or 

QiX 

one  in  which  the  sum  of  the  indices  of  y  and  x  together,  is 
the  same  in  every  term. 

n/r  i  &/  dz 

Make  y  ••=  xz  •    .*.  -f-  =  z  +  x  —  . 
dx  dx 

Divide  by  N  and  the  equation  becomes, 

M     dy  '    M  dz 

-iTr  +  -r  =  0,    or^f  +  z+x-T-  =  Q. 
N     dx  N  dx 

But  TTF  is  of  no  dimensions  or  is  a  function  of  -  or  z. 

N  x 

Let.-.      -*      .-.  x      =  -z+z 


_  .  __     _  _ 

*'  xdz  ~     z+f  (z)  ''  g  \cj-     ]zz  +/(*)  ' 

which  may  be  integrated  by  the  ordinary  rules. 

We  put  x=yz,  or  y  =  xz,  as  may  be  most  convenient, 
for  the  solution  is  more  easily  effected,  when  we  substitute 
for  that  differential  coefficient  which  involves  the  fewest 
terms. 

Ex.1.     L 


dy  dz 

Here  make  y  =  xz  :    .*.  -~  —  z  +  x  -.-  : 
dx  dx 


1  +  z2 

. 

" 

\—z 


.-.  log  F    =  tan-1  z  -  log        +z?  • 


Ex.  2.     Find  the  curve  in  which  the  subtangent  is  equal 
to  the  sum  of  the  abscissa  and  ordinate. 

Here  y  -=-  =  x  +  y ;   and  let  x  =  yz ; 

ty 

dx  dz     x  +  y 

n.     i     «j .7     __   2     t      1     . 

y 
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.  .  =    =    . 

yds  &  \c)          y 

Ex.  3.     Find  the  curve  in  which  the  Subnormal  =y  -  x. 


Ex.  4.     Find  the  curve  in  which  the  distance  from  the 
origin  to  a  point  in  the  curve  equals  the  subtangent. 

Here,  Jyz  '  +  a?  =  y  ~;    let  x  =  yz; 


Ex.  5. 

Ex.  6.     x  -/-  -  y  =  Jo?  +  y* ;    then  x*  =  c2  4-  2cv. 
ax 

Ex.7.    *|- 

Ex.8.    /,jf  =  ^ 

Ex.  9.  NT  and  2VP  are  the  subtangent  and  ordinate  of 
a  curve  of  which  the  vertex  is  A,  and  tan  TPA=mtanAPN, 
find  the  equation  to  the  curve. 


Ex.10. 
Ex.ii. 

99.     The  equation  (a  +  for  +  ry)  rflr  +  (^  +  bv  x  +  Cj^)  dy  -  0 
can  be  rendered  homogeneous  by  making 

v  =  a  +  bx  +  cy,    and  2  =  ^  +  b^  +  cvy  ; 
.*.  dv  =  bdx  +  crfy,   c?2  =  btdx  +  c^dy  ; 


bdz  -  btdv  —  (bcl  — 
whence  by  substitution  the  equation  becomes 
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v  (c^v  —  cdz)  +  z  (bdz  —  bldv)  =  0, 
or  (vCi  -  b^)dv  +  (bz  -  cy)  dz  =  0, 
which  is  a  homogeneous  equation. 

COR.     This  method  is  inapplicable  when  bc^  =  bvc  ;  but 
since  then  ct  =  -4-  ,    the  equation  becomes 

(a  +  bx  +  cy)  dx  +  (  a{  +  btx  +  bl  ^j-j  dy  =  0, 

i.  e.  (a  +  bx  +  cy)  dx  +  {a^  +  -^  (bx  +  cy)}  dy  =  0, 

an  equation  in  which  the  variables  may  be  separated  by 

,  .  7       dz  —  cdy 

making  ox  +  cy  =  z  •    .*.  dx  =  -  7  —  —; 

.  dz  —  cdu      f        b,z 

•••  (*+*)  —  ^«»+ 


.•.  (a  +  z)dz  —  (ca  +  cz  —  a^b  —  b 

dy  _  (a  +  z)  (a  +  z) 

~  ~ 


dz  ~  ca  —  a^b  +  (c  -  b^)z  ~  a  +  (3z  ' 

where   a  =  ca-a,J    and   /3  =  c-bl3   the   integral  of  which 
may  be  readily  found. 

100.     To  integrate  the  linear  equation,  (so  called  since 
the  first  power  of  y  is  alone  involved), 


in  which  P  and  Q  are  functions  of  x. 


It  is  obvious  that  if  both  sides  of  (1)  be  multiplied  by  ef*p, 
the  left  hand  will  be  a  complete  differential,  and  the  right 
hand  a  function  of  x  alone  ;  multiply  therefore  by  e^*p  ; 


.-.  integrating  ye-f*p  =C  +  fe^*p  .  Q  ; 
or     =Ce-S'p  + 


324  DIFFERENTIAL  EQUATIONS. 

Ex.1.     Letjt+y  =  ax3. 

HereP  =  l,    J*P  =  *;    .'.e^p  =  ex,    Q  =  ax*; 

.-.  ye*  =  C  +  a  ft?  .  x3  =  C  +  ae*  {x3  -  3x*  +  6x  -  6}  ; 
.-.  y  =  Ce~*  +  a{x*-  3x*  +  6x-  6}. 

ox  du  du  x  a 


Ex.2. 


•'-^i 


Ex.3.     -j-  =  a  +  bx  +  cy  ;  .:  CeCI  =  b  +  c(a  +  bx  +  cy). 

Ex.4. 


x 


101.     The  equation  y-1  ^  +  P/*  =  Qy"  may  be  reduced 
to  the  preceding  form,  in  the  following  manner. 

Divide  by  /  ;  /.  y—1      +  Py^  =  Q. 


(/v      dz 
•••vTt=-s 

2hz        ™ 
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Ex.2. 


3a      C 


Integration  of  exact  Differentials.  The  method 
of  finding  a  factor  which  mil  render  a  func- 
tion integrable. 

102.  The  equation  Mdx  +  Ndy  =  0  is  not  always  the 
result  of  the  differentiation  off(xy)  =  c ;  for  after  the  dif- 
ferentiation, its  terms  may  have  been  divided  by  a  common 
factor,  or  the  equation  may  arise  from  the  elimination  of  an 
arbitrary  constant  between  the  primitive  equation  and  its 
derivative. 

But  whenever  Mdx  +  Ndy  =  0  is  the  complete  differential 

of  a  function  of  two  variables,  the  condition  -3—7-  =  -r-r_  is 

fulfilled,  or  since  M  =  -7-  and  N  =  -=-  : 
dx  dy' 

dM     <Pu  _dN 

dy  ~  dxdy      dx  ' 

Hence,  we  may  readily  find  whether  any  equation  of 
the  form  Mdx  +  Ndy  —  0,  be  a  complete  differential ;  and  if 
it  be,  then  we  can  by  integrating  the  partial  differential 

equations  find  u ;  for  since  M  =  — ,  M  is  the  partial  differen- 
tial coefficient  of  M,  with  regard  to  x,  considering  x  alone  to 
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vary,  and  its  integral  will  give  all  the  terms  in  which  x  is 
to  be  found  :  let  the  integration  be  performed.     Then 


Here  instead  of  adding  a  constant  C,  we  put  Y,  for  as  y 
has  been  supposed  not  to  vary,  the  constant  will  include 
those  terms  of  the  original  equation  which  are  functions  of 
y  alone.  Next  to  determine  Y:  differentiate  with  regard 
to  y  ; 

du  =dfxM     dY 

"  dy~    dy        dy  * 


103.     Since  Y  ought  to  be  a  function  of  y  only, 
/  (N  —  *  —  )  should  be  independent  of  x. 

h\       dy  > 

To  prove  this,  let  y  +  ty  be  put  for  y  in  ftM; 


Hence  ; 


•  •  ~r —     •*• »  ~     ~~? —  i    •  •  ~? — r~      ~~7 —  '  ~~i —     v  j 
ay  Jmdy  dxdy      ax       dy 

or  since  -y-  differentiated  with  regard  to  x  vanishes ;  Y 
is  a  function  of  y  only :  the  same  result  would  have  been 
obtained  by  integrating  AT  or  ~j-  in  the  first  instance. 
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du 


104.     When  the  equation  Mefo  +  A%  =  0  does  not  fulfil 

/; .     7.7.,   dm   dN  .  . 

the  criterion  of  mtegrability,  -j—  =  -j— ,  it  is  no  longer  a 

complete  differential,  some  factor  having  disappeared  from 
it.  Could  however  the  factor  be  restored,  every  equation  of 
this  class  might  be  integrated  by  the  same  process  :  but 
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there  is  great  difficulty  in  finding  this  factor;  in  most  cases 
the  differential  equation,  by  which  it  is  to  be  determined,  is 
more  complicated  than  the  original  one. 

Thus,  suppose  z  to  be  the  factor,  then  Mzdx  +  Nzdy  =  0 
is  a  complete  differential,  and  therefore 

d(Mz)     d(Nz) 
dy  dx     ; 

dM      ..dz       dN     ^rdz 
•'•  2~r  +  M  -j-  =  z-j-  +  N  -J-; 
ay  dy         ax          dx 

whence  z  is  to  be  found,  a  problem  seldom  practicable. 

105.     When,  however,  any  factor  of  the  equation 

Mdx  +  Ndy  =  0 

is  known,  an  infinite  number  of  factors  may  be  found  which 
will  render  the  equation  integrable  ;  for  let  z  be  a  factor, 

.•.  du  =  z  Mdx  +  Nzdy  ; 
.-.  0  (u)  du  =  z<f)  (u)  Mdx  +  Nz$  («)  dy  ; 

and  since  the  first  member  of  the  equation  is  an  exact  dif- 
ferential, the  second  member  is  also  ;  .•.  z  multiplied  by  any 
function  of  (w),  will  make  the  equation  integrable. 

We  may  sometimes  find  the  factor  when  the  differential 
equation  can  be  divided  into  two  parts,  for  each  of  which  a 
factor  can  be  found  ;  for  let  the  equation  be 

pdx  +  qdy+pldx  +  qldy  =  0     (1), 

and  suppose  that  z  and  zl  are  the  factors  which  will  make 
pdx  +  qdy  and  pvdx  +  qrdy  integrable,  so  that 

zpdx  +  zqdy  —  du  ;  and  z^dx  +  z^dy  =  dut  ; 

.'.  z$(u)  and  2,0(w,)  will  include  all  the  factors  which  will 
render  the  two  equations  separately  integrable;  if  therefore 
we  can  make  z$(u)  =  ^(M,),  we  shall  obtain  a  factor  which 
will  render  the  equation  (1)  integrable. 

T       adx      bdy     cxmdx 
Ex.1.     Let  --  +—  =  —  T—  . 
*        y         / 


cxmdx  .     .  .     .„ 

—  j-  is  integrable  if 
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Let 


.*.  the  factor  is  aaj/ft,  whence  integrating 


Ex.  2.     xdy  —  %ydx  =  adx.     Here 

-£'  -n®'  «="  *— •' 

.-.  -5  is  the  factor ;    and  y  +  ex*  =  - . 

Ex.  3.     aydx  +  bxdy  =  xmyn(alydx  +  b^dy}. 
The  factor  is 


~    „£,  A    " 

aol  —  <ZjO 

the  integral  of  this  equation  might  also  be  found  by  making 
xayb  =  z;  xarfi  =  v,  from  which  we  shall  obtain 

2fc  vki  _         ,  an-bm 

T — + —=C;   where  ^=-7 r. 

a^n  —  b^m     an  —  bm  abl  —  alb 

106.     The  factor  may  be  determined  when  z  contains 

dz 
only  one  variable  as  x,  for  then  -^-  =  0,  and  therefore 

dz       1 


The  right-hand  side  must  be  a  function  of  .r  only,  which 
is  the  case  in  the  linear  equation,  for  JV=  1,  and  M  contains 
only  the  first  power  of  y,  therefore  integrating, 


log  -  =  X  ;     .*.  z  =  ce*  . 
c 


But  to  find  a  priori  the  multiplier  which  will  make  the 
equation  dy  +  (Py  —  Q)dx  =  0  an  exact  differential. 
Let  2  be  the  multiplier  :  multiply  by  it  ; 
.-.  zdy  +  z(Py  -  Q)dx  =  Ndy+Mdx  ; 
dN     dz      dM  n.dz 

•'•  -r-  =  T-»  -j-  =  (pv  -  Q)  T"  +  -P^* 

dx      dx       dy  J  dy 
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dz 
=  -  j-dy  +  Pzdx  ;  since  (Py  -  Q)dx  =  -  dy  ; 

dz  .       dz  , 

.:  -r  dx  +  —  dy  =  dz  =  Pzdx  ; 
dx          dy  J 

1  dz  f  p 

i.e.  -  j-=P;     .'.  z  =  ej'^  ; 
z  dx 

•which  justifies  the  assumption  made  in  article  (100). 

107-     The  factor  may  also  be  found  when  the  equation 
is  homogeneous. 

For  let  M  +  N  -j-  =  0  be  the  differential  equation,  sup- 

posed to  be  homogeneous  and  of  m  dimensions,  and  let  z  be 
the  factor,  a  homogeneous  function  of  the  wtb  degree  ; 
.-.  zMdx  +  zNdy  =  du  .........  (l). 

Hence,  since  «  must  be  of  m  +  n  +  1  dimensions, 
zMx  +  zNy  =(m  +  n  +  I)u  .........  (2), 

Art.  (112),  Diff.  Calc.;  therefore  dividing  (1)  by  (2), 
Mdx  +  Ndy  _        1  du 

MX  +  Ny    ~  m  +  n  +  l'  u  ' 
and  since  the  right-  hand  side  of  the  equation  is  a  complete 

differential,  the  left-hand  must  be  so  also:  and  .*.  •=-=  -  =r=- 

Mx  +  Ny 

is  the  factor  required. 

Ex.     Let  ydy  +  (x-  ny]dx  =  0  ; 
.*.  the  factor  = 


x*  -nyx+y ' 

x~mJ       AT,_ y 


af  —  nyx+y2'  x2  —  nyx+y* 

,  d(Mz}         ny*-2xy         d(Nz) 

and.  — j =  -. — g —  „  „  =  — j —  • 

ay          (x     nyx  +y~)~          **x 

108.  We  shall  now  add  a  few  problems  illustrating  the 
solution  of  differential  equations. 

Find  the  curve  which  cuts  any  number  of  curves  of  a 
given  species  at  a  given  angle. 

Let  y  and  x  be  the  co-ordinates  of  the  curve  of  given 
species, 
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yl  and  x,  those  of  the  required  curve, 
m  =  tangent  of  given  angle. 

Then  tan-1  m  =  tan-1  d-j-  -  tan'1  ^  ; 
dx  dx 


dv 
and  ~  may  be  found  from  the  given  curve,  and  is  a  function 

of  x  and  y,  or  <$>(xy'))  and  since  at  the  point  of  intersection 
the  co-ordinates  of  both  curves  are  the  same,  we  may  for  x, 
and  y,  put  x  and  y  ;  and  then  the  equation  to  the  required 
curve  is 


which  is  of  the  first  order  and  degree. 

COR.     If  the  required  curve  cut  the  given  curves   at 
right  angles, 


..  ,  . 

which  is  the  equation  to  the  Orthogonal  Trajectory. 

Ex.  1.     Find  the  curve  which  will  cut  all  the  parabolas 
that  have  a  common  vertex  and  axis  at  right  angles. 

Let  y2  =  2mx  be  the  equation  to  one  of  the  parabolas  ; 


the  equation  to  an  ellipse  of  which  the  centre  is  the  common 
vertex  of  the  parabolas,  and  the  major  axis  is  perpendicular 
to  the  common  axis,  the  ratio  of  the  axes  being  >J2  :  1  ;  c 
being  indeterminate  shews  that  any  ellipse  of  which  the  axes 
are  in  the  given  ratio  will  cut  the  parabolas  at  right  angles. 

Ex.  2.  Find  the  curve  which  will  cut  at  right  angles 
all  the  ellipses  that  have  a  common  centre,  coincident  major 
axes,  and  the  ratio  of  their  axes  constant. 
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Let  y~  =  n  (a2  -  x2)  be  the  equation  to  one  of  the  ellipses 
in  which  Jn  —  -; 

dy  x        dx 

•'•  j==-n-  =  --j-> 
dx  y        dy 

d       dx 


the  equation  to  a  parabola,  of  which  the  vertex  is  in  the 
common  centre  of  the  ellipses. 

If  n  =  2,  \f  =  —  x,  the  common  parabola  :   this  case  is 
c 

obviously  the  converse  of  the  preceding  problem. 

Ex.  3.     Find  the  curve  which  intersects  at  an  angle  of 
45°,  all  the  straight  lines  drawn  from  the  origin  to  meet  it. 
Let  y  =  ax  be  one  of  the  lines; 


.. 
x  '  x  dx     x     dx  ' 

a  homogeneous  equation, 

whence  log  (/>J-  —  —  )  -  ~  tan~x  (  -)  • 
Let  y  =  r  sin  0,     x  =  r  cos  (TT  -  6  )  =  -  r  cos  6  ; 

.'.r  =  Jx2+y21    ^  =  -tan0;     .'.  log  (-\  =  0;     r  =  ceej 
x  \c/ 

the  equation  to  the  logarithmic  spiral. 

Ex.4.     The  orthogonal  trajectory  of  y2  —  4<ax  +  9,x*  =  0 
is  y2  =  m(a-  x). 

109.     To  integrate  Eiccatis  equation,  so  called  from  its 
proposer, 

^+V=«r. 

dx      y 

(1)  If  m=Q,   then  -j-  =  a  -by2,  which  is  easily  inte- 

grable. 

(2)  If  m  be  not  =  0,  we  must  proceed  as  follows. 

1       2          dy         I       dz    I      2z 
CASE  1.     Lety=7  —  \~  —9:    /.  -7-  =  —  y—  „  +-r  •  -  z~  ~3  > 
y     bx     a?          dx        bx2     dx    x2     x3 

1       bz*     Zz 
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di/       ,           dz    1        bz* 
•'•    -T-  +  ?>y    =   j a   +— T=flJ     * 

eta       *       eta  ,r2       a;4 

<fe      te2 

.-.  -V-  +  -,-  =  axm+s, 
dx      x2 

which  is  homogeneous  if  m  +  2  =  0,   or  m  =  —  2,  and   the 
variables  may  be  separated  if  m  =  —  4 ;  for  then 

dz      bz*     a              dz        dx 
i , .     •  i r\ 

a     — '        «*   l         •    •     7       o  *~          o"    v« 

dx      x2      x"          bza-a      a? 
If  m  have  any  other  value,  make 


X*      m  +  3 

whence  - ^  +  fm^9\.^xi^ dx^  =  ~^> dxi- 
Let 


m+3         '  m+3  m+3 

Then  d 


which  is  of  the  same  form  as  the  original  equation,  and  may 
be  made  homogeneous  if  ml  =  —  2,  and  the  variables  may  be 
separated  by  the  preceding  process  if  mi  =  —  4. 

By  continuing  the  same  methods  it  is  evident  that  we 
shall  have  a  similar  equation,  dy2 


where  m2  =  --  -  —  -  ;  and  b&  a2  are  derived  from  6t  and  a 
m,  +  3 

as  these  were  from  b  and  a  ;  which  equation  will  be  inte- 
grable  if  m2  =  —  4. 

And  hence  if  among  the  series  of  indices 
m  +  4>          ml  +  4  m2+  4 


any  one  =  -  4,  the  equation  is  integrable.     And  by  succes- 
sively putting  these  indices  =  —  4,  we  find  the  values  of  m  to 

8         12         16     ,  ,  .  ,          .  '        ,   ,        , 

be,  -4,  --,   --T-,   —  •=•  >  &co  which  are  included  under 
o          o  y 

4f?i 
the  form  -  -  -  -  ,  n  being  any  integer. 

CASE  2.     Make  in  the  original  equation  y  =  —  ; 
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.  '.  —  £j  +  —  dx  =  axm  dx  ;     .-.  dyl  +  ay?xm  dx  =  bdx. 

y"       ^  JL  _^L 

Let  xm+1  =  xi-J     .: 

And  dyl  + 
yi 


=  ..       =  -  -    l 

" 


+  m  + 

a  b  m 

or  putting  -     —  =  6.,  —  =  a*,     and  --  =  TW,  : 

°  m+  I  m+l  m  +  l 


which   may  be  integrated   by  the   former  method    if  ml 

—  4>n  .„     m  4n  —  4w        TT 

=  —     —  ;  or  if-  —  ,  whence  m  =  -  .     Hence 

2n-l  m+l      2n-l  2n  +  l 

Riccati's  equation  is  integrable  when  m  is  of  the  form 
-  -  .  The  first  case  belongs  to  the  upper,  the  second  to 
the  lower  sign. 

Ex.  1  .     Integrate  dy  +  y*dx  =  —  —  . 

jn 

4>n 
Here  -  4  is  of  the  form  — 


.:  lety=-,  and  let  xm+l  = 

y' 

.*.  x  =  x{~z  ;   dx  =  —  3xl~* 


Let  —  3az  =  bl}  —  3  =  a^ ;   .*.  dy^  +  b^^dx^  =  avx{^dx 

Then  ^  +  brf  -i  =  fl^r2,  or  x»  ^  =  (a,  -  ^s2)  ; 
1  1 


'  j:^  ^      «,  -  Ip?     3  (as2,2  -  1)  ' 


.*.  since  ~js*'   and  yi  =  -; 
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%  ^  =  I  /  Sa'arl+y&a  +  x-*)  ) 
c2  I  3a2,H  +#  (ori  -  30)  J 


_  1  J  gaV-s  +  y  (1  +  3aj?i)  )  ^ 

~  J  '" 


Here  —  -  is  of  the  form 


Ex.2. 


dz     bz*  dz       01         -    2 

/.  -7-  +  —  g-=  a^^  becomes  -7-  +  z*  -5  =  a  J  3. 
dx      a?  dx         x* 

1  21 

Let  2  =  —,    and  v  m  +  2  =  —  —  ;    .*.  m+l  =  -. 
j^i  33 

i  2.  i  1       1  dx     Sdx, 

Let  a?s  =  j?j  ;    .•.  x  ^dx  —  Sdxl  ;    -  =  —  5  ;    /.  —  =  —  —  ; 

J7  J^j  i*  iPj 


which,  as  has  been  shewn,  is  integrable. 

1 10.  It  sometimes  happens  that  equations  in  which  the 
variables  are  separated  admit  of  algebraical  integrals,  al- 
though the  integral  of  each  part  is  transcendental. 

dy  dx 

Thus,  since    /-^-—a  +    i .  _   « =  0,     (l) ; 

.*.  sin"1  x  +  sin"1  y=C  =  sin"1  c. 


we  may  however  obtain  the  same  result,  thus 


or  - 


which  since  dy  J\  -x*  +  dx  Jl  -y2  =  0,  reduces  itself  to 


the  required  algebraic  relation  between  y  and  x. 
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111.     Again,  let  **  --  +    .—  -*—     ,  =  0; 

>Ja  +  by  +  cyz      Ja  +  ox  +  ex2 

make  y  and  x  functions  of  another  variable  t,  so  that 


cy*;     .'.  -     =  -     a  +  bx  +  ex*; 
ct  x  +  y  =p,  then  squaring  and  differentiating, 


Multiply  both  sides  by-^  ,    and  integrate; 


or      a  + 
EX'  2' 


+  ex2  -Ja  +  by+  cy*  =  ^/C  +  26  (.r  +  ^)  +  c  (.r  + 


Let        =     a 


Make  a:  +  y  =  p  ;   a;  —  #  =  5  ;    whence  squaring  and  dif- 
ferentiating, 


di*  ~  dtz~^\dx      dy 


multiplying  both  sides  by  —--?-.  I 


q*'  dt2'  dl      q3'dt2'^dt~     edt+*Sp'dt'' 
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whence  integrating 


dp     dx      dy 
*"'  dt  =  Tt  +  ~di  '    9  =  ^-^ 


a  +  bx  +  ex*  +  ex3  +jfo4  -a  +  by  +  cy*  +  ey3 


an  algebraic  equation,  which  may  be  put  also  under  a 
rational  form:  for  writing  (x-y)  JP  instead  of  the  right- 
hand  side  of  the  equation,  inverting  and  multiplying  by 
X  —  Y  ; 

X-Y          X-Y 


X—  Y 

or  JX+jY=  jpt    .:  by  addition, 


and  squaring  both  sides,  the  equation  becomes  rational. 

d$  dd 

Ex.  3.  ,   .   ==  +  .  .       =  0. 


Let  ^  =  N/l 

TO    ,  72^ 

.-.  -     =  -  e*  sm<j>  .  cos  <j)  ;      -g=- 


by  making  p  =  <j>  +  6, 
^F  =  -|--{s 
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e2  e2 

=  -  .  (cos  20  -  cos  20)  =  -  .  {cos  (p  +  q)  -  cos  (p  -  q)} 

=  —  e2  sin  p  sm  q  ; 

<fp  ^  dp    dq_  cosq     d2q  ^  dp  dq  _  cos  p 
'''  W  "'di'dt~  sinV    ^2  ^"di~d~t~  ship' 


.  rf 

\dtj_cosq    dq  -J^/_COS73    ^P 

djp          sin  q'  dt  '  dq      ~~  sin  p'  dt  ' 

~dt  Tt 

.-.  log  f  -%M  =  log  sin  gr  +  c'  =  log  sin  5  +  loga  =  log  (a  sin  q)  ; 

dp          .  ^      do 

.:  -i  =  a  sm  q  ;    also  ~    = 


a  sn  <   - 


and  ./l-e^in-^  +  Jl-e*  sin20  =  a'  .  sin  (<£  +  0). 

COR.  1.     The  constants  a  and  a!  have  a  mutual  de- 
pendence ; 

dp    dq  .  . 

for  v  -£-.  -rr  =  ~  r  sin  p  cos  p  =  aa  sinp.cosp; 

.'.  aa'  =  -e2. 

COR.  2.     The  preceding  equation  may  be  put  under  a 
simple  form  ; 

dp      a  sin  q 

for  '••    =         ' 


But  a,  a',  a"  are  reducible  to  one  constant ;  for  if  /x  be 
the  value  of  (p  when  0  =  0, 

-l+JL  -e2 sin2 AX         ,     1 


,  , 

sm  /x  sin  /x 

2  cos  a 
a  '  =  a  COS  g  —  a'  COS  p  =  (a  -  a')  COS  /x  =  --  r— 

Substituting  in  (1)  for  a,  a',  a7/,  we  have 


cos  (0  -  0)  {-  1  -     1  -  c*  sin2^ 


l.-e2  sinV}  -  2  cos  /x  ; 
/.  cos  (0  -  0)  4-  cos  (0  +  0) 


+  {cos  (</>  +  0)  -  cos  (0  -  0)}  yi^^smV  =  2  cos  /u  ; 
or  cos  ^  .  cos  0  —  sin  <p  .  sin  0  ^/I  —  e2  sinV  =  cos  /x. 
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and 


•'•  /WO  +/W  =  a  constant  =  {3. 
But  if  0  =  /*,     0  =  0,     and  /(0)  =  0  ;     .-. 


Integration  of  Differential  Equations  of  the  first 
Order  and  of  the  rih  Degree. 


^       +&c.  +  U=0 


be  the  equation;  P,  Q,  &c.  and  £7,  being  rational  functions 
of  x  and  y. 

Let  the  equation  be  solved  with  regard  to  -  -  ;  and  let 

Xly  X.2,  X8,  &c.  be  the  values  of  -j-  ,    or  p  thus   found  ; 

then  each  of  the  equations  p  =  Xl}  p  =  Xa,  p  =  X3,  &c.  when 
integrated  will  satisfy  the  proposed  equation,  as  also  will  the 
equation  formed  of  the  product  of  all  these  integrals. 

Since  the  differential  equation  arises  from  eliminating  a 
single  constant*,  raised  to  the  wth  power,  from  the  primitive 
equation  ;  and  since  each  simple  integral  introduces  a  con- 
stant, the  solution  will  contain  n  constants,  and  therefore  be 
more  general  than  that  from  which  it  is  derived.  But  if  we 
consider  that  the  constants  are  arbitrary,  we  may  make 
each,  equal  to  the  constant  belonging  to  the  primitive  equa- 
tion, and  then  the  result  will  be  of  the  required  form. 


Ex.l.     Let         =  a';    .-.-«, 

dor  dx  dx 

.*.  y  =  ax  +  c,    and  y  =  —  ax  +  c'9 
either  of  which  satisfies  the  equation.     Also  their  product 

(y  —  ax  —  c)  (y  +  ax  -  c7)  =  0 
will  satisfy  it. 


*  For  suppose  y-ca?-hc2  =  0;   .'.p  =  c;   .'.y-px+p*=0}  an  equation 
of  the  first  order  and  of  the  second  degree. 

z2 
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For  differentiating  we  obtain 


and  making  successively  y  =  ax  +  c,  and  y  =  —  ax  +  c',  we 
get  the  results  -j-  =  a  ;    -j-  =  —  a  ;  as  we  ought. 

Again   from  the  original  equation,   since  -*-  =  ±a;    .*. 

y  —  c  =  ±  ax,  and  squaring  both  sides,  (y  —  c)2  =  a2x*. 

This  equation  gives  two  lines,  inclined  at  different  di- 
rections to  the  axis  of  x,  but  both  cutting  the  axis  of  y  in 
the  same  point  ;  and  by  giving  to  (c)  different  values,  we 
may  have  groups  of  such  lines  in  pairs.  And  the  integral 
(y  —  ax  +  c)  (y  +  ax  —  c')  gives  the  same  result,  except  that 
each  factor  represents  only  lines  inclined  in  the  same  direc- 
tion; but  by  giving  to  c  and  c'  all  possible  values,  and 
taking  care  to  collect  together  those  straight  lines  in  which 
c  and  c'  are  equal,  we  shall  find  the  solutions  comprised  in 
the  equation  (y  —  c)2=a2x2,  which  is  limited  to  the  single 
constant  c. 


Ex.  2.     Let  ~  =  axf  or  p  =  ±  J, 
ux" 

.  *y  -  /^  .m*  dy 


ax; 


A 

each  of  which  is  comprised  in  (y  -  c)2  =  -  ax3. 

Ex.  3.     Find  the  curve  when  s  =  ax  +  by. 

TT        <fo          A      dy*  7  ^V 

Here  -5-  »  A  /  I  +  ^2  =  a  +  ^  j-  • 

ctr     V          do:2  c?x 

And  •.•  -~  is  obviously  constant,  let  -^-=  m: 
dx  dx 

.'.  y  =  mx  +  c,  the  equation  to  a  straight  line ; 


Ex.  4.    p2y  +  Zpx  =y;    y2  =  2ax  +  a2. 

113.     When  the  equation  only  involves  x  and  p,  and 
can  be  solved  with  regard  to  x,  we  proceed  thus : 
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Since  ,r=/(p)  =  P,  and  -     =  p; 
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whence  y  is  a  function  of  p,  and  therefore  of  x. 
Ex.1.     Let 


p2  ; 


The  elimination  of  p  will  give  ^  in  terms  of  x. 
Ex.  2.    Let  (1  +/>2)#  =  1  ;  .*.  x  =  —  i-a,  and  /j 
.-.  y  =  px  -  J^—  »  =  ^  -  tan-1  p  +  C 


Ex.  3.     Let 


_r     i     ^      P 

Jppjl+p*     JPfl+ 


1  -x 


Ex.4.    y  =  a*Jl+p2;    x+c=a\og(y +,Jy2- a2). 

114.  When  the  differential  equation  contains  y,  x  and 
p,  and  is  homogeneous  with  respect  to  y  and  x,  the  varia- 
bles can  be  separated  by  making  y  =  zx,  or  x  =  zy  ;  /. 

-  •*     »  /»          •  /» 

;    for  if 

d*  1  d*         1 

^«.    .VjP-S-^jgs     A-J..-^^ 
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And  x  being  found  =  <£  (z),  y  may  be  determined  in  terms 
of  z  and  therefore  in  terms  of  x. 


Ex.  1.     Let  y-px  =  x>l  +  pa. 

Make  y  =  xz;     .:  z—p  =  *Jl+p3; 

z      1  dz 

.'.  &-22p  =  l.    or  «  =  --  —-  =  z  +  x^r 
1      2     2z  dx 


dx 


.'.  Xs  +y*-2cx  =  0, 

the  equation  to  a  circle,  the  origin  being  in  the  circumfer- 
ence. This  is  the  solution  of  the  problem  :  Find  the  curve 
in  which  the  perpendicular  from  the  origin  upon  the  tan- 
gent is  equal  to  the  abscissa. 

Ex.  2.    y  —  2px  +  4>yp2  =  0  ;    .*.  y9  =  ex  —  c*. 

115.    Integration  of  the  equation,  called  Clairaut's  For- 
mula. 


Differentiate,  when  we  have 

<fy_  dp     dP 

dx  dx      dx ' 

dy  ,  dP      n,  dp 

.*.  since  -T-=PI   and  -j-  =  P '  -f ,  we  have 
dx    ^  dx          dx 


If  we  make  -J-  =  0 ;   p  =  c;    .*.  y  =  ex  +  c'. 
dx 

This  equation  appears  to  have  two  arbitrary  constants ;  but 
if  c  be  put  for  p  in  the  original  equation,  and  C  for  P,  C 
being  what  P  becomes  when  c  is  substituted  for  p,  then 
y  =  cj-f  C;  .-.  C  =  c',  and  the  equation  has  but  one  arbitrary 
constant.  This  is  the  general  solution. 

Again,  from  x  +  P'  =  0,  a  value  of  p  will  be  obtained 
which  is  a  function  of  x  or  y,  and  does  not  introduce  into 
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the  original  equation  the  constant  by  the  elimination  of 
which  the  differential  equation  was  formed  ;  such  a  solution 
of  the  equation  is  called  a  singular  or  particular  solution. 

The  particular  value  may  be  derived  from  the  general 
solution,  by  making  c  to  vary  ;  and  as  y  —  ex  +  C  is  the 
equation  to  a  straight  line,  the  particular  solution  gives  the 
equation  to  the  curve  which  is  the  locus  of  the  intersections 
of  the  straight  lines  denoted  by  the  general  solution. 


Ex.1. 


dx 


dx 


.*.  p  =  c,   and  y  —  cx  +  a  Jl  +  c2, 
which  is  the  general  solution. 

But  *---2=;     .-.  ^=1-±£2;     .'.  ^ 

-/IT?      **    PS  A 

•'•  p= 


.'.  y  = 


..  , 

which  is  the  solution  of  the  problem  :  "  Find  the  curve  in 
which  each  of  the  perpendiculars  drawn  from  a  given  point 
upon  the  tangent  is  equal  to  a  given  line." 

Ex.  2.     Let  y  =  px  +  -  (1  +p2)  ;     .-.  if  =  4a  (a  +  x). 


Ex.3.        = 


$l  +p3;  y 


Ex.  4.    .y  =px  +  -j-£=i   /.  ^  +  **  =  ai 


Ex.5. 


this  is  the  curve  in  which  ADm  =  am~l  AT. 
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Ex.  6.  Find  the  equation  to  the  curve,  when  the 
rectangle  contained  by  the  perpendiculars  on  the  tangent, 
one  from  the  origin  and  the  other  from  a  point  in  the  axis 
of  x,  at  a  distance  2c  from  the  origin  shall  equal  a  given 
quantity  b2. 


TT 
Here 


—  px      y 
—  ^ 


whence  if  62  +  c2  =  a2 ;    y2  =  — 2  {a2  —  (c  —  a:)2}. 

PROB.  Find  the  equation  to  the  curve  PQR  which  cuts 
any  number  of  ellipses  APB,  AQB,  &c.  described  upon  a 
common  major-axis  AB,  so  that  the  areas  APN,  AQM,  &c. 
shall  be  of  constant  magnitude,  PN,  QM  being  ordinates. 

Let  AN=  x,  NP  =  y,  AB  =  2a,  m2  the  given  area,  b  the 
axis  minor  of  one  of  the  ellipses,  but  which  varies  as  we 
pass  from  one  ellipse  to  the  other ; 

b    n 2  1  r  7    / 2 

.:y  =  -,j2ax-x2;    .'.  m  =~fIb^2ax-x2. 

Now  differentiating  with  regard  both  to  b  and  x, 


/.  since  fjb  Jzax  —  x2  =  b  JT.  J%ax  —  x2  =  m*a  : 
for  fx  refers  only  to  a  particular  curve,  for  which  /.  b  is 
constant  ; 


or  bJzax-x*- 


=  C. 


& 

Now  when  o?  =  0,  $xj2ax-x2  =  0,  it  being  a  circular 
area;  also  since  the  area  APM  is  of  constant  magnitude, 
y  must  be  infinitely  great  when  x  is  indefinitely  small; 
therefore  since  -  m2  Jtax  -  xs  =  y  x  C,  C  must  =  0,  and 
hence  the  equation  to  the  required  curve  is 

m2  JZax  -  x2 
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Integration  of  Differential  Equations  of  the 
second  and  higher  Orders. 

116.  The  integration  of  differential  equations  of  the 
higher  orders  is  effected  only  in  a  few  instances.  We  shall 
begin  with  the  most  simple. 

To  integrate  -—  =  X,  X  being  a  function  of  x. 


(2)    I*t 


and  so  on  ;  the  constants  have  been  omitted. 
Next  to  integrate  ^  =  Y. 

LetfUp;   ...  ^=^=^=/ 
dx     l  y         dx*     dx     dy  dx     L  dy 


co:2 

-- 


Ex.  2.     Integrate  -^-  =  -r=. 
rfj?      V^ 

dp  _     dp  _     1 
'-- 
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which  may  be  integrated  by  making  Jy  +  Jb  =  z. 

11  7-     When   the  equations   involve  p   and  q,   put  -~- 

for  q,   and  they  will  be  transformed  to  those  of  the  first 
order. 

Ex.  1.    Find  the  curve  in  which  the  radius  of  curvature 
is  inversely  as  the  abscissa. 


Here 


or 


-£? 

d*y  _  dp 

£=  -c-<- 


dp 

dx 


b*-x* 


a*-(b*-x2)2 


the  elastic  curve. 


Ex.  2.     Find  the  same  when  radius  of  curvature  =  —  . 

a 


dx  a 

~  ^a  * 

p  a  a  +  cx 

.  r        a=-  +  c  =  —     — ; 
'l  +  p*     x  x 


^  _  x1  -  (a  +  c  j)2 
"   j?"~     («  +  ^)2     ; 
«  +  cx 


Ex.  3. 
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Ex.  4.     Integrate  S  -  g  +  »  ||L. 


dx  '•  dx 

dx          1  dy          p 

•'•  T"  =  -  2;     and  3^  =  -   -  iJ 
op      g  +  #zp  dp     g  +  mp 

which  are  integrable,  and  p  may  be  eliminated. 
Ex.  5.     Integrate         =Y+m,    or= 


whence  if  |)2  =  Zz  ;   —  -  2»zs  =  Y  ; 

a  linear  equation  of  the  first  order  and  of  the  first  degree. 

This  equation  is  used  to  find  the  velocity  of  a  body 
moving  along  a  circular  arc  in  a  resisting  medium. 

118.     Homogeneous  equations  of  the  second  order. 
Equations  may  be  treated  as  homogeneous  when  x  or  y 
being  of  1  dimension,  -j-  is  considered  of  0  dimensions,  and 

-~  of  -  1,  dimension,  and  then  the  sum  of  the  indices  in 
dx 

each  term  is  the  same. 

,  ,     dy  d?y 

In  such  a  case  let  -j-  =  p  ;    -/^  =  q, 
dx  djr 

i  V 

y  =  ux  and  q—  -. 

and  thus  x  may  be  eliminated  from  the  original  equation, 
and  v  found  in  terms  of  p  and  u. 

But  dy  =  pdx  =  udx  +  xdu  • 
dx  _    du 
x      p  —  u' 

_      dp  v          dx     dp 

But  -f-  =  q  =  -  ;  .-.  —  =  -£  . 
dx     ^     x'          xv 

.*.  vdu  =  (p  —  u)  dp 
substituting  for  v,  an  equation  of  the  first  degree  arises  be- 
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tween  u  and  p,  thence  we  obtain  p  in  terms  of  u,  and  .•.  x 

dx        du 

in  terms  of  u  Irom  —  =  —   — . 
x      p  —  u 

Ex.1.     xiq  =  xp  +  Sy;      y  —  ax3  —  . 


Ex.2.     x*q  =  (y-pxf-,    y 
119.     To  integrate  the  equation 


whence  «*  +  Pu  +  Q  +  —  =  0, 
a.r 

an  equation  of  the  first  degree  and  order  ;  but  which  is 
seldom  integrable  when  P  and  Q  are  functions  of  x.  It 
however  is,  when  P  and  Q  are  constant  ;  let  P  =  A  ;  Q  =  B; 

/.  -j-  +  u2  +  Au  4-  B  -  0  ; 


or     +(M-"M-)  =  0; 

which  is  satisfied  by  making  u  =  a  and  u=b; 


and  y  =  eS*b  =  (?a*"=c2eb*', 

either  of  these  values  substituted  for  y  will  satisfy  the  con- 
ditions of  the  differential  equation;  but  the  complete  solu- 
tion, which  must  comprise  two  constants,  is  y  —  c^  +  c^x  ; 
which  by  substitution  we  find  also  satisfies  it. 

COR.  1.     If  the  roots  of  us  +  Au  +  B  —  0  be  impossible, 

a  =  a  +  fij^l,  and  b  =  a  -  fij^l  ; 

.'.  y  =  ea*{Cie£rV=l  +  c2e~/W=I} 

=  ea"{(cl  +  c2)  cos  fix  +  (c,  -  c2)J  -  1  sin  jSx}. 

Make  c,  +  c2  =  A  sin  B,     (c,  -  c^}J  -  1  =  A  cos  3  ; 
.-.  y  =  Aeax  {sin  B  cos  /3x  +  cos  B  sin  fix]  =  Ae™  sin  (fix  +  8). 
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COR.  2.     Let  the  roots  be  equal  ;    or  a  =  b. 

Then  y  =  eax(cl  +  c2)  =c'eax  which  has  but  one  constant. 
To  find  the  second  constant. 


Suppose  b  =  a  +  h;     .:  y  =  c^  +  c2e?**** 

=eax{cl  +  c^}  =  ^{c,  +  c2  +  cjix  +  ^-|-  +  &c.}  ; 
make  cv  +  c2  =  c',     cji  =  c",     and  h  =  0  ; 


120.     The  equation  -~  +  P  -jf-  +  Qy  =  0,    is  seldom  in- 
tegrable  when  P  and  Q  are  functions  of  x  ;  it  can  however 

be  solved  when  P=  -  5-  ;  and  Q=  -  j-^. 
a  +  bx  (a  +  bx)2 

For  make  a  +  bx  =  £*  ; 

dz  _   1       dy  _  dy  dz  _  dy   1 
dx  a  +  bx'   '  dx  dz  dx  ~  dz  a  +  bx  ' 

d*y  _  d*y  dz       I 

~ 


_ 
dx2  ~  dz2  dx  a+bx     dz  (a  +  bx)* 


dz2        dz    (a  +  bx)*' 
whence  by  substitution,  and  multiplying  by  (a 


which  may  be  integrated  by  the  preceding  methods. 
121.     To  integrate  the  general  equation 


where  A,  B,  C,  &c.  L,  are  constant. 

Let  y  =  emx  ;     .-.  -^  =  me™  ;     ^  =  m2er*,  &c. 

.-.  mn  +  Am"-1  +  Bm"-2  +  Cm"-3  +  &c.  +  L  =  0. 
Let  a,  b}  c,  &c.  be  the  roots  of  this  equation  ;  then 

y  =  <f,  y=e?*,  y  =  e";  &c. 
will  be  particular  integrals  of  the  general  equation,  and  the 
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substitution  of  each  in  it  will  satisfy  it.    Hence  the  complete 
integral  will  be,  by  the  introduction  of  n  constants, 

c3ecx  +  &c. 


COR.  1.  Should  any  of  the  roots  be  equal,  as  a  =  h; 
then  for  cjf*  +  c^,  put  eflx(cl  +  c2x)  ; 

.-.  y  =  eax(cl  +  c2x)  +  c3ecx  +  &c. 
And  if  three  roots  be  equal,  and  a  be  the  equal  root,  put 

(f'fa  +  CzX  +  CzX2)  for  c^  +  c^1  +  c3ecx, 
and  so  on  for  any  number  of  equal  roots. 

COR.  2.  If  pairs  of  roots  be  impossible,  substitute  for 
the  impossible  exponential  functions,  the  cosines  and  sines 
of  the  circular  arcs,  to  which  they  are  equivalent. 


Ex.1.     -j£+nsu=0. 
do 


Let.-*-       .: 


.'.  mzemQ  +  n2eme  =  0  ;     .'.  m2  +  ri1  =  0,  and  m=±n  J  -  1  ; 


.-.  u  = 

=  (cf  +  c")  cos  n9  +  (cf  -  c")  ,/^T  sin  nd 
=  Acos(ne  +  B). 
If  c  +  c"  =  A  cos  B,  and  (c'-c")  J  -  1  =  -  A  sin  B. 

Ex.  2.     Cj^2+n*u  +  a2  =  0. 
do 

Make   a2  =  n2/3,  and  u  +  (3  =  w  ; 
...  *p.+  nzw  =  0  ;     .:  u  =  -0  +  A  cos(nd  +  B}. 


Make  ^  =  6"";     .'.  r»2  +  2km  +f=  0  ; 


s  = 


(at  +  B). 


Examples  (l)  and  (2)  are  useful  in  Physical  Astronomy; 
Ex.  (3)  gives  the  space  a  function  of  the  time,  when  a  body 
moves  through  the  arc  of  a  cycloid,  the  resistance  varying 
as  the  velocity. 


DIFFERENTIAL  EQUATIONS.  351 


Let  y  =  er*;     .-.  m3-6m*  +  llm-  6  =  0; 
.'.  y  =  Ci(?  +  c^ 


Ex.  6.  +  8       +  I6y  =  0;     .-.  y  =  ^(ct  + 

Ex.7.     ^ 
Ex.8. 


e*^!  +  c2^)  =  J?(ct  +  ca  log  j:). 

4y_£_0. 

dx     x*-°> 


Ex.10.     Integrate  ^-flV  =  °- 

+  ^4  cos(B  +  ax). 


Ex.  11.     Integrate         +  «4^  =  0. 

Here  m<  +  a'  =  0;     ^  =  1-^i,  an 
a          J2 

ox  .  *.  ax 

.-.  y  =  Ae^cos  (B+j=)  +  ^/^  cos 

d4v      1    dsu 
Ex.12.     Integrate  ^-?aj- 

x  a- 

.-.  y  =  c^+  cze~~*  +  c3  +  c4#. 
Ex.  13.     Integrate  ^-y  =  0. 

Make  y  =  emx;    .:  w"-l=0, 
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let  1,  a19  a2,  a3,  «4,  &c.  an_1}  be  the  roots  of  this  equation 
.-.  y  =  c1er  +  c2eai*  +  c3ea*x  +  &c.  +  cnea^x. 

122.     To  solve  the  equation, 


We  shall  shew  that  the  solution  of  this  equation  may  be 
made  to  depend  upon  that  of  the  equation, 


To  effect  this,  we  proceed  to  apply  to  this  equation,  a  method 
called  by  Lagrange,  "  The  Variation  of  the  Parameters  ;" 
which  consists  in  this,  that  if  y  =  c'yl  +  c"y2  be  the  solution  of 
the  equation  (2),  we  may  assume  it  to  be  that  of  equation 
(1),  if  c  and  c"  be  considered  functions  of  x. 

Let  .*.  y  =  c'y^  +  c'y2  be  the  solution  of  (l)  ; 

dy       .dyl       ,,dy2         Ac'         dc" 
.-.  -Y-  =  c'  -jr  •  +  c   -j^  +  Vi  ~r  +  1/2  -j-  • 
dx         dx          dx     *l  dx    y*  dx 

But  as  we  have  made  but  one  supposition  to  determine  c' 
and  c"3  we  may  make  another  ;  let  therefore 

«^  +  I/^'-0-      •    tl-c'^  +  c"^' 
y>dx+V2dx-0>     "  dx~C  dx+  '    dx' 

d*y_  ,#£      „££  .Mdyi     d^dy, 
'  dxz         dx2  dx2      dx  dx      dx  dx' 

whence  by  substitution  in  the  original  equation  (1), 


dc'dy,      dc"dy2 
+  ~fa~fa+~dx-dx'  =  R> 

which  by  means  of  equation  (2)  is  reduced  to 


_        = 
dx  dx       dx  dx 

dc"        y,  dc1 
or  v  -r-  =  -  —  -j-  > 
dx        yz  dx 


dxd* 


.  „  . 

.  .   ~          C  a  Sin  ax  +  C  a  COS  ax  +  -,—  COS  ax  +  —  =—  sin  ax 
dx  dx  dx 
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whence  -7—  is  found  to  be  a  function  of  ,r,  and  c'  =  X,  +  C,, 
also  similarly  c"  =  Xs  +  Ca  ; 

•••  #  =  £\y\  +  ^2+^1^1  +  y2xa. 

A  similar  proof  applies  to  equations  of  a  higher  order. 
Ex.  1.     Integrate  ^  +  a?y  =  cos  /for. 

The  solution  of  the  equation  ^  +  a?y  =  0  is 

y  =  o*  cos  atf  4-  c"  sin  cur; 
let  this  be  the  solution  of  the  proposed  equation  ; 

du 
'.   ~  =  - 

=  —  c'a  sin  aj?  +  c"a  cos  aar. 

rfc'  dc"   . 

Since  —r-  cos  a,r  +  -=—  sin  aar  =  0  : 
rfa:  dx 

d*u  „  z  .  dc'   .  dc" 

.*.  -r-9  =  —  ca  COS  ax  —  C  a*  Sin  aj:  —  a  -7-  sin  ax  +  a  —r-  COS  ax 
dx*  dx  dx 

dc'   .  dc" 

=  -  a2*/  -  a  -=—  sm  aa;  +  a  -j-  cos  aa?  ; 
dx  dx 

dc*  .  dc" 

.*.  -a-r~smax+  a  -  cos  ax  =  cospx  ......  (1). 

dx  dx  v  ' 

„       dc"  _     cos  aa;  dc'  ^ 

JtSUt        j  -  —  —  —  ;  --  T—  y 

dx         sin  ax  dx 

dc'  f  .  cos2  ax\ 

.'.  -  a  -j-  [  sm  ax  +  —  -  )  =  COS  fix  ; 
ax  \  sm  ax  J 

.*.  -Y-  =  —  cos  fix  sin  ax  =  -  —  {sin  (a  +  (3}x  +  sin  (a  -  /?)#}, 

j  //      -  i 

and  -^  =  -  cos  /3o?  cos  ax  =  —  {cos  (a  +  /3),r  +  cos  (a  -  {3)x}  ; 

*  I    f  cos  («  +  /?)£     cos  (a- 
-Cj+  "— 


cos  fix     cos(3 


cosy&r 
c,  cos  ax  -t-  c2  sin  aj?  +  -j 


AA 
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'(  ///    Ex.  2.     Integrate  ^  +  a*y  =  X. 

Let  y  =  cf  cos  ax  +  c"  sin  ax,  be  the  sol  ution.    Proceeding 
as  in  Example  1, 


dc'  .  dc"  X 

ax  —  —  cosax  =  - 
dx 

dc"        dc'  cos  ax 


. .  -j-  sin  ax  — —  cos  ax  = 

ax  ax  a 


. 

And     ——--—  -- 
ax          ax  sin  cue 

dc'         1  _  .  .  rfc"      1  _ 

.'.  -=-  =  --  -X  sin  a,r,  ana  -r-  =  -  A  cos  ax  : 
dx          a  dx       a 

.'.  cf=c1  —  fxX  sin  ax, 

c"  =  c2  +  -  Jx  X  COS  ax  ; 

COS  ax  .  -r  . 
.-.  y  =  cl  COS  ax  +  C2  sin  ax  --  Jx  A  sm  aa: 

sin  aa:  -  _. 
+  -  fx  X  COS  ax. 


ft      Ex.  3.     Integrate         +  A       +  By  =  X;    X=f(x). 

Let  a  and  b  be  the  roots  of  the  equation  m2+Am+B=0; 
.:  let  y  =  c'ea*  +  c"  £*  be  the  solution  of  the  equation  ; 


Make  ^-  +  ^-  =  0; 
c?a:  rfjr 

.-.  &  =  ac'eax  +  lc"cb*. 
dx 


<*  +  Aa+B)  +  c"(?x(b* 

*f 
dx 


And  a*+Aa+B  =  0; 


axdcf     ,bsdc"     v 
/.  aeax  -j-  +  bebx  —  =  X. 
dx  dx 
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But  b<f*^'-  +  W*C^  =  0; 
dx  dx 

.-.  (a-  b)^  ~  =  X,   and  -(fl-ft)e*~=X; 


(I 


2-.-- 

U  —  O 


Ex.  4.     Integrate  -=^  -  5  ~  4-  6y 

UiZ  UiC 


Simultaneous  Differential  Equations. 

123.  IN  the  applications  of  the  Differential  Calculus  to 
physical  problems,  mutually  dependent  equations  are  fre- 
quently found  in  which  n  +  1  variables  are  involved,  and  n 
equations  are  given  :  as  most  commonly  the  unknown  quan- 
tities are  x,  y,  and  t  ;  x  and  y  being  functions  of  t  ;  we  shall 
first  solve  the  system  of  equations  which  involve  these  quan- 
tities. The  method  of  solution  is  due  to  D'Alembert. 

~ 

and  A,  ^ 
be  the  two  equations  :  A,  B,  &c.  being  constant,  6  and  6l 

functions  of  /.     By  the  successive  elimination  of  ~  and  -^ 

at          at 

these  may  be  reduced  to  the  form, 


Now  multiply  (2)  by  m  and  add  the  product  to  (1)  ; 


Let  -  -  =  m  :  and  let  ml}  wz2  be  the  two  values  of  m 
a  +mal 

AA2 
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resulting  from  the  equation;  also  let  a+m1ai=rl;  a+m2a1  =  r2 
.*.  we  shall  have  the  two  linear  equations  of  the  first  order, 

-d-  (x  +  m,y)  + 

jt  (x  +  may)  + 

.-.  x  +  m,y  =  e-S  W(T  +  m,  TJ  +  C}, 
*  +  m,y  =  e-V  {fte^(T  +  m2  7\)  +  C,}. 

Ex.     Let  ~  +  4!y  +  5x-=et;    (jjj-  +  x  +  2y  =  e*  -, 

"  dt^X  +  m^  +  (4  +  %™)y  +  (5  +  m)x  =  et+  me*. 

4  +  2m 

Let  ——   —  •=  m  ;     .*.  m  =  1  or  —4,  5  +  m  =  o  or  1  : 
5  +  m 

.'.  x  +  y  =  e-6t  {fte6t  (e<  +  e*1)  +  C]  =  }  e'  +  j  ezt  +  Ce~ct, 
or  x-4y  =  e-t{ftet(et+eat)  +  Cl}  =  ±ei+±ea+  €>€-'; 
which  give  x  and  y  in  terms  of  /. 

124.     Next  to  integrate  the  simultaneous  equations, 
d   +  (Ax  +  By  +  Cz)  =  T  (1), 


^  +  (Azx+Bsy+Ca2)=T2  (3): 

where  A,  B,  C,  &c.  are  constant,  and  T,  T^  Ta  functions  of 
t:  multiply  (2)  by  m  and  (3)  by  m'  and  add; 

+  B'y  +  C'z]  =  U, 


t  z     n. 

where  B'=-j   —r-1   —A  —  ,,    C' 


-j       r-        A     ,,  A  —  ,     , 

A  +  Ajn  +  A2m  A  +  mA1  +  mAa 

U=T+Tlm+T2m'; 
.•.  if  B'=  m  ;  C;=  m';  A  +  A^m  +  A2m'=  M;  x  +  my  +  m'z  -  v  ; 


-7-  +  Mv  =  U,  a  linear  equation, 

which  integrated  will  give  the  relation  between  v  and  t  : 
also  since  from  B'=  m,  and  C'=  m,  two  cubic  equations  will 


DIFFERENTIAL  EQUATIONS.  357 

arise  if  ml)  ms,  ma;  «i/,  wz2',  m3  be  their  roots,  and  if  U^ 
C7"2,  U3  be  the  values  of  the  right-hand  side  of  the  equation 
when  integrated ; 

=  Ulf 


x  +  may 


125.     To  integrate  the   simultaneous   equation  of  the 
second  order, 

^  +  ax  +  by  +  c  =  0  (1), 

cPu 

-^  +  alx  +  bly  +  cl  =  0  (2); 

multiply  (2)  by  m  and  add, 

cP  ,  N     ,  ^  (        b  +  mbi         c  +  me,  ) 

•'•  -r-3  (x  +  my  +  c)  +  (a  +  ma,)  \  x  +  -  —  -  y  H  --  -  >  =  0. 
dt*  v  '  [        a  +  mav  y     a  +  ma^  ) 

b  +  b,m 

Make  m  =  -  ;    u  =  x  +  mu  +  c:    a  +  alm=  —  n1' 
a  -f  mal 


therefore  if  m^  and  mz  be  the  two  values  of  m, 
(a  +  fljwij)  (x  +  miy)  +  c  +  m^  =  (a  + 
(a  +  fli^g)  (4?  +  m^y)  +  c  +  m&L  =  (a  + 


Ex.  = 


A 
14} 


Differential  Equations  containing  more  than 
two  Variables. 

126.  Equations  of  this  description,  of  the  first  order, 
which,  we  in  general  shall  suppose,  involve  the  three  vari- 
ables x,  y,  z,  may  be  divided  into  (l)  Total  Differential 
Equation's,  (2)  Partial  Differential  Equations. 
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Total  Differential  Equations. 

Let  du  =  Pdx  +  Qdy  +  Rdz  be  the  equation,  which  may 
be  supposed  to  arise  from  the  differentiation  of 

-n     du      ~     du     „     du 
-    «-/(*«);  whence  P=-;    Q  =  ^;  B-^: 

and  since  when  this  is  the  case, 

dP     dQ     dP     dR         .  dQ     dR 

TT~  =  ~r~  »  ~T~  =  -j-  »  an"  ~r~  —  ~r~  : 
cry      ax      dz      ax  dz      ay 

we  can  always  ascertain  when  an  equation  is  a  total  diffe- 
rential. 

Ex.     Let  du  —  —  —  dx  -\  --  du  +  -.  —  ^-^0  dz. 

a  —  z          a  -  z  "      (a  —  2) 

Here—  =-i-  =  —     dP  '=      y      =dR  • 
dy      a  —  z~dx3    dz  ~  (a  —  z)*  ~  dx  ' 

du        y  xy       „,    . 

'      -  .'.  u  =  —  ^-  +  f(yz)  ; 

a-      J  ^  Jy 

du    ,       du 


a  —  z 


127.     Next  to  integrate  the  equation  Pdx  +  Qdy  +  Rdz 

P        Q 

—  0,  which  may  be  put  under  the  form  dz  =  —  --ndx  —  -„  dy  ; 

p  Q 

or  which,  by  making  P  =  ~ft,   ?  =  -#> 

may  be  written  dz  =  pdx  +  qdy. 
Now  if  this  equation  can  be  expressed  by  an  equation 

2  =f(x>  y>  c)>  °r  f(x»  y>  *)  =  c> 

we  ought  to  have  -~  =  -4^? 
dy         dx  ' 
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dp   dp  dz  dq  dq  dz 
or  4-  +  -j->-r=-r  +  -r>-r, 
dy   dz  ay  ax  dz  dx 


dz 
or  v  -,-  =  q, 
dy 

dp      dq        i 

—  -4-  q 

,  dz 
and  -j-  =  j 
dx     1 

dp        dq 

Q,  we  have 

ay     ax 

dz     ™  <fe 

,* 
(l), 

k  ; 

an  equation  of  condition,  by  which  we  can  ascertain  whether 
the  proposed  equation  admits  of  the  solution  f(x,  y,  z)  =  c. 
If  we  restore  the  values  of  p  and  q  the  equation  becomes 


when  this  equation  or  the  preceding  one  holds,  one  of  the 
variables  must  be  considered  as  constant,  and  the  remaining 
part  of  the  equation  integrated  according  to  the  rules  given 
for  the  integration  of  functions  of  two  variables. 

Ex.  1.     (y  +  z)  dx  +  (x  +  y)  dz  +  (z  +  x)  dy  =  0. 

dP          dP     n  dQ     da 

HereP=y  +  z,   —-=1  =  —  ,    Q  =  x  +  z,  -P  =  -P=1; 
dy  dz  '    dx      dz 

R  =  x  +y;    -j--  =  1  =  -j—  •  .•.  equation  (2)  is  satisfied  ; 

dx         dy 
/.  making  dz  =  0  ;    --  +  —  ^—  -  0  : 

x+z     y+z 


(x  +  y  +  Zz)  dz  = 

/?  7 

-—=2z;    .:  Z  =  z2  +  C  ; 


Ex.  2.     (ay  -  bz]  dx  +  (cz  —  ax)  dy  +  (bx  —  cy)  dz  =  0. 
Make  z  constant  ;     .-.  dz  =  0,  then 

adx  adij  ,      (ay  —  bz\     ,       „ 

-  +  --  ^-  =  0;     .-.  logl^-    -)  =  logZ; 
cz  —  axay  —  oz  °  \cz  —  ax/ 

ady        a(ay-bz)dx     a(bx-cy}  z^ 

*  *    -  "•"  —  7  -        -  ri  —    •    ~7  \^~        —          » 

cz  —  ax         (cz  —  ax)  (cz  -  ax) 

.•.  (cz  —  ax)  dy  +  (ay  —  bz*)  dx  +  (bx  —  cy)  dz=0 

=  {(cz  -  ax)}2dZ  ; 
.•.  dZ  =  0  ;     /.  Z  =  C'  ;     /.  (ay  -bz)  =  C'  (cz  -  ax). 
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128.  If  the  equation  Pdx  +  Qdy  +  Rdz  =  0  is  not  a 
complete  differential,  but  may  be  rendered  so  by  the  means 
of  a  factor  F,  the  equation  (2)  must  still  be  satisfied ;  for, 
multiplying  by  F, 

FPdx  +  FQdy  +  FRdz  is  an  exact  differential  ; 

d.FP  _d.FQ     d.FR  _d.FP     d.FQ,  _d.FR 

dy  dx  dx  dz  dz  dy 


dx 

(dp 

\dy 
(dR 
\Tx' 
,(dQ_ 
\dz 

~dx~ 

dP\. 
dz) 

d_R\ 

hP. 
h^. 
hQ. 

dz 
dF 

dF 

dF 
dz 

-Q 
-P 
-R 

dz 
dF 
'~dx 
dF 
*  dz 
dF 

=  0, 
-0, 
=  0. 

Multiply  the  first  of  these  equations  by  R,  the  second  by  Q, 
and  the  third  by  P,  and  add  :  we  have 


the  same  equation  as  in  the  preceding  article. 

When  the  differentials  dx,  dy,  dz  exceed  the  first  degree, 
it  must  be  solved  with  respect  to  dz  ;  and  can  then  only  be 
integrated  when'  the  factors  of  the  equation  so  solved  are  of 
the  form  dz  -  pdx  —  qdy  =  0. 


Partial  Differential  Equations. 

129.  It  is  here  required  to  find  z  =/(•*#)  from  one  of 
the  partial  differential  coefficients,  or  from  some  relation 
existing  between  them. 

To  integrate  j-  =  P  ;  P  being  a  function  of  x,  y,  z;  we 

first  integrate  it  on  the  supposition  that  y  is  constant,  and 
instead  of  adding  an  arbitrary  constant  after  the  integration 
we  add  $(y):  similarly  we  add  (/>(#),  if  the  equation  be 


- 

dy 

Ex.  1.     —  -a\     .*.  z  =  ax  + 

Ex.2.     ^,  =  ~;    .'.}ogz  =  logxa(p(yyi    .:  z  =  x°  <t>  (y). 
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*a  '  d3  dx 


Ex    3  - 

- 


...  tan-1    -  tan-1  -  =  tan-1  0  (j/)  ; 


~  dz      a?  —  y*    z  xs  +  ija 

Ex.  4.     -j-  =  -£  —  ^  .  -  ;    z-  ---  2- 
dx     x*  +  ys    x  x 

130.  To  integrate  the  equation  Pp  +  Qq  =  ft,  in  which 
P,  Q,  -R,  contain  at  once,  x,  y,  2; 

dz  -  qdu 
V  dz  =pdx  +  qdy  ;     .'.  p  =  —  ^j^-i 

.'.  substituting,  Pdz  -  Edx  =  q  .  (Pdy  -  Qdx). 

Here  there  are  two  cases:  1st,  Pdz  —  Rdx  may  contain 
only  z  and  x,  Pdy  —  Qdx  only  y  and  x  ;  2nd,  either  or  both 
of  these  factors  may  contain  all  the  variables, 

CASE  1.  Let  F  be  the  factor  which  will  make  Pdz  -Rdx 
a  complete  differential  dM,  and  Fl  the  factor  which  will 
make  Pdy-  Qdx  =  dN; 

Tfl  TJ1 

.•.  dM  =  -^—  .  dN9  which  cannot  be  integrated  unless  \,- 
^i  f\ 

is  a   function   of  N,  -$'(&);   whence   dM  =(j>'(N)dN; 


Ex.  1.       x  +      =  nz;     also 


—  ydx)  ; 


and  to  integrate  xdz  —  nzdx,  and  xdy—ydx^  we  must  multi- 
ply the  former  by  -^ ,  the  latter  by  -5 ; 

m 


Ex.  2. 

Ex.  3.     qx-py  =  0; 

c*      1   ,    , 

Ex.  4.     ap+bq=c;     .:  2  =  —  4-  -  <^>  \ay  -  bx). 


Ex.5.        r-    =  ,z2;      •*-  *  =    -  + 
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CASE  2.  Next  let  the  variables  x,  y,  z  be  found  in  both 
of  the  functions  Pdy  —  Qdx,  and  Pdz  —  Rdx  ;  we  can  no 
longer  integrate  them  separately,  since  z  cannot  be  con- 
sidered constant  in  the  former,  nor  x  in  the  latter. 

Lagrange  observed  that  if  these  equations  were  inte- 
grated conjointly  :  and  if  we  call  the  integral  of  the  former 
N:  and  of  the  latter  M;  so  that  jV=a,  and  M=b,  a  and  6 
being  arbitrary  constants  ;  then  the  complete  integral  will 
be  M  =  (j>(N).  But  that  this  method  may  succeed,  one  of 
the  equations  must  involve  two  of  the  variables  only;  and 
its  integral  will  enable  us  to  eliminate  one  of  the  three  vari- 
ables x,  y,  z,  from  the  remaining  equation. 

The  truth  of  this  proposition  may  be  thus  shewn. 

Since  the  equations  N  =  a,  and  M  =  £,  are  derived  from 
Pdx  -  Qdy  =  0,  and  Pdz  -  Rdx  =  0,  the  differentials  ofN=a 
and  M  =  b  will  be  satisfied  by  the  values  of  dz,  dy,  deduced 
from  these  latter  equations  :  hence  differentiating  and  putting 

,,      dM      ,        dM       ,,     dM 


Mydy  +  Mzdz  =  0-,    and  Nxdx  +  Nydy  +  Nsdz  =  0. 

=;      =;   •'•  substitutins 


,  =  -y.-,.;        =  -9.-H.. 

But  from  the  equation  M  =  $  (N)  ; 
.-.  M.dx  +  Mydy  +  M,dz  =  <t>'(N)  [N.dx  +  Nydy  +  Nzdz}  ; 
hence  M,  .  (Pdy  -  Qdx)  +  Mz  .  (Pdz  -  Rdx) 

=  </>'  (N)  {Ny(Pdy  -  Qdx)  +  Nz  (Pdz  -  Rdx)}  ; 


m.Q. 

-  dx-to.dy; 


whence  p  =  -  p  —  ,    q  =  —w:    which    substituted   in   the 

original  equation  Pp  +  Qq  =  R  satisfy  it  ;  and  therefore  the 
assumption  that  M  =  <p(N)  (which  is  derived  from  the  in- 
tegration of  Pdy  -  Qdx  =  0  ;  and  Pdz  -  Rdx  =  0)  is  the 
solution  of  the  problem,  is  completely  justified. 
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Ex.   1. 


.'.  xzdz  +  yzdx  =  q  (x*dy  +  yxdx)  ; 
.-.  x2dy  +  yxdx  =  0  (1)  ;  and  x2dz  + 
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0  (2)  : 


from  (1),     xdy  +  ydx  =  0  ;    .*.  xy  =  a  =  N;    .•.  y  =  -  : 
from(2), 


Ex.  2.    px  +  qy  =  n     x*  +  y3  • 

.:  xdz  -  n  Jx*  +  yzdx  =  q  .  (xdy  -  ydx}  : 

from  xdy  -ydx  =  0  ;    ^  =  a  =  N  ;     /.  y  =  ax; 


.:  xdz  -  n  Jaf  +  a*x*dx  =  0:     .*.  z  -  nx  Jl  +  a2  =  b  =  M ; 


Ex.3. 


Ex.  4-.     qx+py*=nz;    z  =  (x  +y)n  .(t>(y*  -Xs). 

This  equation  as  well  as  the  more  general  one  Pp  +  Qq 
Rz,  is  best  solved  by  making  z  =  eu. 


Ex.  5. 
Ex.  6. 

Ex.  7. 
Ex.  8. 


=  0; 


Ex.9.    px  +  qy  =  *{ 
Ex.  10.    z-px-qy 
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Ex.  11.     (y  —  bz)p  —  (x  —  az)  q  =  bx  —  ay  ; 


(x-az)dx  =  0  ......  (1), 

(y  -  bz}dz  -  (bx-ay)dx  =  0  ......  (2), 

(x  -  az)dz  +  (bx-ay)dy  =  0  ......  (3)  ; 

.'.  (2)  x  a  —  (3)  x  b  and  -4-  by  bx  —  ay  ; 

.-.  dz  +  adx  +  bdy  =  0. 
(2)  x  x  -  3  x  y  and  -f  by  bx  —  ay  ; 

.•.  xdx  +  ydy  +  zdz  =  0  ; 
.'.  xs  4-  y*  +  z2  =  <p(z  +  ax  +  by), 
this  is  the  general  equation  to  surfaces  of  revolution. 

131.     The  same  method  applies  to  partial  differential 
equations  containing  a  greater  number  of  variables. 

Ex.  1.     Let   nu  +  px  +  qy  =  az9 

where  n  =  ~r-  and  z=f(xyii): 

dz  —  qdv  —  ndu 
v  dz  =  pax  -f  qdy  +  nau  ;     .*.  p  =  —    -L-^  -  ; 

.•.  n(iidx  —  xdu)  +  q  (ydx  —  xdy)  +  xdz  -  azdx  =  0  ; 

.'.  udx  —  xdu  =  0  :     .-.   -  =  a, 

u 

3* 

ydx-xdy  =  Q;     .:  -  =  /?, 

y 
xdz  —  azdx  =  0  ;     .*.  —  =  7  ; 


.-.  snce  7=<«/;     z  =  x«. 

dz  —  pdx  —  qdu 
Ex.2.     ap  +  bq  +  cn  =  Q;  put  n=—     -^  -  ^-—  ; 

.'.  z  =  (j>{(cx-au),  (cy-bu)}. 

132.     When  the  partial  differential  coefficients  p  and  q 
exceed  the  first  degree,  q  must  be  considered  as  a  function 

of  p,  x}  y,  z,  and  the  values  of  ~,  -~  substituted  in  the 

equation  -f  —  ?  +  q  -r-  —  p-r-  =  0,  which  is  derived  from 
dy     dx     ^  dz     ^  dz 

dz  =  pdjc  +  qdy,    considered  to  be   a   complete   differential. 
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This  substitution  will  give  an  equation  which  integrated  will 
give  a  value  of  p,  and  /.  of  (7,  in  terms  of  .r,  y,  z,  and  a 
constant  a  :  substitute  for  p  and  q  in  dz  =  pdx  +  qdy,  and 
integrate,  whence  f(x,  y,  z,  a)  =  /3  =  </>(a);  and  to  eliminate 
(a)  differentiate  6  =  <£(«)  with  regard  to  (a). 


_  1  dqf  _        1      dp       dgr  _       1 

'   9~p;       "'  dz=~/*d^;    fa~~f 

i_  ^   .-        •     ^P      ^9         ^P         dq 
.-.  substituting  in  f  -^  +  rfz 


ty      jo      j;     p      s 
.«  dp       ,      dp       ,       dp       . 
lf-  =  =W 


whence,  treating  it  as  an  equation  of  three  variables  and 
function  of  (pxyz), 

I 

dp  =  0  j     .*«  p  =  CL  j     q  =  —  • 
ci 

dy  y 

a  a  ' 

whence,  by  differentiation,  —2  —  x  =  (f>'(a). 


-7=2=-^(a)- 

x/1  —  " 


Partial  Differential  Equations  of  the  second 
Order. 

133.     Here  make  -j-^-r;      .    .--s-     -rr,-t. 
dxz  dxdy  dyi 

To  integrate        =  M,  M  being  a  function  of  x  and  ^ : 


366  DIFFERENTIAL  EQUATIONS. 

dz  dp     d2z      ,, 

vf;  •'•     =     =M>  J-r-SM+Ktii 


.-.  * 

Ex.8. 


z 
134.     Let  v-2  =  P  .  -j^-,  P  being  a  function  of  a:  and  j/ 


135.     To  integrate  =  p       or        - 


136.      To   integrate      4  =  P^-  +  Q,    P  and   Q  being 
functions  of  j?  and  ^. 

If  -j-  =  P',     •'•  '£~PP=Q'>     a  ^near  equation; 
whence  p  =  e"{/J.e~"Q  +  <p(y)}  where  u=ffP; 


Ex.1.     Let  xy-Q!  =  (n-\).y.--^+a; 

.  _  _*r.{<Ky}}"~1       °*  _  ^ 

-».(«-!)       (n-l)y+ 
d?z  dz 

Ex-2' 


ay  log  x 

y- 
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137.     To  integrate  Rr+Ss+Tt  =  F,  where  R,  S,  T 
and  V  are  functions  of  x,  y,  2,  p  and  q  : 

dz  d*z 


dz  .      daz 


dp-sdy  dq-sdx 

•"•r—  T^'     t=      dy       ;     •'*  substltutmS 

Rdpdy  +  Tdqdx  -  Vdxdy  =  s(Rdy*  -  Sdxdy  +  Tdx*)  ; 

it  is  unnecessary  to  integrate  the  two  members  of  this  equa- 
tion separately  ;  for  if  we  can  integrate  one  of  them  so  as  to 
have  the  integral  N=ct,  and  by  combining  this  with  the 
other  arrive  at  the  integral  M=  b,  M  and  N  being  functions 
of  x,  y,  z,  p  and  q,  we  may  prove,  as  in  a  preceding  article, 
that  M  =  0(Ar)  :  and  this  result  will  give  an  equation  with 
which  we  must  proceed,  as  with  an  equation  of  partial  dif- 
ferences of  the  first  order. 

Ex.  1.     To  integrate  -T-2  =  c*-  j~5J    or  r  =  c2/: 

since   dp  =  rdx  +  sdy  ;     dq  =  tdy  +  sdx  ; 
.'.  dd-c*ddx^sd2-c*dx*; 


dy2  dy 

"''  dx2=          "*'  <Zr  =  ±C;     "*'  y  ~  CX  =  a  '' 

and  dp  .  -j--  c*dq  =  0  ;     .'.  cdp  -  c*dq  =  0  ; 


.-.  p  -  cq  =  b  =  0'(a)  =  $(y  -  ex). 
But  p  =  —  ,^  y  ;     .-.  dz  -  $'(y  -  cx)dx  •=  q(dy  +  cdx)  ; 


, 


;     .'.y  +  cx  =  a,   y=a—cx; 
—  $'(y  —  ex)  dx  =  dz  —  $'  (a  — 


This  is  the  equation  of  vibrating  chords. 

Ex.  2.     Integrate  x*r  +  yzt  +  Zxys  =  0  ; 

.-.  x*dpdy  +  y*dqdx  =  s  .  (sfdy*  +ysdxs  -  Qxydxdy)  ; 
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.'.  (xdy-ydx}'=0;    .:  xdy  -  ydx  =  0 ;    .-.£  =  <•- 

•f  ,.   * 


o?  </jr 

1  du 

j .  </p .  -;-  +  do  =  0  ;    </p  +  arfa  =  0 : 
J 


and  —y.dp.:-  +  dq  =  0;    dp  +  adq  •=  0  ; 


;  and-.'p= 
dz- 


a)  =  0  ;   A.g-  X<p  (a)  =/(a)  ; 


Ex.  3.     Let  gV  +  //  -  2pqs  =  0  ;  j/  = 

Ex.  4.     Let  r  +  As  +  Bt  +  C  =  0; 

Cx2 
gm-  —  ++(y--m* 

Ex.  5.     r  -  a2/  =  .ry  ; 


Ex.6. 


CHAPTER  VIII. 
The  Calculus  of  Variations. 


1.  IN  the  problems  of  Maxima  and  Minima  hitherto 
solved,  the  form  of  the  function  which  possessed  the  re- 
quired property  has  always  been  given.  But  there  is  a 
class  of  problems,  in  which  it  is  not  only  required  to  find 
when  there  is  a  maximum  or  minimum,  but  also  the  nature 
of  the  function  which  possesses  the  property. 

Thus  if  the  shortest  distance  between  two  given  points 
be  required,  we  must,  in  order  to  find  the  minimum  dis- 
tance, ascertain  the  nature  of  the  curve  that  possesses  the 


Q      Q 


<d 

^^> 

P 

N 

P' 

N' 

property  ;  arid  thus,  to  con- 

tinue the  illustration,  if  C 

and  D  be  the  two  points,    C 

we  must   select  from   the 

curves   CPD,    CQD,   that 

which  is  the  shortest:  in  our 

reasoning  we  must  there-    . 

fore  pass  from   one  curve 

to  another  curve,  from  a  point  P  in  one  curve  to  a  point  Q 

in  another  curve  :   the  change  from  P  to  Q  is  called  a 

variation   of  the  ordinate   PN  :   the   symbol   of  variation 

being  8. 

Thus  if  NP=y,  and  if  PQ  be  indefinitely  small,  the 
symbols  3  of  variation,  and  d  of  differentiation  differ  in  this 
respect  ;  by  means  of  dy  we  pass  from  a  point  P  to  another 
P!  indefinitely  near  to  it,  but  in  the  same  curve  :  by  ly  we 
transfer  P  to  a  point  Q  in  another  curve.  We  have  here 
supposed  the  variation  to  be  confined  to  the  ordinate  y  :  but 
x  =  AN  may  also  vary  at  the  same  time  that  y  does. 

2.     Since  NP=y;  .'.  N,P,  =y  +  dy:  also  NQ,=y  +  ty; 


and  N&  =  N^  +  8 


=y  +  dy  +  B  (y  +  dy)  ; 


or  the  symbols  of  variation  and  differentiation  are  inter- 
changed. 

Bu 
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COR.    Hence  also  if  dy  be  put  for  y, 

or  v  dldy  =  ddly  =  d*ly  ; 
,  and  thus  dnty  =  Zd?y. 

If  the  differential  of  y  be  taken  =yl-y)  and  the  variation 
of  y  be  also  supposed  to  be  very  small,  the  theorem  will 
admit  of  the  following  proof: 

My  =  Z(y1-y)  =  Zyl-ty  =  dZy. 

3.  There  is  a  similar  theorem  with  regard  to  integra- 
tion: 

For  let  fu  =  t^  ;    .*.  u  -  du^  ;    .•.  Bw  =  d&Ui  ; 

/.  flu  =  JBcfoj  =  J^Bttj  =  B&!  =  Bjw. 
Also  fBw  =  /8/M  =  B//M  =  B/X 
and  thus  fnlu  =  ljnu. 

4.  From  the  preceding  we  may  perceive,  that  variation 
is  only  differentiation   under  a  new  symbol  ;   and  that  to 
find  the  variation  of  a  function  of  y,  we  must  put  y  +  ly 
for  y,  and  that  term  of  the  expanded  function  which  in- 
volves ly  will  be  the  variation  of  the  function  required: 
or,  what  amounts  to  the  same  thing,  the  variation  is  the 
differential  coefficient  of  u  =f(y)  multiplied  by  ly  ;  thus  if 

u  =y,  8w  =  ny"~l  By  ;  and  if 


u=f(x>y>  p>  q>  &C0  p>  q>  &c-  being  -.>d>>  &c-'  and 

du  ,       du  ,       du  ,       du  7 

.'.  du  =  -,-  dx  +  -j-  dy  +  —  dp  +  —  da  +  &c. 
dx          dy   v      dp   *     dq    J 

=  Mdx  +  Ndy  +  Pdp  +  Qdq  +  &c. 

,_     du     ,,    du     _     du 
by  putting  Jf=E,  N-^-,  P  =  ^,  &c.; 

.-.  BM  =  Mix  +  My  +  Pip  +  Q$q  +  &c. 

5.  To  find  B/M,  or  jBw  ;  u  being  a  function  of  y  and  x 
and  their  differentials  ;  and  y  and  x  being  dependent  upon 
some  other  variable  as  s  or  t. 

.'.  du  =  Mdx  +  Nd*x  +  Pd*x  +  Qtfx  +  &c. 
+  mdy  +  nd2y  +  pd3y  +  qd*y  +  &c.  ; 

therefore  •/  d*x  =  ddx,  d?x  =  dd?x  ; 
.-.  BM  =  Mix  +  mdx  +  Pld2x  +  QBd3*  +  &c. 

+  nity  +  nldy  +  pM2y  +  qld3y  +  &c. 
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/.  fdu  =  f(mx  +  M(b  +  PZtfx  +  QZcPx  +  &c.) 

+/(//%  +  nldy  +  pld*y  +  qltfy  +  &c.)  ; 
/.  integrating  by  parts,  and  placing  8  after  d, 

fWdx  =  fNdtx  =  mx  -  fim*, 

}Pld?x  =  JPJKx  =  Pd%x  -  jdPdtx 


=  Qd'tx  - 
=  Qffix  -  dWx  + 
=  Q#  %x  -  dQdtx  + 

&c.        &c.          &c. 
Similarly  fn$dy  =  nly  —  fdntyt 

fp%d*y  =  pdly  -  dp%x  +  fflplx, 
fq&Py  =  qd*cy  -  dqdly  +  dzqly  - 
and  substituting  these  values  in  J3«,  we  have 


(P-dQ  +  &c.)  dZx  +  (p  -dq  +  &c.)  % 

(Q  -  dR  +  &c.)  d*Sx  +  (q-dr+  &c.)d%  +  &c. 


+  f(m  -dn  +  d?p-  d3r  +  &c.)  By. 

6.  The  result  just  obtained  is  composed  of  two  similar 
parts,  one  due  to  the  variation  of  Bar,  the  other  due  to  that 
of  ty  ;  and  we  thus  see  that  had  there  been  a  third  variable 
JST,  there  must  be  added  to  the  preceding  expression,  a  series 
of  terms  similar  to  that  which  involves  $x. 

7.  When  u  is  of  the  form  Vdx,  to  find  the  variation 
of  JPdfc 

Let  dV=  Mdx  +  Ndy  +  Pdp  +  Qdq  +  Rdr  +  &c. 

dy  d*y  cPy     0 

where  p  =  -£;  q  =  -JL*  r-^;  &c. 

i   ivr     dV     AT     dV     i>     dV 
and  $f=-j-;  N  =  —;  P=-r;  &c. 

d  x  dy  dp' 


.:  SF=  MZx  +  N^y  +  PSp  +  QBy  +  &c. 
Now  l$rdx  =  fi.Vdx  =  $(VMx  +  dx.1V) 

jdxlV 
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But  J(dxlF- Ixdr)  =  fdx  (Mix  +  My  +  Pip  +  &c.) 
-  fix  (Mdx  +  Ndy  +  Pdp  +  &c.) 

f*P  (¥  - 


But  v  p  =  — ;    9  =  — ;    r==j^* 

<taS<fy  -  dyldx  _  My  -  plx 

Idy  —  pdlx  —  dplx      d 

.'.  op  —  qcx  =  — - — ^—j —  =  -y  (cy  - 

dx  dx 

dxldp  —  dpldx     dip  —  qdlx  f 

dip  —  qdlx  —  dqlx      d  f^ 
"  dx  dx 

Now  let  ly  —pdx  =  w,    .*.  Ip  —  qlx  =  -j— , 
d*w  d3w 


<Fw          dm      [  dQ.   dn> 


_  [  dQ.   dn> 
},dx'  dx 


An,        dQ     ,      d?Q 

-i  —  w—  r-+  I®  •  -TV! 
dx         da     J       dx 

<*"«>     «   dn,     d'R 


8.     Thus  the  variation  of  £  V  consists  of  two  distinct 
parts,  one  of  which  is  under  the  sign  of  integration,  and  the 
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other  is  not  ;  the  latter  is  affected  only  by  the  variations  of 
the  extreme  values  of  y  and  x,  the  former  is  dependent 
upon  all  the  values  between  those  extreme  ones.  Let 
x\->  y\j  xz->  #2  be  the  values  of  x  and  y  at  these  limits,  then 
the  total  variation  of  fx  V 


The  part  under  the  sign  of  integration  must  be  taken 
between  the  same  limits. 

9.     If  u  =f(xyz)  and  x  still  be  the  independent  variable, 
then,  since  the  differential  of  F,  may  be  put 

dV  =  M  dx  +  Ndy  +  Pdp  +  Qdq  +  &c. 

+  N'dz  +  P'dp'  +  Q'dq'  +  &c.  ; 


+  N'dz  +  P'dp'  +  Q'Zq'  +  &c. 

We  shall  have  for  the  new  variable  z,  a  series  of  terms, 
involving  N\  P'f  Of,  &c.  similar  to  that  in  which  N,  P,  Q, 
&c.  are  introduced;  .-.  if  lz-p'lx  =  w',  the  total  variation 
will  be  expressed  by 


—  +  &       -- 

dx  dx 

JTff  J      t 

alt       .         »  CLW 
_dP^     ^Q 
dPl     d*t 
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Maxima  and  Minima  of  Integral  Formulae. 

10.  We  proceed  to  apply  the  results  of  the  preceding 
article  to  the  solution  of  some  geometrical  problems,  in- 
volving the  lengths  and  areas  of  curves,  the  surfaces  and 
volumes  of  solids  ;  when  these  quantities  are,  within  certain 
limits  of  the  variables,  the  greatest  or  least  possible. 

Now  we  know  that  if  ut  any  function  of  x  and  y,  be  a 
maximum  or  minimum,  du  =  0;  and  by  the  same  kind  of 
reasoning  which  has  been  used  to  establish  this  proposition, 
it  may  be  shewn  that  under  the  same  circumstances  the  vari- 
ation of  u  also  vanishes  ;  but  if  u  -  Vdx}  we  have  seen  that 
between  the  limits  of  xls  y^  x2,  yz, 

(P2-         +  &c.)  n>9 


dP     d3Q     d3R 


And  since  when  £Fis  a  maximum  or  minimum,  S£F=0; 
therefore  the  two  parts  of  which  the  variation  of  \Jf  is  com- 
posed must  separately  be  put  =  0  ;  one  part  will  determine 
the  relations  between  the  co-ordinates  of  the  extreme  values 
of  the  required  function,  the  other  the  function  which  pos- 
sesses the  required  maximum  or  minimum  property. 

11.  Thus  from  N-  -j-  +  -^  -  &c.  =  0,  and  the  equa- 

tion dV  '=  Mdx  +  Ndy  +  Pdp  +  &c.  may  be  found  the  curve 
or  function,  which  is  the  object  of  our  enquiry,  and  from 
F2&r2  -  PI&TI  +  P*Wa  -  P\WI  &c.  =  0,  the  position  of  its  ex- 
treme points  may  be  determined  ;  if  however  the  extreme 
points  be  fixed,  8^  =  0,  and  3,r3  =  0,  and  the  latter  equation 
disappears. 

12.  Thus,  if  the  shortest  distance  between  two  given 
points  be  required,  the  former  equation  will  be  quite  suffi- 
cient for  the  problem  ;  the  constants  of  the  integral  being 
determined  by  the  co-ordinates  of  the  given  points  ;  but  if 
we  wish  to  find  the  shortest  distance  between  two  given 
curves  the  latter  equation  is  also  necessary,  since  it  deter- 
mines the  points  in  the  two  curves  to  which  the  shortest 
distance  is  to  be  drawn. 
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Its  use  may  be  thus  illustrated;  let  PP:,  QQl  be  the 
given  curves,  and  PQ,  P:Qx        p//  \Q 

two   curves    drawn    between 
them,  and  let  PxQi  be  derived  7 
from  PQ  by  writing  x  +  %x, 
y  +  ty  for  x  and  y  \    also  let 


dy 
-r- 
ax 


,  dy 

and  -f 

ax 


be  the  equations  to  PPlf  and    'VL    n  n\  ]/[, 

QQi ;  then  if  Xiy1}  xaya  be  the  co-ordinates  of  P  and   Q ; 

.*.  jp  =  m;   and  -~  =  n;   (since  the  point  P  is  always  in 

PPt  and  Q  in  QQX ;)  and  between  these  equations  and  that 
of  the  limits,  V^>x3  —  Vi§x\  +  &c.  =  0 ;  two  of  the  quantities, 
as  3^!  and  ty2  may  be  eliminated,  and  the  two  independent 
variations,  lxl  and  8j72  will  be  left,  the  coefficients  of  which, 
being  separately  put  =  0,  will  give  equations,  by  which  and 
from  the  given  equations  to  the  curves,  the  points  P  and  Q, 
may  be  determined. 

We  have  here  tacitly  assumed  that  Idyi  =  0  and  Idx^  =  0  : 
if  this  be  not  the  case,  some  new  conditions  must  be  fulfilled 
by  the  limits,  which  will  enable  us  to  introduce  the  higher 
differentials  of  the  equations  of  the  given  curves :  by  means 
of  which  some  of  the  variations  Sdx,  %dy,  &c.  may  be  elimi- 
nated, and  the  coefficient  of  the  remaining  variations  sepa- 
rately put  =  0,  and  the  co-ordinates  of  the  extreme  points 
and  the  given  conditions  fulfilled. 

13.     We  shall  now  deduce  from  the  equation 

A7    dP     dsQ 
N-  -T-  -f  -— -  -  &c.  =  0, 
dx      dx* 

some  formulae  of  great  use  in  the  solution  of  Problems  of 
maxima  and  minima. 

Let  dV=  Mdx  +  Ndy  +  Pdp  +  Qdq  +  Rdr  +  &c., 

dP     d*Q     d3R 

and  N-  -r-  +  -r-f  -  -^  +  &c.  =  0. 
dx      dx*      dx* 


(1)     Let  all  but  N  and  P  =  0; 

,   xr     dp 
and  #--/-  = 
dx 


dV  Pdp 

.-.  -T-=%  +  -jJ-; 
dx        ^      dx 


dP 
-- 

dx 


"    dx 
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(2)     Let  all  but  M,  N,  and  P  be  =  0  ; 


(3)     Let  M  =  0,  N  =  0  ;  and  all  the  terms  after  Q  =  0  ; 

dV      ^dp      ndq     dP     d*Q  dQ, 

.•.  -r-  =  P-r+Q-r-',   -5  —  j-2 
dx  dx          dx'    dx      dx2 

dV       dQ,      ~dq        dp 
.'.  -r-  =  q-r  +  Q-r  +C-J-; 
dx      ^  dx         dx        dx 

COR.     If  M  does  not 


0  ; 


+fxN. 


PROB.  1.     Find  the  shortest  distance  between  two  given 
points  in  the  same  plane. 

Here 


the  equation  to  a  straight  line  ;  the  constants  a,  b  may  be 
determined  by  the  co-ordinates  of  the  given  points. 

PROB.  2.     Required  the  curve  of  quickest  descent  be- 
tween two  given  points. 

Let  y  be  vertical  and  be  measured  downwards. 


Thentime 
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1  1 

'' JJJTTJ?'  ~v^; 


'  —  —  the  equation  to  the  cycloid. 


PROB.  3.     To  find  the  shortest  distance  between  two 
given  curves. 

From  Prob.  (1)  V  =  >J\  +  p2  ;  p*=c;  y  =  ax  +  b  the  equa- 
tion to  the  line  which  is  the  least  distance  required. 

Let  -r-  =  m.  and  -f-  =  n.  be  the  equations  to  the  two 
dx  dx 

curves,  and  yl  xlf  yz  x2  the  co-ordinates  of  the  points  in 
which  the  shortest  line  intersects  them  ;  then  since  ty^,  &TI, 
are  the  variations  of  yt  and  xl  as  we  pass  from  one  point  to 

another  adjacent  one  in  the  curve  -~  =  m; 

&-$!-.•;  and  &-&  =  «. 


But  V£x2  -  V^Xi  +  P2w2  - 
whence  since  the  variations  of  the  extreme  points  =  0, 
i  +  Pi  Wi  =  0  ;     7£x2  +  P2n>2  =  0  ; 


from  (1)  F1  +  Pim-P]p1  =  0;     .-.  m  =  p1-^  =  -  —  =  -  - 

«  I 


from  (2)  72  +  P2n-P2p2  =  0'}     .-.  n=p2-       =  -      =  -; 

*J          Pa 

.*.  1  -f  cm  =  0  ;    and  1  +  en  =  0  ; 

which  shew  that  the  line  must  cut  both  curves  at  right 
angles.     Also  the  equation  to  the  line  being 


;  whence  substituting  for  c,  in  1  +  cm  —  0  ; 

i 

and  1  +  en  =  0  ;  we  shall  have  with  the  equations  to  the 
given  curves  four  equations  to  determine  the  four  quan- 
tities, ylt  XD  #2)  *a,  an(l  tnus  the  line  is  completely  deter- 
mined. 
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PROB.  4.     Find  the  curve,  which  within  its  own  arc,  its 
evolute  and  radius  of  curvature,  contains  the  least  area. 


/.  V  '=-  -  —  ;  whence  the  curve  is  the  cycloid. 
? 

PROB.  5.     Find  the  curve  when  /  g  is  a  minimum. 

This  is  the  solid  of  least  resistance, 


PROB.  6.  Find  the  curve  of  quickest  descent  from  one 
curve  to  another  curve,  the  velocity  being  that  from  a  hori- 
zontal line.  _ 

Here  F=  '    ;     .*.  p  =—  —  —  —}  the  equation  to  the 

w  ,y 

cycloid;  the  equations  of  the  limits  give 

-  Ppfa  =  0  ;     F£x9  +  P2By2  -  Pzp&2  =  0, 


from  which  since  -^  =  m,  and 

O.T  : 


i  ,  j 

+  =  0;  and  -^=+  -=  =  0; 


.*.  1  +p^n  =  0  ;   and  1+  p2  n  =  0, 
which  equations  shew  that  the  cycloid  cuts  both  the  curves 

at  right  angles,  and  from  p-\J  --  -,  we  see  that  the 

base  of  the  cycloid  coincides  with  the  horizontal  line  from 
which  we  have  supposed  the  body  to  have  commenced  its 
motion. 

PROB.  7.  To  find  the  curve  of  quickest  descent  from 
one  given  curve  to  another  given  curve,  the  motion  com- 
mencing from  the  upper  curve. 

Let  T/!  be  the  value  of  the  ordinate  at  the  point  at  which 
the  motion  commences,  y  the  value  at  the  end  of  time  t. 
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Then  time 


In  this  problem  the  function  V  involves  ty,  one  of  the  vari- 
able co-ordinates  of  the  limits  ;  in  such  a  case  we  must  add 

the  term  Byx  I  -5-  to  the  equation  of  the  limits,  and  then 
the  whole  variation  of  the 


become 
~ 


f  ~ 


l  +  &c. 


Now  referring  to  the  problem, 

. 

- 


whence  from  the  formula  V=Pp 
N/ITp_  p*  ,- 


the  equation  to  a  cycloid,  the  cusp  being  at  the  point  from 
which  the  motion  commences. 


XT  K    A     [  dV       dV  A7 

Next,  to  find  J^-;   _  =  -.^=- 


or 


-  P2)  8^  =  0, 


=  0. 


But  if  -~  =m  and  ~-  =  n)  be  the  equations  to  the  given 


curves,  -^-  =  m  and 


- 

00*2 


;    .*.  substituting 


?i  =  0, 
whence  v  3or2  and  B^i  are  independent  variables, 
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or  the  tangents  at  the  points  where  the  cycloid  cuts  the 
two   curves   are   parallel;   also   since  p2  =  —  ,  it  cuts  the 

second  curve  at  right  angles. 

14.  We  shall  now  consider  problems  in  which  2  is  also 
a  function  of  or,  and  shall  make  use  of  the  general  method 
investigated  in  Art.  5. 

PROB.  1.  Required  the  shortest  distance  between  two 
points  in  space. 

Let  s  be  the  distance  ;    .*.  fds  =  f*Jdx2  +  dy2  +  dz*  • 


dx  .       dy  „       dz  .        ,,  7   dx  ^        ,  dy   ^        .   dz 

=  -j-  %x  +  -f  %y  +  -y-  %z  -  }{d  .  -j-  bx  +  d.  -f  .  dy  +  d  .  -j- 
ds          ds  J      ds          Jl      ds  ds    y          ds 

whence  M  =  0,  m  =  0,  M'  =  0  ; 


dx  dy     ,      dz 

.-.  -r-  =  ff;  T~=O;    -r  =  c. 

ds  ds  ds 

A,  dX*  dlf          dZ2  2  72  2 

Also  -7-3  +-rs  +-71  =  1  =  a  +  &  +  c  ; 
ds2      ds2     dsa 

an  equation  which  connects  the  constants  #,  b,  c  ; 

dx     a    dy     b  a  b 

also       --=-     ••  =  -  •'•  x  =  -z       '       =  - 


-7-  •• 

dz     c'  dz     c  c  c 

the  equations  to  the  projections  of  a  straight  line. 

PROB.  2.  Find  the  equation  to  the  shortest  line  that 
can  be  drawn  upon  a  given  curve  surface. 

Let  dz=pdx  +  qdy  be  the  equation  of  the  surface  ;  then 
the  variations  of  the  co-ordinates  J-,  y,  z  which  are  under  the 
sign  J  must  satisfy  the  differential  equation  ;  /.  %z= 


whence  we  have  from  the  part  under  the  sign  of  integration' 

,  dx          ,  dz  t   T    dy  ,   dz 

d.-r+p.d.—  =  0;  and  d.-f  +  q.d.-r  =  0; 
ds    *       ds  ds     *         ds 

whence,  having  found  p  and  q  from  the  equation  to  the 
given  surface,  the  equations  to  the  curve  may  be  found. 
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Ex.  1.     Let  the  surface  be  a  surface  of  revolution; 


A  />  =  2*0'.  (*"  +  /);    ?=2y.0'  (,**  +  /) 
and  considering  ,?  to  be  the  independent  variable, 


But  if  a*  +  /  =  »••,  andfl  =  cos-'-; 


,  d9  rdff     c 

.-.  mtegratmg,  r*s  =  c;    "  -J-;- 

But  -7-  is  the  sine  of  the  angle  at  which  the  shortest 
ds 

line  cuts  the  generating  curve  or  meridian,  hence  if  <p  be 
this  angle, 


c 


COR.     Since  r2-r 
as 


.         =  £        ^+  0_'(r)» 
'  dr     r  V  ~72-c2  'J 
the  equation  to  the  projection  on  the  plane  of  xy. 

Ex.  2.     Let  the  surface  be  a  sphere. 

Then  if  «\|^  be  the  distance  of  the  point  of  intersection 
of  the  shortest  line  with  the  meridian,  from  the  point  where 
the  axis  of  z  meets  the  sphere,  r  =  a  sin-v^  ; 

c  c 

.:  smd>  =  —  -.  —  T-:    sin  d>  .  sin  >//•  =  -, 
a  sm  ^s  a  ' 

or  is  constant,  which  is  a  property  of  an  arc  of  a  great  circle. 
Hence  the  shortest  line  is  the  arc  of  a  great  circle. 
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Ex.  3.     If  the  surface  be  a  cone, 


...  0  +  c, 
the  equation  to  the  elliptic  spiral. 

15.     Resuming  the  equations,  Art.  14,  Prob.  2,  since 

2 


square,  add,  and  add    ~  J  ; 


or  if  R  be  the  radius  of  absolute  curvature,  and  7  the  angle 
which  the  normal  to  the  curve  makes  with  the  axis  of  z, 


But  if  -7-  be  the  direction  cosine  of  the  angle  which  the 
cts 

tangent  makes  with  z, 

dz  d?z  dy        cos  7 


...       =  ±. 
R        ds 

Now  we  know,  if  0  be  the  angle  which  the  tangent  to  a 

in         , 

plane  curve  makes  with  the  axis  of  x,  that  ±  —  =  —  ,  or  that 

the  rate  at  which  the  inclination  of  the  tangent  increases  or 
decreases,  varies  as  the  curvature,  hence  the  preceding  result 
shews  that  this  is  also  true  for  the  curve  of  double  curvature 
under  consideration,  possessing  the  property  of  being  the 
minimum  distance  between  any  two  points  on  a  surface. 
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Isoperimetrical  Problems. 

16.  The  preceding  problems  have  been  those  of  abso- 
lute maxima  and  minima;  we  now  treat  of  questions  of 
relative  maxima  and  minima.  Of  this  kind  is  the  problem, 
'  Given  the  length  of  a  curve,  find  its  equation,  when  the 
area  included  by  it  is  a  maximum.'  This  Problem  was  first 
proposed  and  solved  by  James  Bernoulli,  and  from  its  nature 
was  called  Isoperimetrical,  a  name  which  was  extended  to 
all  problems  of  this  kind. 

The  problem  of  relative  maxima  and  minima  may  be 
defined  to  be  this.  'Find  y  =/(#);  so  that  fxu  may  be  a 
maximum  while  /,MI  =  c.'  To  solve  this  problem,  we  mul- 
tiply JT  M!  by  a  constant  ff,  and  add  the  product  to  fxu,  and 
make  8  .  {fxu  +  a  fxu}}  =  0  ;  or  $fx(u  +  au^  =  0  ;  for  since  fxu 
is  a  maximum  and/J.w1=c,  their  separate  variations  will  =0  ; 
and  as  the  former  is  limited  by  the  values  of  the  variables 
in  the  latter,  all  the  conditions  of  the  problem  will  be  ful- 
filled and  included  in  the  variation  of  fx(u  +  au^  ;  so  also  if 
there  be  another  equation  of  condition  fxu2  =  d,  we  must 
add  bfxit2  to  the  former  integrals,  and  take  the  variation  of 
fx(u  +  au^  +  bu2). 

Hence  instead  of  V,  we  must  write  V-va^  or  F'+aul+bua 
in  lfxV,  and  then  proceed  as  in  absolute  maxima  and  mini- 
ma :  in  these  examples  the  total  variation  will  be  expressed 
by  JJLF,. 

PROB.  1.  Of  all  curves  of  equal  perimeters,  find  that 
which  has  the  greatest  area. 

Here  faiu1  =  fxfjl+pa  =  c;     fxV=f*y; 


=-=;     Q  =  0; 


.•.  (x  —  Ci)2  +  (y  —  c)2  =  a2.     The  equation  to  the  circle. 
PROB.  2.     Find  the  curve  in  which  a  chain  of  given 
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length  /  may  hang,  that  its  centre  of  gravity  may  be  the 
lowest  possible. 


X  =  depth  of  centre  of  gravity  =  )*x"1  +P  ; 


, 

.-.  -i  =  log  . 


, 

the  catenary. 


PROB.  3.     Find  the  curve,  which  of  all  those  that  have 
the  same  length  and  include  the  same  area,  shall  by  rotation 
round  the  axis  of  x  generate  the  greatest  solid. 
Here    &=&«?+  a  JT+?  +  by\ 

PROB.  4.     Find  the  Brachystochrone  when  the  length  of 
the  curve  is  given  ; 


PROB.  5.  Of  all  curves  which  include  a  given  area,  the 
circle  has  the  least  perimeter. 

PROB.  6.  The  curve  which  by  revolution  round  its  axis 
generates  the  greatest  solid  under  a  given  surface,  is  the 
circle. 

PROB.  7.  The  length  of  curve  being  given,  shew  that  it 
will  generate  the  least  surface,  when  it  is  the  catenary. 

PROB.  8.  If  from  a  point  two  straight  lines  be  drawn, 
and  their  extremities  be  joined  by  a  curve,  so  that  the  area 
included  is  constant,  the  curve  will  be  a  circular  arc,  when 
its  length  is  a  minimum. 


THE    END. 
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